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Preface 


History reminds us of ancient examples of fluid dynamics applications such as 
the Roman baths and aqueducts that fulfilled the requirements of the engineers 
who built them; of ships of various types with adequate hull designs, and of wind 
energy systems, built long before the subject of fluid mechanics was formalized 
by Reynolds, Newton, Euler, Navier, Stokes, Prandtl and others. The twentieth 
century has witnessed many more examples of applications of fluid dynamics 
for the use of humanity, all designed without the use of electronic computers. 
They include prime movers such as internal-combustion engines, gas and steam 
turbines, flight vehicles, and environmental systems for pollution control and 
ventilation. 

Computational Fluid Dynamics (CFD) deals with the numerical analysis of 
these phenomena. Despite impressive progress in recent years, CFD remains 
an imperfect tool in the comparatively mature discipline of fluid dynamics, 
partly because electronic digital computers have been in widespread use for less 
than thirty years. The Navier-Stokes equations, which govern the motion of 
a Newtonian viscous fluid were formulated well over a century ago. The most 
straightforward method of attacking any fluid dynamics problem is to solve these 
equations for the appropriate boundary conditions. Analytical solutions are few 
and trivial and, even with today’s supercomputers, numerically exact solution 
of the complete equations for the three-dimensional, time-dependent motion of 
turbulent flow is prohibitively expensive except for basic research studies in sim- 
ple configurations at low Reynolds numbers. Therefore, the “straightforward” 
approach is still impracticable for engineering purposes. 

Considering the successes of the pre-computer age, one might ask whether it 
is necessary to gain a greater understanding of fluid dynamics and develop new 
computational techniques, with their associated effort and cost. Textbooks on 
fluid dynamics reveal two approaches to understanding fluid dynamics processes. 
The first is to devise useful correlations through a progression from demonstra- 
tive experiments to detailed experimental investigations that yield additional 
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understanding and subsequent improvement of the processes in question. The 
second is to solve simplified versions of fluid dynamics equations for conservation 
of mass, momentum and energy for comparatively simple boundary conditions. 
There is great advantage in combining both approaches when addressing com- 
plex fluid dynamics problems, but interaction between these two approaches has 
been limited until recently by the narrow range of useful solutions that could 
be obtained by analytic methods or simple numerical computations. It is evi- 
dent, therefore, that any method for increasing the accuracy of computational 
methods by solving more complete forms of the conservation equations than has 
been possible up to now is to be welcomed. The numerical approaches of CFD 
have, in most cases, proven much more powerful than the closed-form analytical 
solutions of the past. As an example, the fow through the blade passage of a 
gas turbine is three-dimensional, and, even if we ignore the problem of model- 
ing the behavior of turbulence, the corresponding equations can only be solved 
by numerical methods; even the inviscid flow in an axisymmetnc engine intake 
cannot be calculated by purely analytic methods. Thus, without computational 
fluid dynamics, we cannot calculate detailed flow characteristics essential to 
improving understanding and supporting the design process. 

It should be recognized that both experimental and computational fluid 
dynamics require resources. The cost of experiments in some cases can be pro- 
hibitive as, for example, with extensive flight tests of airplanes, full-scale tests 
of a gas turbine, or destructive testing of expensive components. In such cases, 
it may be possible to reduce the number of experimental tests by using CFD, 
since only a relatively small number of experiments are required to check the 
accuracy of the numerical results. Of course, the cost of obtaining accurate 
numerical solutions of differential equations may also be large for a complex 
flow, but still are usually much less than the cost of the additional experiments 
that would otherwise be required. In reality, the most cost-effective approach 
to solving a fluid dynamics problem is likely to be a combination of measure- 
ments and calculations. Both are subject to uncertainties, but the combination 
of these two approaches can result in a more cost-effective and more reliable 
design than by using only one approach or the other, and thus may be neces- 
sary to meet today’s more stringent requirements for improved performance and 
reduced environmental impact, along with technical innovation and economy. 

This book is an introduction to computational fluid dynamics with emphasis 
on the solution of conservation equations for incompressible and compressible 
flows with two independent variables. From the range of formulations in CFD, 
such as finite-difference, finite volume, finite element, spectral methods and 
direct numerical simulation, it concentrates on the first two, which are widely 
used to solve engineering problems. The restriction to two-dimensional flow and 
the omission of finite element, spectral methods and direct numerical simulation 
are imposed to facilitate understanding and to allow the essential material to be 
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presented in a book of modest size. The discussions, however, are general in this 
introductory book and apply to a variety of flows, including three-dimensional 
flows. 

The format of the book assures that essential topics are covered in a logical 
sequence. The Introduction of Chapter 1 presents some examples to demon- 
strate the use of computational fluid dynamics for solving engineering problems 
of relevance. Chapter 2 presents the conservation equations; it is comparatively 
brief since detailed derivations are available elsewhere. The third chapter intro- 
duces important properties of turbulent flows, and exact and modeled forms of 
the turbulence equations with explanations to justify the assumptions of the 
models. 

Chapters 4 and 5 provide an introduction to the numerical methods for solv- 
ing the model equations for conservation equations which are useful for modeling 
the behavior of the more complete and complicated parabolic, hyperbolic and 
elliptic partial-differential equations considered in subsequent chapters. Chapter 
4 discusses the numerical methods for the model parabolic and elliptic equa- 
tions and Chapter 5 the model hyperbolic equations and include many computer 
programs. 

The calculation of solutions for inviscid and boundary-layer equations is ad- 
dressed in Chapters 6 and 7. Chapter 6 discusses finite-difference and panel 
methods for solving the Laplace equation and include computer programs for 
single and multi-element airfoils. Chapter 7 discusses the solution of laminar 
and turbulent boundary-layer equations for a prescribed external velocity dis- 
tribution and specified transition location and includes a computer program 
based on Keller’s finite-difference method. 

The prediction of the onset of transition from laminar to turbulent flow has 
traditionally been achieved by correlations which are known to have limited 
ranges of applicability. The use of the e”-method, based on the solutions of the 
stability equations, has been proposed as a more general approach. Chapter 8 
describes the solution of the stability equations and provides a computer pro- 
gram for solving the Orr-Sommerfeld equation and computing transition with 
the e”-method. It also presents applications of the stability /transition program, 
together with the computer programs of Chapters 6 and 7, to demonstrate how 
problems of direct relevance to engineering can be addressed by this approach. 

Chapter 9 presents grid generation methods and is followed by Chapters 
10 to 12 which describe methods for solving Euler (Chapter 10), incompress- 
ible Navier-Stokes (Chapter 11) and compressible Navier-Stokes equations. 
Again computer programs are included in each chapter and summarized in 
Appendix B. 

A one semester course for advanced undergraduate and first-year graduate 
students would include a brief reading of Chapter 1 followed by Chapters 2, 4, 5 
and 10 which include an extensive number of example problems and associated 
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computer programs arranged to provide the student a better understanding of 
the computational tools discussed. Parts of the material in Chapters 3, 6, 7 to 
9 and 11 and 12 can be covered in a second semester course, with parts of the 
material in those chapters serving as useful information /reference. 

A list of related and current books and solution manuals, including the one 
for the present book, published by Horizons and Springer-Verlag, is available 
on the Horizons Web site, 


http://hometown.aol.com/tuncerc/ 
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Introduction 


In this chapter we present five examples to demonstrate the application of 
CFD techniques to solve real engineering problems. These examples are taken 
from the literature and encompass flows which make use of solutions of invis- 
cid, boundary-layer and Navier-Stokes equations. For some of these flows, the 
reduced forms of the conservation equations, such as inviscid and boundary- 
layer equations are more appropriate, and for others more general equations are 
needed. In this way, the scope of this book is clarified further with additional 
terminology and fluid-dynamics information. 

The first example, discussed in Section 1.1, addresses the application of CFD 
to reduce the drag of a wing by adjustment of pressure gradient by shaping and 
by suction through slotted or perforated surfaces. The drag of an aircraft can 
be reduced in a number of ways to provide increased range, increased speed, 
decreased size and cost, and decreased fuel usage. The adjustment of pressure 
gradient by shaping and using laminar boundary-layer control with suction are 
two powerful and effective ways to reduce drag. This is demonstrated with a 
calculation method for natural laminar flow (NLF) and hybrid laminar flow 
control (HLFC) wings. 

The second example, discussed in Section 1.2, addresses the calculation of the 
maximum lift coefficient of a wing which corresponds to the stall speed, which 
is the minimum speed at which level flight can be maintained. A calculation 
method is described and used to predict the maximum lift coefficient of a high- 
lift system; this coefficient plays a crucial role in the takeoff and landing of an 
aircraft. 

Aircraft design was traditionally based on theoretical aerodynamics and wind 
tunnel testing, with flight-testing used for final validation. CFD emerged in the 
late 1960’s. Its role in aircraft design increased steadily as speed and memory 
of computers increased. Today CFD is a principal aerodynamic technology for 
aircraft configuration development, along with wind tunnel testing and flight- 
testing. State-of-the-art capabilities in each of these technologies are needed to 
achieve superior performance with reduced risk and low cost. 
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The third example, discussed in Section 1.3, deals with aircraft design and 
power plant integration. 

The fourth example, discussed in Section 1.4, corresponds to a calculation 
method for predicting the performance degradation of an aircraft due to icing. 
A NACA icing research aircraft is chosen to compare the calculated results 
with measurements. The calculations are first performed by computing the ice 
shapes that form on the leading edges of the lifting surfaces of the aircraft and 
are followed by flowfield calculations to predict the loss in lift and increase in 
drag due to ice. 

The fifth example, discussed in Section 1.5 is the application of CFD to 
ground-based vehicles, in particular to automobile aerodynamics development. 
The use of CFD in this area has been continuously increasing because the aero- 
dynamic characteristics have a significant influence on the driving stability and 
fuel consumption on a highway. Since the aerodynamic characteristics of auto- 
mobiles are closely coupled with their styling, it is impossible to improve them 
much once styling is fixed. Therefore, it is necessary to consider aerodynamics 
in the early design stage. 

CFD also finds applications in internal flows and has been used to solve 
real engineering problems such as subsonic, transonic and supersonic inlets, 
compressors and turbines, as well as combustion chambers and rocket engines. 
These applications are, however, beyond the scope of this book and the reader 
is referred to the extensive literature available on these problems. 


1.1 Skin-Friction Drag Reduction 


There are several techniques for reducing the skin-friction drag of bodies. While 
the emphasis in this section is on aircraft components, the arguments apply 
equally to the reduction of skin-friction drag on all forms of transportation, 
including underwater vehicles. The importance of the subject has been discussed 
in a number of articles; a book edited by Bushnell and Heiner [1] summarizes 
the research in this area and the reader is referred to this book for an in-depth 
review of viscous drag reduction and for discussions of the possible savings which 
can occur from the reduction of the drag. As an example of the argument in 
support of the importance of the calculation methods used for reducing skin- 
friction drag, it is useful to point out that a three-percent reduction in the 
skin-friction drag of a typical long-range commercial transport, which burns 
around ten million gallons of fuel per year, at 50 cents per gallon, would yield 
yearly savings of around $150,000. 

There have been many suggestions for reducing the skin-friction drag on 
aircraft components including extension of regions of laminar flow, relaminar- 
ization of turbulent flow and modification to the turbulence characteristics of the 
near-wall flow. In general, these attempts to control the flow depend on changes 
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to the wall boundary conditions including variations of longitudinal and trans- 
verse surface curvatures, the nature of the surface and heat and mass transfer 
through the surface. A partial exception is the use of thin airfoils (LEBUs) in 
the outer region of the boundary layer to break up the large eddy structure of 
turbulent flow [1]. 

In this section the discussion is limited to laminar flow control (LFC) and 
the reader is referred to [1] for a discussion of other techniques for reducing 
the skin-friction drag. In subsection 1.1.1, a brief description of laminar flow 
control first by “Adjustment of Pressure Gradient by Shaping,” then by “Suction 
Through Slotted or Perforated Surfaces” is given. This subsection is followed by 
a description and application of a calculation method to natural laminar flow 
(NLF) and hybrid laminar flow control (HLFC) wings (Subsection 1.1.2). 


1.1.1 Laminar Flow Control 


Adjustment of Pressure Gradient by Shaping 


Laminar flow on a two-dimensional or axisymmetric body can be achieved by 
designing the geometry so that there are extensive regions of favorable pressure 
gradients. This technique is frequently referred to as natural laminar flow (NLF) 
control and may be implemented on a wing or a body of revolution by bringing 
the point of maximum thickness as far aft as possible. Typical airfoil sections 
designed for this purpose are shown on Fig. 1.1 and the location of the onset 
of transition, where laminar flow becomes turbulent flow, can be estimated by 
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Fig. 1.1. Typical NLF airfoils for a wide range of applications. SCLFC denotes supercrit- 
ical LFC airfoil. 
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using the e”-method discussed in Chapter 8. The success of this technique and 
of the calculation method also depends on factors besides the pressure gradient 
including surface roughness, surface waviness, freestream turbulence, and the 
concentration of a second phase such as rain or solid particles in water, all of 
which can play a role in triggering transition [2]. The influence of these factors 
can usually be avoided by careful design, for example by keeping the surface 
waviness and roughness below the allowable limits. 

A number of modern low-speed aircraft make use of extended regions of nat- 
ural laminar flow on their wings [1] but transonic cruise, and the swept wings 
required for this configuration, introduce further complications. In particular, 
flow from the fuselage boundary layer can introduce instabilities which result 
in turbulent flow along the attachment line of the wing [2], or a favorable pres- 
sure gradient on the upper surface can result in a shock wave which interacts 
with the boundary-layer to cause turbulent flow. The first problem depends on 
the Reynolds number, sweep angle and curvature of the leading edge and it 
is possible to shape the leading edge of the wing so that the attachment-line 
flow is laminar. In this case it is likely that, depending on the sweep angle, the 
flow may become turbulent away from the attachment line due to the crossflow 
instability discussed in [2]. In subsection 1.1.2 calculations are presented for a 
typical NLF wing in incompressible flow to demonstrate the role of sweep angle 
and crossflow on transition. 

Extending the region of natural laminar flow on fuselages in order to reduce 
the fuselage drag is also important, as indicated by the examples of Fig. 1.2, 
relevant to transport aircraft [1]. It should be pointed out that the total skin- 
friction drag of a modern wide-body transport aircraft is about 40% of the 
total airplane drag, with approximately 3% from nacelles and pylons, 15% from 
fuselage, 15% from wing, and 8% from empennage. Thus, nacelles and pylons 
account for about 8% of the total skin-friction drag, while the fuselage, wing and 
empennage account for 38%, 35% and 20%, respectively. For smaller airplanes, 
such as the MD-80 and 737, the portion of the total skin-friction drag is usually 
higher than for wide bodies. 


Table 1.1. Drag coefficients for an 
axisymmetric body with a fineness 
ratio 6.14 at a=0, Rz = 40.86 x 


10° [1]. 

Ltr Ca x 10° 
0.322 2.60 
0.15 3.43 
0.10 3.62 


0.05 3.74 
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All-turbulent surfaces Laminar lifting surfaces 
Nacelles and misc. 5.2% 7.6% 
Fuselage 48.7% 70.2% 
Empennage 14.3% 6.9% 
Wing 31.8% 15.3% 
Nacelle and others 0.0010 0.0010 
Fuselage 0.0092 0.0092 
Empennage 0.0027 0.0009 
Wing 0.0060 0.0020 
Total profile Cp 0.0189 0.0131 


Fig. 1.2. Profile drag buildup for all-turbulent transport jet and airplane with laminar 
lifting surfaces [1]. 


Table 1.1 shows the reduction in drag coefficient which can be achieved on 
an axisymmetric body by control of the location of the onset of transition: as 
an example, a delay of transition by 27% of the body length reduces the drag 
coefficient by some 30%. As in the case of wings, the onset of transition on 
fuselages and bodies of revolution can be estimated by an extension of the e”- 
method discussed in Chapter 8 from two-dimensional flows to three-dimensional 
flows discussed in [2, 3]. 


Suction Through Slotted or Perforated Surfaces 


The attainment of laminar flow by adjustment of pressure gradient by shaping 
becomes increasingly more difficult as the Reynolds number increases because 
the boundary layer becomes relatively thinner and, as a result, more sensitive to 
roughness and small disturbances. Thus, there are practical limits to maintain- 
ing natural laminar flow at high Reynolds numbers because the effort spent to 
maintain extremely smooth surfaces may be negated by the increased sensitivity 
to external factors over which one has little control. 

The next technique to maintain laminar flow is the use of active laminar flow 
control by suction which thins the boundary-layer, generates a fuller velocity 
profile and leads to increased boundary-layer stability. The use of suction at the 
leading edge of a wing, through slots or perforated material, can overcome the 
tendency for the cross-flow velocity to create a turbulent boundary-layer flow 
beginning at the attachment line [1], see also [2]. The technique is referred to 
as hybrid laminar-flow control (HLFC) since it combines suction mass transfer 
with the arrangement of the airfoil (see Fig. 1.3) so as to impose a favorable 
longitudinal pressure gradient. This type of LFC is applicable to a wide range of 
small to moderate sized aircraft. The perforated plate makes use of holes of the 
order of 0.004 inches in diameter with a pitch-to-diameter ratio of around ten 
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Fig. 1.3. A typical airfoil section for hybrid laminar flow control (HLFC). 








and cleaning of the holes can be accomplished by reversing the mass flow while 
the aircraft is stationary. Extensive wind-tunnel tests have been reported by 
Pfenninger |1] who made use of vertical slot widths graded from 0.008 to 0.003 
inches depending on the thickness of the boundary-layer and a pitch which 
varied from 3 to 0.6 inches depending on the static pressure. Difficulties were 
experienced with the effective roughness created by the edges of the slots, but 
the system was made to operate satisfactorily so that the effects of the cross- 
flow velocity were removed in that the flow around the leading edge remained 
laminar. Again, stability (Chapter 8) and boundary-layer (Chapter 7) theories 
can be used in the design of the HLFC wing, as discussed in the following 
subsection. 


1.1.2 Calculations for NLF and HLFC Wings 


A calculation method (Chapter 4 of [1]) based on the solutions of the panel, 
boundary-layer and stability equations for three dimensional flows can be used 
to demonstrate the effects of sweep, angle of attack, and suction on transition. 
A wing with a cross section of the NACA 6-series laminar flow airfoil family 
developed in the late thirties is chosen for this purpose. Its particular designation 
is NACA 65-412 where the first digit designates the airfoil series and the second 
indicates the extent of the favorable pressure gradient in tenths of chord on both 
upper and lower surfaces at design condition; the third digit gives the design 
lift coefficient and the last two digits denote the thickness in percent of the 
chord. The camber line used to generate this airfoil has the NACA designation 
a = 1.0 which means that the additional loading due to camber is uniform along 
the chord. It also happens that the use of this particular camber line results in 
an airfoil which has its design lift coefficient at zero angle of attack and all 
calculations presented here were performed at this angle of attack. The results 
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correspond to a Reynolds number of 10’, based on the total freestream velocity 
Vx, and chord c, and for several sweep angles ranging from 0° to 50°. The 
inviscid velocity distribution was computed from the Hess panel method (4, 5] 
which is an extension of the two-dimensional panel method of Section 6.4 to 
three-dimensional flows and the boundary-layer calculations were performed 
by a boundary-layer method for three-dimensional flows which is an extension 
of the two-dimensional boundary-layer method of Chapter 7 [2,4]. Transition 
calculations are performed by using the e”-method for three-dimensional flows 
which is an extension of the e”-method for two-dimensional flows discussed in 
Chapter 8 [2, 3]. 

Figure 1.4 shows the inviscid velocity distribution ue/uo for the upper sur- 
face of the wing for A = 20°, 30° and 40° and, as can be seen, the flow has a fa- 
vorable pressure gradient up to around 50-percent chord, followed by an adverse 
pressure gradient. We expect that the cross-flow instability will be rather weak 
at lower sweep angles, so that transition will take place in the region where the 
flow deceleration takes place. With increasing sweep angle, however, crossflow 
instability [2] will begin to dominate and cause transition to occur in the region 
of acceleration. The results of Fig. 1.5 for A = 20° confirm this expectation and 
indicate that amplification factors computed with different frequencies reach 
values of n as high as 6.75 at z/c = 0.44 but not a value of n = 8 as required 
to indicate transition (Chapter 8). Additional calculations show that transition 
occurs at x/c = 0.65 and is not caused by crossflow instability. The results for 
A = 40°, shown in Fig. 1.6, however, indicate that crossflow instability makes 
its presence felt at this sweep angle, causing transition to occur at z/c = 0.08 
corresponding to a radian disturbance frequency of 0.03740. The location of the 
critical frequency is at z/c = 0.0046, very close to the attachment line of the 
wing. 

Calculations performed for A = 30°, 35° and 50° indicate results similar to 
those for A = 40° in that the transition location moves closer to the leading edge 
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Fig. 1.5. Amplification factors for several Fig. 1.6. Amplification factors for several 
frequencies for A = 20°. The numbers 1 to frequencies for À = 40°. 

7 show different frequencies used for each 

amplification calculation (Chapter 8). 


with increasing sweep angle, occurring at x/c = 0.22 for A = 30°, at r/c = 0.12 
for \ = 35° and at z/c = 0.05 at A = 50°. 

Figures 1.7 to 1.9 show the calculated amplification factors for the same 
wing with suction, which is a powerful means of maintaining laminar flow over 
the whole wing. In practice, however, this is difficult to achieve because of the 
need for ailerons, flaps and openings for inspection and maintenance. Clearly a 
suction system adds to the complexity, weight and cost of a design. Increasing 
suction rates requires larger ducting system and more power so that at some 
point all available space in the wing may be used up and the higher suction drag 
will produce diminishing returns. Increased suction also makes the boundary- 
layer thinner, which in turn reduces the critical height of roughness that will 
cause transition. If suction is applied through discrete holes or slots and is not 
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Fig. 1.7. Effect of suction on amplification Fig. 1.8. Effect of suction on amplification 
rates for A = 30°. rates for \ = 40°. 
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Table 1.2. Suction rates Uw = vw/Voo used in the 
stability calculations. $1, S2 and S3 are applied to 
the whole wing while S4 to S8 are applied to the 
first 5% chord of the wing. S9 is applied to the 
first 10% of the wing. 


Dw X 104 Üw X 104 
S1 —3 S5 —5 
S2 =5 S6 a7 
S3 a7 S7 —10 
S4 —3 S8 s19 
S9 12 


distributed over the area, increased suction velocities may cause the suction 
holes or slots to become critical themselves and act as sources for disturbances. 
It is important that the suction system be carefully designed by calculating 
minimum suction rates to maintain laminar flow. In addition, the suction rate 
distribution must be optimum. A calculation method, such as the one described 
in Chapter 4 of [1] and [3], is capable of determining the minimum and optimum 
suction rates for the ducting system. Table 1.2 lists the suction distributions 
used in the calculations presented here. For simplicity, two types of suction 
distributions are considered: the first with uniform suction on the whole wing 
and the second with uniform suction over the front portion of the wing only, 
e.g. 5% chord from the leading edge. 

Figure 1.7 shows the amplification factors for three frequencies: one without 
suction, and the other two for two types of suction, S1 and $4 for A = 30°. As 
can be seen, a small suction level of 0, = —0.0003 either over the whole wing, 
S1, or over the front 5% chord of the wing, S4, is sufficient to maintain laminar 
flow until separation or transition occurs at z/c = 0.58 for S4 and at z/c = 0.78 
for S1. The calculations for S1 produce a low value of n = 3 at z/c = 0.34 and 
indicate that the suction rate is excessive at this sweep angle. 

Figure 1.8 shows the results for 4 = 40° for which case a suction level of 
Vy = —0.0003 for S1 yields a maximum value of n = 6 at x/c=0.20 and a 
suction level corresponding to $2 yields a maximum value of n = 3 at z/c = 0.12. 
Both cases eliminate transition which occurs at z/c = 0.08 without suction, but 
the latter also eliminates the occurrence of separation while the former delays 
the separation until z/c = 0.78. To avoid excessive suction, two additional cases 
corresponding to $5 and S7 were considered and it was observed that transition 
takes place at z/c = 0.22 for S5, and the maximum value of n is equal to 6.7 at 
x/e = 0.52 for S7 which shows that the crossflow instabilities can be eliminated 
in the front portion of the wing. It is interesting to note that the small bump near 
xz/c = 0.05 along the curve for S7 shown in Fig. 1.8 is caused by the switch-off 
of suction at z/e = 0.05. 
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As expected, it is more difficult to avoid the crossflow instabilities for A = 
50° because of the high sweep, and Fig. 1.9 shows that only suction levels 
corresponding to S2 and S3 can eliminate transition. However, if suction is 
switched off at 5% chord from the leading edge, transition occurs even if a high 
suction level of 0, = —0.0012 is applied. In order to laminarize the flow, it is 
necessary to extend the range of suction at a suction level of 0, = —0.0012 for 
the first 10% chord of the wing, case S9, leading to transition at r/c = 0.48 
which is 8% upstream of the separation location. Further extensions of the 
suction area will eliminate transition before separation occurs. From the results 
corresponding to S8 and S9, it can be seen that the growth of the disturbances 
can be prevented only in the range over which suction is applied for A = 50°. 
Once the suction is switched off, the disturbances grow with almost constant 
speed and cause transition to occur downstream, indicating the difficulty of 
laminarizing the flow on a highly swept-back wing. 


1.2 Prediction of the Maximum Lift Coefficient 
of Multielement Wings 


In aircraft design it is very important to determine the maximum lift coefficient 
as accurately as possible, since this lift coefficient corresponds to the stall speed, 
which is the minimum speed at which controllable flight can be maintained. Any 
further increase in angle of incidence will increase flow separation on the wing 
upper surface, and the increased flow separation results in a loss in lift and a 
large increase in drag. 

The high-lift system of an aircraft plays a crucial role in the takeoff and 
landing of an aircraft. Without high-lift devices, the maximum lift coefficient, 
(Cr) max, attainable by a high-aspect-ratio wing is about five times the incidence 
(in radians) at incidences up to stall. Typical values of (C,)max are commonly 
in the range of 1.0 to 1.5. The addition of high-lift devices such as flaps and 
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Fig. 1.10. Flow over a typical high-lift system 


slats can more than double (C,)max with subsequent improvement in takeoff 
and landing performance. Thus, it is important to predict the performance of 
high-lift systems that can be designed for high (C7, )max in landing configuration 
and high lift-to-drag ratio in take-off configuration. The lower drag also results 
in lower noise, which is necessary to comply with noise abatement regulations. 

Despite the significant advances in CFD, our ability to predict the maximum 
lift coefficient of multielement wings is still not satisfactory. As shown in Fig. 
1.10, the flow about multielement airfoils for high lift is very complex. The main 
problem is the lack of an accurate turbulence model (Chapter 3) to represent 
flows with extensive separation. The problem is exacerbated by inaccuracies 
of numerical solutions of the conservation equations (Chapter 2) at these flow 
conditions and difficulties in modeling flow near the trailing edge of an airfoil 
or wing, trailing viscous wakes that may impinge on aft elements, merging 
boundary-layers, and flow separation. 

In this section we describe a useful design method developed by Valarezo 
and Chin [6]. This method, called “The Pressure Difference Rule”, for predict- 
ing the maximum lift coefficient of multielement wings is based on Hess’ panel 
method which is an extension of the two-dimensional panel method of Section 
6.4 to three-dimensional flows. The accuracy of this method, even though the 
solution is based on the reduced conservation equations and does not include the 
effects of viscosity, is then demonstrated for the high-lift systems of a transport 
aircraft as a function of Reynolds number. While this method is appropriate for 
configuration development, it cannot predict the optimum gap/overhang loca- 
tions for each of the high-lift wing components; at this time the determination 
of promising range of locations is performed using two-dimensional CFD meth- 
ods for multielement airfoils. The final determination of the optimal locations is 
made in high-lift wind tunnel tests. The ability to predict reliably the optimal 
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location of flaps and slats is one of the aims of CFD development efforts in 
high-lift research. 

The Pressure Difference Rule of Valarezo and Chin [6] is based on the ex- 
amination of wind tunnel data which indicates that, at a given Reynolds/Mach 
number combination, there exists a certain pressure difference ACp between 
the suction peak of an airfoil (Cp)min and its trailing edge (Cp)te at the max- 
imum lift condition. For the case of a multielement airfoil, the same rule ap- 
plies to whichever element (leading-edge or main) is critical at maximum lift. 
Thus, at a given freestream Mach number, there is a “pressure difference” 
|ACpl = |(Cp)min — (Cp)te| variation with Reynolds number (Fig. 1.11) that 
indicates when maximum lift is attained. This correlation applies whether or 
not the airfoil has an auxiliary leading-edge device. Even though the Pressure 
Difference Rule is based on two-dimensional data, Valarezo and Chin assume 
the correlation in Fig. 1.11 to be valid also for three-dimensional flows. They 
determine the maximum lift coefficient of multielement transport wings by the 
following procedure: 


1. Use a panel method to obtain flow solutions at various angles of attack for 
the desired geometry. While any reliable panel method can be used for this 
purpose, they use the Hess panel method discussed in detail in [4, 5,7]. They 
recommend sufficient surface paneling to ensure adequate definition of the 
geometry at the leading and trailing edges. 

2. For a given freestream Reynolds number and Mach number, construct a 
pressure difference |AC,| distribution vs. span based on the wing chord 
distribution. 

3. Determine graphically at what spanwise wing station and wing lift coef- 
ficient the solutions obtained from the panel method (Step 1) match the 
curve constructed in Step 2. 





Valarezo and Chin validated this method with RAE experimental data [8] 
obtained for a high-lift system. The wing had an aspect ratio of 8.35 and wing 
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quarter-chord sweep of 28° with a taper ratio of 0.35. The high-lift system 
included a 16% chord leading-edge slat (65 = 15°, 20° and 25°) and a 34% 
Fowler flap (67 = 10°, 25° and 40°). The test was conducted transition-free 
at a Reynolds number of 1.31 x 10° based on the mean wing chord and the 
nominal Mach number was 0.22. The Pressure Difference Rule was used to 
predict (Cz )max for wing configurations corresponding to wing-alone, wing-flap, 
slat-wing and slat-wing-flap. 

Figure 1.12 shows the predicted pressure difference for the wing alone. The 
results for Cr, = 1.011 and 1.087 correspond to the panel method solutions at 
angles of attack of 11.84° and 12.84°, respectively (Step 1). The allowable vari- 
ation of AC, along the span was obtained from Fig. 1.11 for chord Reynolds 
numbers of 1.61 x 10 and 1.01 x 10 at spanwise stations 7 of 0.3 and 0.76, re- 
spectively, and for an interpolated Mæ = 0.22, yielding |AC,| = 8.2 at 7 = 0.30 
and |AC,| = 7 at 7 = 0.76. The dashed straight line connecting these two points 
represents the boundary that predicts when (Cz)max occurs. According to Fig. 
1.12, linear interpolation yields a predicted (Cy,)max of 1.04 and the critical 
spanwise station is identified at 87% of the span. 

The predictions of the Pressure Difference Rule for the RAE wing with 
different flap deflections are shown in Fig. 1.13 together with the experimental 
and calculated lift curves. The calculated viscous flow results were obtained by 
using the interactive boundary-layer method described in detail in [5] and briefly 
in Chapter 7. The results denoted as semi-empirical were obtained from the 
inviscid panel method by reducing the nominal flap angle in order to account 
roughly for the known decambering effect of the boundary-layer and wakes 
on the aft segments of a multielement wing. Agreement between experiment 
and prediction is seen to be very good throughout each lift curve up to and 
including (C',)max-. The effect of flap deflection on maximum lift for the wing- 
flap configuration is shown in Fig. 1.14, where the method based on the Pressure 
Difference Rule correctly indicates marginal lift improvements in going from 25° 
to 40° flaps for this particular wing. The ability to predict this is a key result 
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since it shows that 40° flaps offer only a minimal improvement to lift, and 
therefore going from 25° to 40° flaps is not desirable given the substantial drag 
increase. 

Further applications and validations of the Pressure Difference Rule are re- 
ported in [6] by Valarezo and Chin for several narrow-body and wide-body 
transport configurations. Figure 1.16 shows the results for the narrow-body 
transport of Fig. 1.15. The wing is configured for landing with both leading 
and trailing-edge devices deployed. The predicted variation of (Cr)max with 
Reynolds number shown in Fig. 1.16 compares very well with available wind 
tunnel and flight test results. As can be seen, the variation of (Cr)max with 
Reynolds number is considerable, and the method based on the Pressure Dif- 
ference Rule captures it remarkably well. 

A particular application of the Pressure Difference Rule to a Regional Jet 
transport is reported in [9]. Figure 1.17b shows the good correlation obtained 
between predictions and wind tunnel test results for the cruise configuration 
of Fig. 1.17a. In [9], a simple method is introduced as an extension of the 
Pressure Difference Rule that allows the estimation of the maximum lift of an 
aircraft configuration with leading edge contamination. Aircraft certification 
regulations stipulate that an aircraft handling characteristics and performance 
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Fig. 1.15. Paneled narrow-body transport. 


« e TEST DATA 
PRESSURE DIFFERENCE RULE 


: A 
(Cr) | LT o 


wa : l. l l | 


l I. I . 
0 2 4 6 8 10121416 Fig. 1.16. Variation of maximum lift coeffi- 
R x10% cient with Reynolds number based on mean 
a * aerodynamic chord, Ra. 


must be determined for flight in icing conditions and in roughness conditions. 
The roughness can be caused by ice, frost, de-icing and anti-icing fluids used 
prior to take-off, insect contamination, paint and surface irregularities and lead- 
ing edge damage such as that produced by a hail-storm. Roughness on the wing 
leading edge affects the stall characteristics of an aircraft and its performance. 

The method is based on a combination of the Pressure Difference Rule [6], 
using a three-dimensional panel method, with results of a two-dimensional inter- 
active viscous-inviscid CFD procedure developed by Cebeci [5] briefly described 
in Chapter 7. The code is able to predict aerodynamic performance of single and 
multi element airfoils, including stall, with and without surface roughness, with 
sweep effects, for steady flows. The code uses a Hess and Smith panel method, 
which is an extension of the panel method discussed in Section 6.4, to calculate 
the inviscid flow field with a simple Karman-Tsien compressibility correction 
formula. A two-dimensional compressible boundary layer code operating in an 
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Fig. 1.17. (a) Regional jet cruise configuration panelling. (b) Predicted maximum lift 
with and without roughness, comparison with experimental data. 


inverse mode, is coupled to the panel method. Michel’s formula (Chapter 8) 
is used for transition prediction and the Cebeci-Smith model is used for tur- 
bulence modeling with roughness effects. The equivalent sand grain roughness 
(ks/c) is the input characterization parameter for the code. 

The method is illustrated in Fig. 1.18, using a model of the M100 ONERA 
wing/body test article [10]. In this application, the VSAERO panel method of 
Analytical Methods Inc. [9] is used. An initial VSAERO analysis is first con- 
ducted to determine the critical spanwise location where the maximum pressure 
difference occurs. Based on the local chord Reynolds number at that critical sec- 
tion, a two-dimensional (2D) analysis is conducted to determine the incremental 
effects of roughness on maximum lift. The figure shows the 2D lift curves calcu- 
lated with and without contamination. This increment is applied to the original 
limit AC, curve and compared with the original spanwise distributions of AC, 
to determine the new maximum lift point with contamination. Figure 1.18 shows 
the limit AC, curves with and without roughness as well as the spanwise dis- 
tributions of AC, as calculated using VSAERO for several angles of attack. 
Finally, Fig. 1.18 shows the predicted maximum lift for the configuration with 
and without roughness. The methodology was validated using the results of 
the wind tunnel tests carried out on a 1/3 scale model of a regional jet. Tests 
were conducted at Mach 0.15 and mean chord Reynolds number of 2.72 million, 
for various levels of wing contamination. Figure 1.17b shows the comparison 
of predicted and experimentally measured maximum lift coefficients with and 
without contamination for the cruise configuration. The relative loss in lift due 
to contamination compares well with experiment, although the absolute levels 
are slightly over-predicted in this case. 

Although Navier-Stokes solvers are now routinely used to analyse full air- 
craft configurations in cruise conditions, prediction of aircraft high-lift perfor- 
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Fig. 1.18. Prediction of roughness effects on wing-body (Cz )max using the pressure dif- 
ference rule. 


mance using these CFD methods is still a challenge. This results from the 
increased geometric complexity of high-lift configurations with deployed slats 
and/or flaps and the need to model all the relevant features of a very com- 
plex flow. Mesh-generation then becomes a challenging task, even when an 
unstructured-grid approach is used, and the resulting meshes can be an order of 
magnitude larger than those needed to accurately predict cruise performance. 
To model realistic flow around a complete Boeing 777-200 high-lift configura- 
tion, Rogers et al. [12] employ 22.4 million grid points using overset grids. The 
prediction of maximum lift and wing stall constitutes a challenge even for a 
clean wing configuration, as massive flow separation must be modelled. 

An application of a Navier-Stokes method to the investigation of an aircraft 
maximum lift is reported in [13]. The NSU3D [14] unstructured Navier-Stokes 
solver is used for the study (Chapter 12). It uses an edge-based, vertex-centred 
finite-volume scheme for space discretisation and a multi-stage Runge-Kutta 
technique for time integration with point or line pre-conditioning. An agglom- 
eration multigrid algorithm is implemented for convergence acceleration. Two 
turbulence models are implemented: the Spalart-Allmaras model (Chapter 3) 
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and the Wilcox k-w model |15,16]. Both can be used with or without wall 
functions. 

A Challenger aircraft wing/body/nacelle configuration was selected to in- 
vestigate the ability of NSU3D to predict flows at high angles of attack up to 
and beyond stall. The geometry modelled represents the wind tunnel model 
including flap fairings and flow-through nacelles. Even though this is a rela- 
tively simple configuration, it presents some meshing difficulties, mainly in the 
generation of the prism layers required for Navier-Stokes computations. This is 
due to the presence of such features as narrow gaps in the nacelles where prism 
layers growing from two facing surfaces can collide if not properly limited. The 
modelling of the flap fairings also made the generation of the prism layers more 
complex, since the latter have to wrap around the fairings. 

The unstructured mesh (Section 9.7) consists of 209,000 tetrahedra in the 
field, 6,358,000 prisms around the aircraft surface and 9000 pyramids (to cap 
incomplete prism layers). The first prism layer is given a thickness of 6 x 107° 
times the wing tip chord to ensure values of yt of the order of 1 needed for 
the application of turbulence models down to the solid surface (Chapter 3). 
A growth ratio of 1.3 from one layer to the next is imposed. The number of 
layers varies from 26 on the nacelle core cowl to 35 on the wing, fuselage and 
wing-body fairing, for a maximum prism layer thickness of 7% of the root chord. 

The flow conditions of the wind tunnel data used for comparison are a Mach 
number of 0.25 and a Reynolds number of 2.2 x 10°, based on the wing mean 
aerodynamic chord. The stall pattern on this configuration is typical of transonic 
jets with no slats or leading edge flaps. A leading edge flow separation, due to 
the bursting of a laminar short bubble, causes a sudden loss of lift at stall. 

The relative performance of the Spalart-Allmaras and k-w turbulence mod- 
els in predicting the lift variation with incidence was evaluated on this mesh. 
Convergence was satisfactory at most angles of incidence: the density residual 
was reduced by 4 to 5 orders of magnitude at incidences up to 15°. At higher 
angles of incidence, it did not decrease as much, but the convergence of the lift 
coefficient was still good. Post-stall isobars and skin-friction lines computed at 
a = 14.21° using the k-w turbulence model are shown in Fig. 1.19a. The pre- 
dicted lift variation with incidence for the two turbulence models is compared 
with the experimental data in Fig. 1.19b. These results were obtained with the 
assumption of fully turbulent flow. At incidences up to 10°, both turbulence 
models predict lift fairly well. At higher incidences, however, the predicted lift 
is lower than the experimental data before stall, with the one-equation Spalart- 
Allmaras model results being worse than those obtained with the two-equation 
k-w model. Both models underpredict the pre-stall lift coefficient, due to an ex- 
cessive amount of predicted separated flow on the outboard wing. None of the 
numerical results predicts the sudden drop of lift after stall, but the Spalart- 
Allmaras predictions show a kink in the lift variation shortly after the experi- 
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Fig. 1.19. (a) Post-stall isobars and skin-friction lines on a business jet clean-wing configu- 


ration at Mach 0.25 and a = 14.21°. NSU3D Navier-Stokes solution with a k-w turbulence 
model. (b) Comparison of predicted lift curves with experimental data. 


mental stall incidence. Surface flow patterns and pressure distributions indicate 
that this occurs when the flow separates on the inboard wing. It should be noted 
that the post-stall flow is highly unsteady. Predicting the post-stall variation 
of lift with a steady-flow code is therefore questionable. Modelling laminar flow 
at the leading edge of the wing improves marginally the results but it is fair to 
conclude that the present models need improvements before they can predict 
correctly the maximum lift behavior of three-dimensional wings. 


1.3 Aircraft Design and Power Plant Integration 


Today CFD plays an important role in aircraft design and, together with wind 
tunnel testing and flight testing, it can help to design an aircraft that has su- 
perior performance with reduced risk and low cost. One example of a high 
performance subsonic jet aircraft is Bombardier’s Global Express long-range 
high-speed business jet [17]. This aircraft, outlined in Fig. 1.20, has a Maxi- 
mum Take-Off Weight of 95,000 Ibs and is powered by two Rolls-Royce BR710 
turbofans, each developing 14,750 lbs thrust. The aircraft can fly 8 passengers 
and 4 crew members over a distance of 6500 NM at Mach 0.80 and 6000 NM 
at Mach 0.85. ‘The high-speed cruise Mach number is 0.89. The aircraft can 
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Fig. 1.20. Global Express configuration. 


operate on runways of less than 6000 ft, climb to an initial cruise altitude of 
43,000 ft and reach a a maximum certificated altitude of 51,000 ft. 

The combination of speed and fuel requirements of the Global Express, a rel- 
atively small aircraft compared to modern jet transports, is a challenge for any 
aircraft designer. By using advanced CFD methods for design and optimization 
and wind tunnel testing for verification, it was possible to minimize the drag 
of the aircraft at high-speed cruise and to arrive at a configuration with good 
take-off and landing performance. This was achieved by developing an efficient 
transonic wing, a low drag power-plant installation and an efficient high-lift sys- 
tem with leading edge slats and trailing edge Fowler flaps. The drawing in Fig. 
1.20 shows the aerodynamic features of the aircraft that were considered neces- 
sary to meet the design requirements. The airplane has a T-tail configuration 
with two turbofan engines mounted on the aft fuselage to keep the wing free 
from adverse nacelle/engine interference. In addition the fuselage was tailored 
in the area of the nacelle and pylon to eliminate drag-producing shocks during 
cruise at high Mach number. The integration of the power plant required also 
an optimisation of the pylon shape. The objective was to eliminate undesir- 
able shocks that appeared on the lower surface of the pylon and the nacelle at 
cruise conditions above Mach 0.8. The aerodynamic configuration was designed 
and developed in the period between 1991 and 1994 and first flight occurred in 
1996. At the time, the validated CFD methods available to the designers were 
two-dimensional Navier-Stokes solvers and three-dimensional Euler solvers for 
complete aircraft configurations. The inviscid Euler solvers were coupled with 
compressible boundary layer codes for lifting surfaces (see Chapter 10 for Euler 
methods and Chapter 7 for boundary layer methods). 

The shaping of the fuselage was first carried out with the aid of the KTRAN 
Transonic Small Disturbance CFD program [18]. The pylon was not included in 
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Fig. 1.21. (a) KTRAN rectangular mesh. (b) KTRAN solutions at three stages of Global 
Express fuselage design (B165, B170, B179), Mach 0.85. 
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Fig. 1.22. (a) Global Express block-structured Euler mesh. (b) MBTEC Euler solution 
at three stages of the fuselage and pylon design (B165/P71, B170/P73, B172/P73), Mach 
0.85. 


the aircraft configuration in these calculations. Since the work required several 
iterations, KTRAN was ideal for obtaining quick results. Figures 1.2la and 
1.21b show the mesh and the results obtained with KTRAN at three different 
stages of the fuselage design process. 

The fuselage shape that was obtained from these calculations was used as 
input to the MBTEC Euler code [19] to check the flow situation with the addi- 
tion of the nacelle pylons. Finally the pylons shape and the nacelles position, in 
terms of incidence and toe-out angles were optimized with the aid of MBTEC. 
Figure 1.22a shows the multi-block structured mesh generated with the grid 
generation program MBGRID [20]. Figure 1.22b shows the solution obtained 
with MBTEC at Mach 0.85 cruise conditions at three different stages of the 
fuselage and pylon design. 

The integration of the pylons and nacelles was verified in a wind tunnel 
test that was conducted at the Aircraft Research Association (ARA) 8 ft. x 9 ft. 
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Fig. 1.23. Global Express model on twin sting rig at ARA 8 ft x ft transonic wind tunnel. 
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Fig. 1.24. Pylon pressure comparison of Euler solution with wind tunnel test data on the 
initial (B165/P71) and final configurations (B172/P73). 


atmospheric wind tunnel (Bedford, U.K.). The test was carried out using a 
7% scale full model mounted on twin stings (Fig. 1.23). The model was built 
with three interchangeable aft fuselage shapes designated B165, B170 and B172. 
B165 was the initial configuration. B170 was a configuration with the fuselage 
diameter reduced aft of the wing trailing edge. B172 was a configuration with 
the fuselage shaped locally to improve the channel flow at the nacelle location. 
Two different shapes of pylons were tested (P72 and P73). The nacelles were 
tested over a matrix of nine combinations of angles of incidence and toe-out. 
Several nacelle configurations were tested, in order to establish the effect of 
varying inlet Mass Flow Ratios and the effect of the geometry of the nacelle 
boat-tail on the fuselage flow. The wing, aft fuselages, nacelles and pylons were 
pressure tapped. Forces and moment were measured on the twin sting balance. 
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The test covered a range of Mach number from 0.6 to 0.97 and the results were 
reduced to a nominal chord Reynolds number of 3.6 million. 
The test yielded the following results: 


— Large drag improvements were obtained with the re-contoured fuselages at 
all Mach numbers above Mach 0.70. The largest drag reduction (3% to 5% of 
total aircraft drag) was obtained with the shaped fuselage B172. The shaped 
pylon P73 contributed substantially to the weakening of the shock wave in 
the channel. 

— All drag reductions were associated with a lowering of the peak Mach number 
in the channel between the fuselage and the nacelle, a reduction of the pylon 
download, and a better control of the diffusion in the aft end of the channel. 

— The optimum orientation of the nacelle for drag was found to be precisely 
the one predicted by using the MBTEC multi-block Euler code for optimal 
nacelle pressures. 


Figure 1.24 shows a comparison of MBTEC predictions with pressures 
measured on the fuselage above and below the nacelle pylon on the initial 
(B165/P72) and final (B170/P173) configurations. This comparison shows that 
the inviscid Euler results (Chapter 10) on the fuselage were a good indicator of 
the flow field generated on this part of the aircraft. 





1.4 Prediction of Aircraft Performance Degradation 
Due to Icing 


Aircraft icing presents a serious hazard for flight at subsonic speeds in visible 
moisture and at temperatures near or below freezing. Many aircraft have been 
lost due to ice accumulation. Some twenty accidents where icing was a con- 
tributing factor are listed in Fig. 1.25. In the absence of thermal ice protection, 
ice on wings, control surfaces, and engine intakes can reduce the aerodynamic 
performance of the aircraft. Therefore, the Federal Aviation Administration 
(FAA) requires an airplane manufacturer to demonstrate that its aircraft can 
fly safely in icing conditions as defined by the so-called icing envelopes in the 
FAA’s Federal Airworthiness Regulations (FAR) Part 25, Appendix C [21]. 

Ideally one would like to prevent ice from accreting anywhere on the air- 
frame, which is unfortunately not always possible. Thus, the analysis of an 
aircraft’s response to an inflight icing encounter plays a key role during the 
development and certification phase of an aircraft. All icing testing is relatively 
expensive, however. In today’s competitive environment, cost-effective calcula- 
tion methods must be developed so that the aircraft manufacturer can evaluate 
the performance of a system for a range of icing conditions and consequently 
reduce development and certification time and cost. Full-scale icing experiments 
over a wide range of conditions would be very expensive. 
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Date 


26 Jan 74 


03 Jan 77 
04 Jan 77 


27 Nov 78 
20 Dec 78 


19 Jan 79 


12 Feb 79 


18 Feb 80 
13 Jan 82 
05 Feb 85 


12 Dec 85 


27 Dec 86 
15 Nov 87 
18 Jan 88 


06 Feb 88 


23 Dec 8&8 
10 Mar 89 
25 Nov 89 
16 Feb 91 
22 Mar 92 
31 Oct 94 


09 Jan 97 
07 Apr 99 


Fig. 1.25. 
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Aircraft Type Precipitation 


F28 


DC-8-62 
737 


DC-9-10 
Learjet 


Learjet 


Nord 262 


Bristol 253 
737 
DC-9-10 


DC-8-63 
DC-9-10 


DC-9-10 
Cessna 402 


Cessna A188B 


Piper PA-11 


F28 

F28 
DC-9-10 
Fokker F28 
ATR72 


Embraer 120 


B737-4Q8 


and Observations 


Probable cause: 

frost accretion 

on the wings 

Fog 

Light snow /25-degree 

wheel reod after liftoff, 

rime ice observed 

on wing 

Blowing rain and snow 
Probable cause: 

snow and ice on wings 
Probable cause: 

premature stall caused 

by accumulation of wing ice 
Light snow — frozen 

snow photographed 

on empennage after accident 
Light snow 
Moderate-to-heavy snowfall 
Light freezing rain, ice 

and snow pellets, fog 

Light freezing drizzle, 

snow grains 

Light freezing drizzle 
Moderate snow, fog 
Probable cause: 

ice/frost removal inadequate 
Probable cause: 

ice/frost removal inadequate 
Probable cause: wing ice 
Heavy snow 

Dense fog, ice on the wing 
Light snow 

Inadequate ice/frost removal 
Ice ridge in front of aileron 
from supercooled water droplets 
Icing in holding pattern 
Icing after takeoff 


Partial list of accidents where icing was a contributing factor. 


Heating is required to prevent ice accretion anywhere on the aircraft; the 
heat keeps the impinging droplets from freezing (running wet) or evaporates 
all impinging water (anti-icing). Unfortunately, it is not possible to provide 
sufficient thermal energy to attain complete ice prevention and still remain 
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economically competitive. Thus, some areas of an aircraft are anti-iced (no ice), 
some are de-iced (cyclic ice buildup and removal), and some are left unprotected. 

In addition to meeting safety requirements, the aircraft industry must meet 
the challenges of rising operating costs and intense economic competition. The 
industry, therefore, places heavy emphasis on reducing fuel burn, increasing 
range, and improving maintainability and reliability. Aircraft ice protection im- 
pacts all four of these economic considerations in surprisingly complex ways. 
For example, ice protection devices must be defined accurately so that high 
confidence can be placed in the important trade and risk studies. Conserva- 
tive assumptions can result in excessive predicted ice protection system weight, 
power, and cost. 

For both economic and safety reasons, in 1978 NASA established an icing 
program at its Lewis Research Center in Cleveland, Ohio. This icing program 
is guided by three strategic objectives [22]. One is to develop and validate com- 
puter codes that will numerically simulate an aircraft’s response to an inflight 
icing encounter. This challenging task requires two steps. The first step is to 
predict ice accretion on the airframe, which is a very complicated process be- 
cause of the numerous parameters involved. For example, both the aerodynamic 
and thermodynamic parameters play an important role in the development of 
ice accretion at the leading edge of the lifting body. The second step is to pre- 
dict the aerodynamic performance of the aircraft and its stability and control 
characteristics when there is some ice on the airframe. For instance, in the case 
of the flowfield over an iced wing, flow with regions of separation must be com- 
puted. The successful development of the desired computer codes offers great 
advantages: 


1. Validated computer codes will substantially reduce developmental and cer- 
tification testing. This results in reduced time and cost of aircraft develop- 
ment. 

2. Numerical simulation, which is an alternative to extensive flight testing, will 
reduce the high risk of flight testing in icing conditions. 

3. Accurate numerical simulations will allow earlier assessment of the effect of 
ice protection requirements on new aircraft designs. 


This section describes the application of a CFD method to predict ice accre- 
tion and aircraft performance degradation due to icing, as discussed by Cebeci 
and Besnard [23]. The results are presented for the NASA research aircraft 
which is a modified DeHavilland DH-6 Twin-Otter. This aircraft is equipped 
with electrothermal anti-icers on the propellers, engine inlets, and windshield. 
Pneumatic de-icer boots are located on the wing outboard of the engine na- 
celles, on both the horizontal and vertical stabilizers, on the wing struts, and 
on the rear landing gear struts. The pneumatic de-icers located on the verti- 
cal stabilizers, wing struts, and landing gear struts are nonstandard items that 
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provide additional research capability for measuring component drag through 
selective deicing. The aircraft is equipped with several standard instruments for 
measuring icing cloud properties. 

Wing leading edge ice shapes are measured in flight with a stereo photogra- 
phy system. Wing section drag is measured with a wake survey probe mounted 
on the wing behind the region where the stereo photos are taken. A noseboom 
is used to measure airspeed, angle-of-attack, and sideslip. A flight test system 
measures flight dynamics along a flight path. The system includes a data ac- 
quisition system and an inertial package that contains rate gyros, directional 
gyros, and servo accelerometers. 

Subsection 1.4.1 describes the calculation of ice shapes on the lifting surfaces 
of this aircraft, and subsection 1.4.2 describes the calculation of aerodynamic 
performance characteristics of this aircraft, including the icing effects. In both 
subsections calculated results are presented and compared with experimental 
data to demonstrate the efficiency and accuracy of each calculation method. 


1.4.1 Prediction of Ice Shapes 


The prediction of ice shapes requires knowledge of aerodynamics and also of the 
physics of ice accretion. The nature of the ice depends on meteorological param- 
eters; glaze ice is formed at temperatures slightly below freezing and rime ice is 
increasingly superimposed as the temperature decreases. Glaze ice is character- 
ized by its buildup to large dimensions, as for example in the familiar “horns” 
(Fig. 1.26a), and rime ice by its opaque appearance with fine-grained surface, 
see Fig. 1.26b. The shape of the ice changes with time and is influenced by the 
nature of the water droplets and ice particles which impinge on the body or are 
carried past it, depending upon their size and the flow properties which, in turn, 
depend upon the shape of the body. The resulting impingement, coalescence and 
accretion depend on the temperatures of the surface and of the discrete and 





Fig. 1.26. (a) Glaze and (b) rime ice shapes. 
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continuous phases; the process involves convective heat transfer which is again 
linked to the shape of the body and the nature of the flow around it. It is evident, 
therefore, that a mathematical description of the phenomenon of ice formation 
and its effects on lift and drag requires the solution of time-dependent equations, 
albeit with comparatively large time scales, with consideration of conservation 
of mass, momentum and thermal energy and with a model to represent the ice 
accretion process. In addition, since the flow is turbulent under practically all 
conditions, the solution of the conservation equations discussed in Chapter 2 
requires a closure model with roughness effects. As discussed in Section 8.3, our 
understanding of turbulent flows on surfaces with roughness and our ability to 
model them is rather limited, even for geometries less complicated than those 
with ice. For these reasons, prediction of ice accretion is not just a matter of 
solving the known conservation equations, as discussed in [23]. 

A popular and useful computer code for computing ice accretion on single 
airfoils is the LEWICE code described in [24]. This code has three main modules, 
as shown in Fig. 1.27. The ice accretion is computed on the airfoil leading edge 
as a function of time with user specified time intervals. At each given time, the 
flowfield is determined from a panel code (similar to the one discussed in Section 
6.4) so that trajectory and heat transfer calculations can be performed. As ice 
accretion increases, its shape may become ragged, especially in the case of glaze 
ice which is characterized by horns, and a rough, irregular surface may develop 
which leads to higher aerodynamic losses, unlike rime ice. Surface irregularities 
of the ice shape can lead to multiple stagnation points that increase the difficulty 
of numerical calculations, including a breakdown of the trajectory calculations. 

The automated smoothing procedure of [25] overcomes this difficulty by 
reducing the amplitude of the surface irregularities without loss of important 
flow characteristics; this smoothing procedure usually allows the calculations 
to be performed for greater time intervals than before, without the problems 
caused by multiple stagnation points. 

The flowfield needed to determine the water droplet trajectories is obtained 
from a panel method similar to the one discussed in Section 6.4. The ice shape 
is determined from a quasi-steady-state surface heat transfer analysis in which 
mass and energy equations are solved. 

The LEWICE code does a good job of predicting ice shapes on airfoils, 
especially those corresponding to rime ice (Fig. 1.28a). This is despite the very 
empirical nature of the expressions used in the heat balance as well as the 
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Fig. 1.27. Structure of LEWICE. 
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Fig. 1.28. (a) LEWICE prediction of rime ice and (b) LEWICE prediction of glaze ice. 


physical mode! of the ice accretion process. In order to improve our ability to 
predict ice shapes corresponding to glaze ice (Fig. 1.28b), it is necessary to (a) 
improve the physical model, and (b) compute the heat balance analysis more 
accurately. Further details are provided in [5]. 


1.4.2 Prediction of Aerodynamic Performance Characteristics 


The aerodynamic performance characteristics of two- and three-dimensional 
bodies can be predicted by either using a Navier--Stokes method (see [22] for 
example) or an interactive boundary-layer method (see Chapter 7, [5]) in which 
the solutions of inviscid and viscous flow equations are obtained interactively. 
Both approaches have merit when applied to airfoils, wings, wing-fuselage and 
high-lift systems. Whereas the Navier-Stokes approach offers generality, it is 
very computer intensive, requiring considerable run times. Since a viable design 
method probably will require the evaluation of many flow conditions, cost is 
a major consideration. Furthermore, if attention is focused on predicting the 
performance degradation of an aircraft under icing conditions, and consideration 
is given to the approximations made in formulating the calculation strategy 
for ice shapes and turbulence modeling of flows with iced shapes, the proper 
approach becomes clear. 

Here the panel method developed by Hess [4, 7], is used to compute the flow- 
field about the aircraft. Being a panel method and based on the solution of the 
conservation equations without viscous effects, this method does not produce an 
accurate prediction of the flowfield about the aircraft, but its accuracy can be 
improved by incorporating viscous effects with the procedures discussed in [5]. 
This method is a very useful engineering tool and the workhorse of computa- 
tional methods in industry for aircraft design (Section 1.2). Performing similar 
calculations accurately with a Navier-Stokes method is not yet economical. 

Since an inviscid method cannot predict the viscous drag, and since the 
viscous effects can reduce the lift of the aircraft and its components, it is common 
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Table 1.3. Atmospheric Icing Conditions For Twin Otter Tests. 


Flight Type Pressure Speed Duration Static Liquid Medium Unit 
No. of Ice (pa) (ms~') of temp. (K) water particle length 
encounter content diameter roughness 
(min) (gm~°) (um) parameter 
85-17 Rime 88150 59.72 65 261.50 0:22 12.4 5.764 
83-11 Rime 84000 71.08 45 262.40 0.29 13.0 7.078 
85-24a Mixed 79600 71.38 15 258.30 0.45 19.5 7.814 
85-24b Mixed 79600 71.94 20 258.70 0.46 15.1 7.813 
84-29 Mixed 79600 75.55 49 266.15 0.15 14.6 6.722 
84-34 Mixed 82000 70.57 22 266.65 0.58 10.1 12.109 
84-27 Glaze 73000 70.57 25 267.95 0.34 15.0 8.708 
83-10 Glaze 85500 70.18 26 269.15 0.31 13.0 8.852 


to combine viscous effects with an inviscid method, to improve the accuracy of 
the flowfield calculations (lift) and calculate the viscous drag. Here an interactive 
boundary-layer method developed for clean and iced airfoils [5] is applied to the 
lifting surfaces (wing and tail) of the aircraft with a strip-theory approximation 
[23]. In this method, the inviscid-flow equations are solved for three-dimensional 
flows by the panel method of Hess [4] and the two-dimensional boundary-layer 
equations are solved in inverse form with Keller’s box method [5]. 

The icing conditions considered in [23] are given in Table 1.3. The computed 
ice shapes for the wing correspond to the section where experimental results 
were available, which was at 69% of the wing semi-span. Computed ice shapes 
for the tail are shown for 45% of the tail semi-span, though no experimental 
ice shapes were available for comparison. Since the flowfield is being calculated 
with a panel method, the Twin Otter was paneled as shown in Fig. 1.29. A total 
of 11 and 5 lifting strips were taken on the wing and tail, respectively, with 72 
and 67 grid points defining each airfoil section. 





Fig. 1.29. Paneled Twin Otter, (a) without wake, and (b) with wake. 
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Fig. 1.30. Comparison of computed (solid lines) and experimental (dashed lines) ice 
shapes for rime ice, flight 85-17: (a) wing, and (b) tail. 


Figures 1.30 and 1.31 show a sample of ice shapes reported in [23]. Over- 
all, the computed ice shapes agree well with the experimental data [26-28] in 
the case of rime ice (flight 85-17). In the case of mixed ice at slightly higher 
temperatures the calculation method still gives a good prediction of the ice 
shape (flight 85-24a), although it does not predict the horns observed in flight 
(flights 85-24b, 84-34). No measured ice shapes were available for comparison 
under glaze ice conditions. However, it is expected that the measured ice shapes 
would have exhibited multiple horns, which are difficult to predict. 

In [23], studies were first conducted for the “clean” aircraft before studying 
the effects of ice on the performance degradation of the aircraft for the computed 
ice shapes on the wing and tail. For this purpose, the Hess panel method and the 
interactive boundary layer method employing the strip theory approximation 
were applied to the lifting surfaces of the aircraft at several angles of attack. The 


Table 1.4. Aerodynamic Characteristic of the Clean Twin Otter. 


Angle of Total aircraft Section lift coefficient Section drag coefficient 
attack (a) lift coefficient (69% of semi-span) (69% of semi-span) 
Inviscid Viscous Inviscid Viscous 
0.4106 0.3516 0.4664 0.4334 0.00933 
ya 0.6158 0.5716 0.6322 0.5910 0.00963 
4° 0.8209 0.7615 0.7987 0.7457 0.01000 
6° 1.0255 0.9509 0.9636 0.8909 0.01073 
8° 1.2292 1.1209 1.1257 1.0238 0.01188 
10° 1.4316 1.2405 1.2476 1.1504 0.01307 
12 1.6318 1.4388 1.4457 1.2719 0.01426 
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Fig. 1.31. Comparison of computed ice (solid lines) and experimental ice (dashed lines) 
shapes for mixed ice: (a) wing, flight 85-24a, (b) tail, flight 84-24a, (c) wing, flight 85-24b, 
(d) tail, flight 85-24b, (e) wing, flight 84-34, and (f) wing, flight 84-29. 
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Fig. 1.32. Comparison of calculated (lines) and measured (circles) (a) total lift coefficient, 
(b) section lift coefficient, and (c) section drag coefficient. Dotted lines denote inviscid 
results and continuous lines results with viscous effects. 


Reynolds number was specified for cruise at an altitude of 7600 ft and speed of 
70 m/s. 

Table 1.4 shows the calculated aerodynamic characteristics of the clean air- 
craft with and without viscous effects, and Fig. 1.32 shows a comparison be- 
tween the computed and experimental total lift, section lift and drag coefficients 
of the airplane. It can be seen that the introduction of the viscous effects on 
the lifting surfaces substantially lowers the lift. As expected, the lift curves are 
well predicted, but the computed section drag coefficient is too low, partly, at 
least, because the drag generated by the natural wing roughness (rivets, deicing 
boots, etc.) is not accounted for. The experimental data related to the lift was 
obtained from [26] and the drag data from [27]. The drag data from [26] were 
also reported, although they appear to be inconsistent. 

Figure 1.33 shows a comparison between the total airplane lift coefficients 
with icing conditions corresponding to (1) rime ice of 45 minute accumulation, 
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Fig. 1.33. Comparison of calculated and measured airplane lift coefficient for (a) rime ice 
(flight (83-11), (b) mixed ice (flight 84-34), and (c) glaze ice (flight 84-27). 
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Fig. 1.34. Increase in section drag coefficient due to (a) rime ice (flight 85-17), and (b) 
mixed ice (flight 85-24a). 
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flight 83-11, (b) mixed ice of 22 minute accumulation, flight 84-34, and (c) glaze 
ice of 25 minute accumulation, flight 84-27. The comparisons also include the 
airplane lift coefficient with the clean wing and tail. The results in Fig. 1.33b 
also show the calculations for an iced airplane with the wings deiced. In this case 
(deiced wing), all the ice accumulation between the wing tip and the propeller 
was removed (deiced) but the wing ice between the propeller and the fuselage 
was not removed. The calculations for this case were performed for a clean 
wing between the wing tip and the propeller and for an iced wing between the 
propeller and fuselage. The tail calculations were performed for an all iced-tail 
conditions. Whereas the results are good at lower angles of attack, they are 
not so good at higher angles. This may be due to the ice shape with horns. 
Figure 1.34 shows a comparison between clean and iced section drag coefficients 
obtained at 69% wing semi-span. The calculated drag coefficients have been 
“corrected” such that the clean wing matches the experimental data. Figure 
1.34a is for rime ice accumulation of 65 minutes and Fig. 1.34b is for mixed ice 
accumulation of 15 minutes. Both figures clearly show the drag increase due to 
ice on the wing. 


1.5 Aerodynamics of Ground-Based Vehicles 


In recent years, CFD has been increasingly utilized in the automobile industry 
to reduce the time required to develop new products. As described in detail in 
[29], the ability of a company to quickly react to the ever-changing needs of 
the market must be given an even higher priority than simply cutting costs, 
even though cost minimization is also very important. As a result, all compu- 
tational methods must satisfy the following two conditions; the first condition 
is necessary, and the second is sufficient. 


1. The method must reproduce the related physics with adequate accuracy, and 
2. The method must yield results faster than conducting an experiment. 


At this time, however, the advances made in applying CFD to reducing product 
development time in the automobile industry are somewhat limited, and CFD 
is still more a subject of research than a practical development tool. 

Before some of the applications of CFD to ground-based vehicles are de- 
scribed in the subsection that follows, a brief overview of the aerodynamic 
problems associated with ground-based vehicles (exemplified by a passenger 
car) is presented below. 

Aerodynamics affects vehicles on the ground in two ways: (1) fuel economy 
and (2) the stability and controllability of the vehicle. The main difference 
between airborne and landborne vehicle aerodynamics is that, for an airborne 
vehicle the oncoming flow is essentially in the axial direction, whereas for a 
landborne vehicle, the relative wind is not necessarily aligned with the path of 
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the vehicle. There are, of course, exceptions; this is obvious from the flight of 
VSTOL-aircraft and helicopters. 

The influence of aerodynamic forces depends strongly on the vehicle speed 
and weight. For example, automobile aerodynamics is not of great concern in 
traffic on city streets, and a heavy train operator usually ignores the side wind ef- 
fects. While the aerodynamics of motor vehicles has been investigated for many 
years, it did not attain prominence until improved roads allowed for greater 
speeds and fuel crises inspired demand for improved fuel economy. Early at- 
tempts to streamline vehicles were mostly based on experience gained from 
aircraft aerodynamics, and the resulting designs were not always practical or 
accepted by the general public. As early as the 1920’s, it was demonstrated that 
a drag coefficient of 0.15 was attainable under ideal conditions, which should 
be compared to the then-prevalent box-design drag coefficient of about 0.8. Im- 
provements have been slow in coming, and the drag coefficient of post-World 
War II automobiles remained around 0.5 until the fuel crises in the 1970’s. As 
some critics claim, the reduction from 0.8 to around 0.5 was more due to styling 
than conscious aerodynamic development. Since that time, however, drag coeffi- 
cients have been reduced to around 0.30 by systematic attention to aerodynamic 
details, and there is promise for further improvements. Automobile aerodynam- 
ics, however, will always be subject to constraints imposed by utility, styling, 
and public acceptance. 

The principal tool used to study automobile aerodynamics has been the 
wind tunnel. Testing began with small-scale models in aeronautical facilities 
and has evolved into the use of special full-scale wind tunnels run by the larger 
automobile manufacturing companies. Testing in a wind tunnel creates its own 
problems because the boundary layer on the ground plane interferes with the 
simulation of the actual flow conditions. Several remedies have been proposed 
such as reflection models, tangential blowing, a moving ground plane, etc., of 
which the moving ground plane provides the best correlations with road tests. 
Since flow details underneath the vehicle; and in the wheel well are related to 
drag, a refined test may include provisions for spinning the wheels, which adds 
a further complication. 

In general, the drag of a typical passenger automobile is essentially pressure 
drag or is due to local flow separation. For this reason, the shape of the sharp 
edges from which the flow separates has a definite effect on drag. Reference 
[29] gives an example of a “detail-optimization” which reduced the drag coef- 
ficient from 0.48 to 0.32 without noticeable changes in the appearance of the 
automobile. Since an automobile is basically a blunt body, flow around its longi- 
tudinal edges sets up vortical flow and causes vortex drag that is not necessarily 
associated with lift or induced drag, although well-rounded shapes resembling 
half bodies have considerable lift and consequently induced drag. The flow un- 
derneath the car has a tendency to diverge to the sides, creating low pressure 
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and down load on the front and local flow angularity with respect to the front 
wheels and wheel wells, which results in a high drag unless this flow is downed 
or diverted. Drag considerations also apply to the internal flow system such as 
the radiator and air conditioning unit; this will require more attention as the 
automobiles become more compact. 

Under actual driving conditions, one encounters natural wind, that is not 
usually in the direction of the vehicle motion. ‘This results in an asymmetric 
flow with respect to the vehicle. Viewed from above, the relative wind angle 
corresponds to what is known in aerodynamics as the angle of sideslip; this 
angle results in force components in the direction of the wing and normal to 
it. Resolution of these components in the car axis system results in a drag 
component which usually increases with the yaw angle and a side force. The side 
force manifests itself in a negative yawing moment about the center of gravity 
of the car, which tends to increase the yaw angle. The cross-flow sensitivity 
caused by the yawing moment is somewhat reduced by the forward movement 
of the center of gravity in current front-wheel-drive models. However, as vehicles 
become lighter to obtain better fuel economy, the problem is bound to reemerge. 
Simulation of the natural wind profile in a wind tunnel is extremely difficult 
because the wind speed most likely is not constant and the wind profile is 
affected by terrain features or buildings. 


1.5.1 Applications of CFD to Automobiles 


As discussed in [29], there is a large effort underway in applying CFD to road 
vehicles with different degrees of sophistication. The simplest approach is to use 
panel methods (Section 6.4, [5]} and calculate the inviscid flow around the body. 
Even though this approach does not provide flow separation, vortex flow and 
drag prediction, it can be useful for pin-pointing possible trouble areas such as 
strong pressure gradients and ground effects on the velocity field. This approach 
is more suitable to study generic models than to obtain detailed information 
on a given design. The next degree of sophistification of the CFD approach 
is to perform inviscid flow calculations with vortex wakes added to the panel 
method. However, in order to predict flow separation locations and the initial 
vortex strength, boundary-layer calculations (Chapter 7) must be performed. 
Provided that the body is relatively smooth, that is, local protuberances and 
gaps are suppressed, this improved panel-boundary-layer approach shows defi- 
nite promise [29]. 

The next degree of sophistication of the CFD approach is to solve the 
Reynolds-time-averaged Navier-Stokes (RANS) equations. The success of this 
approach varies; for example, sometimes drag is predicted accurately but the 
pressure distribution does not agree well with experiments or vice-versa. Some 
of the discrepancies are due to inadequate meshing which results from efforts 
to reduce computing time. However, in general they are due to the selection 
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of turbulence models (Chapter 3, [15, 16]). Much work remains to be done in 
the calibration and tailoring of turbulence models for vehicle application before 
results of consistent accuracy can be obtained. 

The direct numerical simulation (DNS) is the next approach employed in the 
application of CFD to vehicle aerodynamics (see Fig. 1.35). The accuracy of the 
results obtained with this approach is about the accuracy of the results obtained 
with the RANS approach; that is, drag prediction is within five percent. With 
almost 10° grid points for a half model, DNS has been able to discriminate the 
effect of several aerodynamic devices (spoilers, flaps) on the drag and lift of a 
sports car (Fig. 1.36). Grid generation (Chapter 9) is said to require only three 
days, and CPU-time for a single configuration requires between 10 to 20 hours 
on a supercomputer. 

The other approach used in applying CFD to vehicle aerodynamics is to use 
zonal methods in which the near field calculations performed with the Navier— 
Stokes equations are patched to the rest of the flowfield calculations obtained 
with inviscid flow and boundary-layer equations. 

CFD is also useful in calculating internal flows such as in ducts connected 
to the radiator and air conditioning units. Another interesting area is the venti- 
lation and heat balance of the passenger compartment. The internal flow calcu- 
lations are not in general performed to the same accuracy required in the drag 
calculations, but the requirements for these calculations cannot be relaxed too 
much since the internal flow produces its own drag component. 
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Fig. 1.35. Drag versus rear slant angle a computed with a DNS code and compared to 
measurements at the same Reynolds number [29}. 
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Fig. 1.36. Comparison of computed (DNS) and measured (symbols) drag and lift coeffi- 
cients for a sports car with various aerodynamic devices [29]. 


In summary, if one considers that the requirement for accuracy in drag pre- 
diction of cars is within 0.5 percent and that the best CFD can produce is 
within 5 percent, it may appear that CFD has a long way to go in achieving 
this goal. However, the picture is not as bad as it appears because the other 
aspects of car aerodynamics do not have to be predicted as closely as drag, 
which is one of the main factors contributing to fuel consumption and amounts 
to official 46 percent of the total for a midsize U.S. car design on a highway. 
The computing times associated with the obtainable accuracy are still excessive 
in comparison with times required for wind-tunnel testing. It should be pointed 
out that the previously cited computing time is only to obtain one data point. 
Looking ahead, it is likely that these computer times will be reduced drastically 
as massively parallel computers become available. It is likely that the problems 
with long CPU-time and the limitations in the number of panels will eventually 
be reduced to a nuisance level. It is also clear that with more computer power 
becoming available, there is going to be more emphasis placed on improving 
physical modeling of turbulence, since understanding this process is essential to 
obtaining more accurate results. 
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Conservation Equations 


2.1 Introduction 


This chapter considers the conservation equations upon which the structure 
of fluid mechanics has been built. We assume that all significant aspects of an 
incompressible or compressible flow can be adequately described by the solutions 
of the conservation equations known as the Navier-Stokes equations. No serious 
objection to this principle has ever been advanced, and the validity of these 
equations has been established in so many instances that we may regard as an 
act of faith and have full confidence in it. 

The Navier-Stokes equations are based on the principles of conservation of 
mass, momentum and energy and are presented in the following section for 
three-dimensional flows in both differential and integral forms. Detailed deriva- 
tions can be found in various textbooks such as [1-5], so Section 2.2 does not 
attempt to provide detailed derivations. This brief presentation emphasizes the 
equations formulated in both differential and integral forms. Their representa- 
tion in vector form is also given. 

Since most flows are turbulent with fluctuations of pressure, temperature 
and velocity over a wide range of frequencies, the solution of the Navier-Stokes 
equations of Section 2.2 presents a formidable challenge which has so far not 
been met in a wholly satisfactory way and is unlikely to be achieved for the 
boundary conditions of real engineering flows in the foreseeable future. As a 
consequence, it is common practice to average the equations so that the equa- 
tions lose their time dependence. ‘The resulting equations include correlations of 
fluctuation terms, as discussed in Section 2.3, and these require the assumptions 
described in Chapter 3. The time-averaged equations, usually called Reynolds 
Averaged Navier-Stokes (RANS) equations, are approximate representations of 
flows, and the proper application of the numerical solutions requires that one 
be familiar with the assumptions and approximations that have been made and 
their effect on the accuracy of the numerical solutions. 
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Depending on the flow conditions, it is appropriate and sometimes neces- 
sary to use the reduced forms of the Navier-Stokes equations as discussed in 
Section 2.4. These simplified equations reduce the complexity of solving the full 
Navier-Stokes equations, provide substantial savings on computer time, and 
in some situations permit accurate analytical and numerical solutions to the 
conservation equations. 

The prediction of transition from laminar to turbulent flow remains one of 
the unsolved problems of fluid mechanics. The subject is important in many 
applications, as discussed in Chapter 1. The only approach that may provide a 
general prediction method in the near future is the e”-method based on the solu- 
tion of the linearized stability equations. In Section 2.5 we discuss the derivation 
of the stability equations, while discussing their solutions and the e”-method 
later in Chapter 8. 

The Navier-Stokes equations and their reduced forms are partial-differentia] 
equations. Before using numerical methods to solve these equations, one must 
know whether they are hyperbolic, elliptic or parabolic. In Section 2.6 we discuss 
the classification of the partial-differential equations, and the general principles 
one must consider to solve each class of equations subject to the boundary 
conditions discussed in Section 2.7. 

Except for Chapters 10 and 12 in this book, the treatment of the compu- 
tational fluid dynamics equations are for incompressible flows. For this reason, 
the derivations and discussions will concentrate mostly on incompressible flows. 
In some instances, and whenever appropriate and necessary, the conservation 
equations for compressible flows will also be given in order to pave the way for 
the discussion of the numerical solution of Euler and Navier-Stokes equations 
for compressible flows in Chapters 10 and 12. 


2.2 Navier—Stokes Equations 


The Navier-Stokes equations may be obtained by using infinitesimal or finite 
control volume approaches, and the governing equations can be expressed in 
differential or integral forms. In subsection 2.2.1 these equations are presented 
in differential form, and in subsection 2.2.2 in integral form. For a detailed 
discussion of the derivation of these equations in either form, the reader is 
referred to Anderson [4, 5]. 


2.2.1 Navier-Stokes Equations: Differential Form 


The Navier-Stokes equations in differential form can be derived by using an 
infinitesimal control volume either fixed in space with the fluid moving through 
it or moving along a streamline with a velocity vector V = (u,v, w)” equal to 
the flow velocity at each point. Here we follow the second choice, discussed in [2], 
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and write the Navier-Stokes equations for an incompressible three-dimensional 
flow as follows: 


Continuity equation 
Ou Ov Ow 
Z= + = + —_—_ — 0 225k 
Ox Oy Oz ) 
x-component of the momentum equation 


Du óp OOrr  OOry | O0xz 
(= a ele ) + of (2.2.2) 


y-component of the momentum equation 


— (2 + Dy + F + ofy (222.3) 


z-component of the momentum equation 


Dw _ Op Ox», OF zy . Oz: 
2 (7 se 4 ) + ef: (2.2.4) 

















where D/ Dt represents the substantial derivative given by 


ee) ag eae ee aig (2:23) 

Dt ot Ox Oy Oz Ot 
Equations (2.2.2) to (2.2.4) make use of Newton’s second law of motion with 
their left-hand sides representing mass acceleration per unit volume and their 
right-hand sides representing the sum of net forces per unit volume acting on 
the fluid which consists of surface and body forces. Surface forces arise because 
of molecular stresses in the fluid (such as pressure, p, which is present in a fluid 
at rest and acts normal to a surface) and viscous stresses which act normal to 
a surface or tangentially (shear stress). The first term on the right-hand side 
of Eqs. (2.2.2)--(2.2.4) denotes the net pressure force per unit volume and the 
minus sign arises because, by definition, a positive pressure acts inward. The 


y 


Fig. 2.1. Definitions of viscous stress components 
applied to the faces of a control volume by the 
surrounding fluid. Force components are stress 
components multiplied by areas of corresponding 
faces. 
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second, third and fourth terms denote the viscous forces per unit volume, and 
they arise as a result of the different components of normal and shear stresses 
shown in Fig. 2.1: the first subscript to the symbol o represents the direction of 
the stress and the second the direction of the surface normal. By convention, an 
outward normal stress acting on the fluid in the control volume is positive, and 
the shear stresses are taken as positive on the faces furthest from the origin of 
the coordinates. Thus oz, acts in the positive x direction on the visible (upper) 
face perpendicular to the y axis; a corresponding shear stress acts in the negative 
x direction on the invisible lower face perpendicular to the y axis. 
Sometimes it is more convenient to write the viscous terms in the momentum 
equations in tensor notation as 
sij 
Ox; 
with 7,7 = 1, 2,3 for three-dimensional flows: for example, i = 1, 7 = 1, 2,3 for 
Eq. (2.2.2). For a constant density “Newtonian” viscous fluid, the normal viscous 
stresses oj; (i = j) and shear stresses o;; (i Æ j) are obtained from the viscous 


stress tensor given by 5 
OU; ti) 
j= 22 
KE (= E Ox; ( ) 


According to Eq. (2.2.7), the normal viscous stress oy, and the shear stresses 
Ory and oz, in Eq. (2.2.2) are given by 





(2.2.6) 








Ou Ou Ov Ou Ow 
or = 2a Ory =H (Z + x) 5 Cay =U (5 + 2) (2.2.8) 


with similar expressions for the viscous stress tensor terms in Eqs. (2.2.3) and 
(224). 

In terms of Eq. (2.2.7), the Navier-Stokes equations can be simplified con- 
siderably so that, for example, the z-momentum equation, Eq. (2.2.2) for a 
Newtonian fluid becomes 


Du 1 Op 9 
SS V 2.2.9 
De poe re (2.2.9) 
with similar expressions for the y- and z-components obtained from Eqs. (2.2.3) 
and (2.2.4). The resulting equations can be written in vector form as 


DV 1 9 
= = —- 22.1 
Di my FUV V ( 0) 
with V? denoting the Laplacian operator 
a? 8? 8? 
veh 
On Oy OF 


The equation representing conservation of energy has a form similar to that 
of the momentum equations (2.2.2) to (2.2.4). It is based on the first law of 
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thermodynamics and states that the increase at energy in a system (i.e. control 
volume) is equal to heat added to the system plus the work done on the system. 
For incompressible flows, the work done on the system is negligible, and the 
energy equation may be written as 


DT _ ddr Ody SE) 
— 2.2.11 
CP DE -(3 P Oy i Oz tan ( ) 


where g is the conduction heat transfer rate per unit area in the three orthogonal 
directions. gp, is the heat “source” (i.e. radiation, chemical reactions) and cp is 
the specific heat. The conduction heat- transfer terms may be written in the 


form 
PT ƏT ƏT 
ðr? ` Ay? ` 822 


where k is the constant thermal conductivity. 


Compressible Flows 


For compressible flows, the Navier-Stokes equations are similar to those given 
by Eqs. (2.2.1) to (2.2.4) for incompressible flows. Since the fluid properties 
now also vary with temperature, the continuity and momentum equations are 
coupled to the energy equation, and the solution of the energy equation provides 
the temperature distribution in the flowfield. These equations are discussed in 
some detail in several references, see for example [1,2], and are summarized 
below for an unsteady compressible three-dimensional flow. 
The continuity equation is 


22 Ea, (2.2.12a) 
For a Cartesian coordinate system, it becomes 
O O O O 

S + gleu) + (ov) + a= (ew) =0 (2.2.12b) 


The momentum equations are identical to those given by Eqs. (2.2.2) to (2.2.4) 
provided that, with 6;; denoting the Kronecker delta function (6;; = 1, if i = 7 
and 6;; = 0 if i #7), the viscous stress tensor o;; is written as 


7 Ou; Ou; 2. Our Te 
o= (se + x} zôi at (2.9, = 1,23) (2.2.13) 





The energy equation can be written either in terms of total energy per unit 
volume, Et, 


2 
Et = 0 (« + + (2.2.14) 


as 
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OF . . 
Sper tN El te a (2.2.15a) 
or in terms of internal energy per unit mass, e, as 
De Ou; 
A) Hs eee 2.2.15b 
05, tHV- VY) =a ~V Ss (2.2.15b) 


In the above equations, I; represents the stress tensor given by 
hy; = —poig + Gij (2.2.16a) 


and gij (Ou;/Ox;) represents the dissipation function ® given by 
+ nfo) E E (SB) Bed) 
=e Ox Oy Oz Ox Oy Oy Oz 
ðu Ow\* 2/ðu ðv dw? 
— +] -zleta Ht 2.2.16b 
(e+e 5 (Fe + 4S) | ( 8) 

Finally, we need an equation of state for the fluid to relate p, o and e. The 
commonest example is the perfect gas law 


p= (y = L)cyoT 


where 
= Gl, Vey Cy 


with c, and cy representing the specific heats in constant volume and pressure, 
respectively. 

The terms on the left-hand side of the energy equation given by Eq. (2.2.15a) 
represent the rate of increase of total energy in the control volume (per unit 
volume) and the rate of total energy lost by convection through the control 
volume (per unit volume), respectively. The first term on the right-hand side of 
the equation represents the heat produced per unit volume by external agencies, 
the second term represents the rate of heat lost by conduction through the 
control volume (per unit volume), and the third and fourth terms represent 
the work done on the control volume by the surface forces and body forces, 
respectively (per unit volume). 

In the numerical solution of the conservation equations, it is often preferable 
to express them in “divergence form” or “conservation form” to avoid numerical 
difficulties that may arise in some flows, such as flows containing shock waves, 
when the nondivergence form or the nonconservation form of the equations is 
used. In conservation form the coefficients of the derivative terms can be con- 
stant or variable; if variable, their derivatives do not appear in the equation. For 
example, the continuity equation (2.2.12a) is in the conservation form. However, 
if it is written as 
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— +u +o +u + o +w H e =0. (2.2.17) 
T y y 


it is in nonconservative form. 
The momentum equations in conservation form are 


Oou O, ə ð 0 E 
ae + zz eu + Pp — Grr) + By eu Oxy) + De (ouw — Ozz) = fe (2.2.18) 


ð ð ð 
= tor By eu — Oya) + By + p — Oyy) + gz Vw — Oyz) = Ofy (2.2.19) 


o ð 9 
aa 5, 2Y — Ozz) + By ere =z) F gz ew +P — Ozz) = Ofz (2.2.20) 


where the components of the viscous stress tensor follow from Eq. (2.2.13), 


E EE 
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ðv Ow 
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Similarly, the energy equation can be written in conservation form as 
OE, 0G 
ay = Z — o(fru + fyv + few) 
at a, Eru + pu — UOrzr — UVO ry — WOgzz + dr) 
: (22.22) 
si By EY + pU — UOzy — VOyy — W0yz =p dy) 


ð 
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2.2.2 Navier-Stokes Equations: Integral Form 


The Navier-Stokes equations can also be derived for a finite control volume fixed 
in space or moving with the fluid. The Navier-Stokes equations derived for a 
fixed control volume, in either integral or differential form, are expressed in con- 
servation form, while the equations for a moving control volume are necessarily 
in nonconservation form. As we shall see later, in the numerical solution of the 
conservation equations, the conservation form is preferable to avoid numerical 
difficulties that may arise in some flows such as those containing shock waves. 
The conservation form is also convenient in that the continuity, momentum and 
energy equations can all be expressed by the same generic equation. A detailed 
derivation of the Navier-Stokes equations in integral form is given in several 
references, see for example Arpaci [2] and Anderson [4, 5]. Here we adopt the 
notation and description in Anderson. For a finite control volume fixed in space, 
with d§2 denoting the control volume and dS the control surface, we first write 
the conservation integral form of the continuity equation for a three-dimensional 


compressible flow as 
= | [fears [fev -as =o (2.2.23) 
N ro 


The first term of this equation denotes the time rate of increase of mass 


[|f ea 


inside the control volume, while the second term, with the sign convention that 
positive mass flow 


oV -d5 


corresponds to outflow and negative to inflow, denotes the net mass flow out of 
the control volume. Equation (2.2.23) is a specific example of a generic form of 
the conservation integral equations, which can be written for a general unknown 
variable U as follows: 


a J) ees | Nell | cca | Q.dS (2.2.24) 


As we shall see shortly, when the equations are expressed in integral form, we 
are concerned with the flux of mass, momentum and energy into and out of the 
volume. T ypical examples of fluxes are mass flux, oV, flux of x-component of 
momentum, ouV, flux of y-component of momentum, ovV, flux of z-component 
of momentum, owv, flux of internal energy, oeV, and flux of total energy, 

ole + V2/2)V. In Eq. (2.2.24), U is a quantity which can “accumulate” inside 
the control volume, F is the flux associated with U which serves to increase or 
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decrease U due to the flow into or out of the control volume across the control 
surface, Qy represents any possible sources of U locally inside the volume, and 
Qs, denotes any possible sources of U on the control surface. For the continuity 
equation, U is g, F is oV and Or =O = 0. 

The components of the momentum equation, consistent with the generic 
integral form of Eq. (2.2.24), are derived and discussed by Anderson [5]. They 
may be summarized by the following equations: 


x-component of the momentum equation 


3 [ffisaa ffi 


= [fc pr - i+ Onn- i+ om. mond (ofa (2.2.25) 


y-component of the momentum equation 


mall (ov) d2+ f] (eV) -as 
: oe es s+ |//(ot,)a0 =n 
Jj pit-j+onti-j+osm-j)d I aes 


z-component of the momentum equation 


= fff iwas ffe?) a3 
Q ho 
= [fot + ont Fea Bas n 


Here 7 is a unit vector perpendicular to the infinitesimal control surface dS and 
m is a unit vector tangent to the surface and pointing in the direction of the 
viscous shear stress that acts on the surface. 

As with the differential form of the momentum equations, Eqs. (2.2.2) to 
(2.2.4), the left-hand sides of Eqs. (2.2.25) to (2.2.27) represent momentum flux 
rates with the first term representing the time rate of change of momentum due 
to unsteady fluctuations of flow properties inside the control volume and the 
second term representing the net flow of momentum out of the control volume 
across the surface S. The right-hand sides of Eqs. (2.2.25) to (2.2.27) represent 
the sum of the net forces acting on the fluid as it flows through the control 
volume. The first term represents the components of the surface forces which 
are composed of pressure and viscous forces, while the second term represents 
the body force. 

The conservation integral form of the energy equation in the form of Eq. 
(2.2.24) is 


(2.2.27) 
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a J) Mua a ds = JIJ’ tira Tja 


(2.2.28) 
= ffein — pñ. V + ont- V + osh - V)ds 


Here the vector g denotes the volumetric rate of heat addition per unit mass 
and g, denotes the heat conduction vector. 

The above equation is for compressible flow and, as such, it has more terms 
than the incompressible energy equation given by Eq. (2.2.11). It is, however, the 
same as the differential form of the energy equation given by Eq. (2.2.15a) for 
compressible flows. The first term on the left-hand side of Eq. (2.2.28) represents 
the time rate of change of total energy &; inside the control volume due to 
transient variations of flow-field variables, and the second term represents the 
net rate of change of total energy across the control surface. The terms on the 
right-hand side of Eq. (2.2.28) correspond to the terms on the right-hand side 
of Eq. (2.2.24). 


2.2.3 Navier-Stokes Equations: Vector-Variable Form 


As we shall see in Chapters 4, 5 and 10 to 12, before the application of the 
numerical methods to the conservation equations, it is convenient to combine 
the continuity, momentum and energy equations into a compact vector-variable 
form. With l denoting a length scale, the speed of sound, a, denoting the velocity 
scale, the parameters 0, U, V, P, Oxz, Try, Oyy, Et, H, t and x, y, with oo referring 
to freestream quantities, can be expressed in nondimensional form as 








. 0 7 u 7 V _ p 
=. u= —, Tann PS > 3 
z Oral A Ox l és = O l 
Or = Ugo A2 3 Oxy = u a2 l Oyy = u a2 (2.2 29) 
a Fi he H ~ ta z T = y 
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Then the compressible Navier-Stokes equations in a Cartesian coordinate sys- 
tem, given by Eqs. (2.2.12b), (2.2.18), (2.2.19) and (2.2.15a) can be written 
in dimensionless form, without body forces or external heat addition for two- 
dimensional flows, as 


0Q 0B dF ı e = 


—= + -~~ = — | —— JAA 
Ot i Ox i Oy Re \ ôr Oy vay) 





For simplicity, the ~ will be dropped in dimensionless quantities, and the 
Reynolds number Re is defined by 
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and the Q, E, F, Ey, Fy vectors by 


~ 


Q ae OU 
_ | gu _ | QU“ +p _ ouv 
Qari Bap |. B=] tay (2.2.32a) 
Er (Et + p)u (Er + p)v 
0 0 
PS. aes (2.2.32b) 
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with y denoting the ratio of specific heats and a the speed of sound, which for 
ideal gases is given by a? = yp/o. The viscous stresses are 


ste 
ee = 3h Ox Oy 
2 ðv Ou 
aoe 
a Oy Ox 
and we also write 
E H g 2 
Bx = UOgrr + VO ry T Pr(y — 1) ve (a ) 
u O 
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2.2.4 Navier-Stokes Equations: Transformed Form 


The Navier-Stokes equations discussed in the previous subsections and ex- 
pressed for a Cartesian coordinate system are valid for any coordinate sys- 
tem. In many problems it is more convenient to write the equations in general 
curvilinear coordinates by using a coordinate transformation from the rectan- 
gular Cartesian form. To illustrate the procedure, consider a two-dimensional 
unsteady flow and introduce the generic transformation 


FE 
E = (x,y, t) (2.2.34) 
n = nz, y, t) 


For an actual application, the transformation in Eq. (2.2.34) must be given in 
some analytical or numerical form. Often the transformation is chosen so that 
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the grid spacing in the curvilinear space is uniform and of unit length, that is 
An = 1, AE = 1. This produces a computational space €,7 with a rectangular 
domain and with a regular uniform mesh so that, as we shall see in Section 6.3, 
the differencing schemes used in the numerical formulation are simpler. The 
original Cartesian space is usually referred to as the physical domain. 

Using the chain rule of differential calculus, we can write 


9 — O OG i SO 9 On _ = + aa +3 9 

ðt Or O& dt. ðn a ae an’! 

Ə 006 dim ð s 

ðr O€ Ox | Ondxr zee an | eee) 
ð 00€ An | a 


dy db dy | Ondy seu + an 


or in compact form as 


o o 
Ot 1 & m|| Or 
ð ð 
o O fy Ny oO 
Oy On 


In a similar manner, the second derivatives that appear in the momentum 
and energy equations can be expressed in transformed variables. They are, how- 
ever, somewhat more involved than those in Eq. (2.2.35). For example, with the 
chain rule, it can be shown that 


of ð OP wy, e xe OF 
re 2 LET nese T go o'r 2 rsr 
Ox? vet ðn” + geze i nz! a nde | g 
o? ð 2, & », . & 
Oy2 = aai gy w + ges F an? Y T ETA 
8? O ae 02 82 
ðxrðy ~~ Staty Iy T ðE? a Creu ôn? awe Ney + ð noe =x (Nzéy + ExNy) 


(2.2.37) 
In terms of the transformation defined by Eq. (2.2.34), the vector form of the 
transformed Navier-Stokes equations, Eq. (2.2.30), can be written as 


OQ OQ 2 ðE ðE OF OF 
OE, OF , Ee) 


= Re (2 a ea An F ae 5 — + ares An (2.2.38) 


The coefficients of the derivatives in Eq. (2.2.35) with respect to €,7, namely 
Et, Ex, Ey, Nt, Nz and ny are metric terms which can be obtained from the transfor- 
mation given by Eq. (2.2.34). If the relations between the independent variables 
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in physical space and transformed space are given analytically, then the metrics 
can be obtained in closed form. In general, however, we usually are provided 
with just the (x,y) coordinates of grid points and numerically generate the 
metrics using finite-difference quotients. 

Reversing the role of the independent variables in the chain rule formulas, 
Eq. (2.2.36) becomes 


Sets 
ðr at Ox "| By?” rr 
a ð ð ð ð ð ‘a 
ðE ðr $ By E ðn Ox" By?” 
which can be written in matrix form 
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OT l £+ Yr {| Ot 
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o 0 Ly Yn oO 
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Solving Eq. (2.2.40) for the curvilinear derivatives in terms of the Cartesian 
derivatives yields 


ð o 
Ot 7 ie (Ln Yr Lr Yn) (zrYe _ Yr Xe) Or 
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where JT: is the inverse Jacobian determinant defined by 


Ox Oy 
1 _ O(a,y) _ | OE OE 
1 nr a EC Sr = =. 
= Ben) =| ox dy |7 Tn Bate (2.2.42) 
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Evaluating Eq. (2.2.41) for the metric terms by comparing to the matrix of 
Fq. (2.2.36), we find that 


Et = (LpYr = temid s m= (27y = yrxe)/ J- 
tn gt ee (2.2.43) 
z — J-L’ nr = J y JT ny = JEL 


We note from Eq. (2.2.43) that if we are given the inverse transformation 
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t=T 
C= ae 7) (2.2.44) 
y = (6.7.7) 


so that £, 7 and 7 are now the independent variables, then the metric coefficients 
in Eqs. (2.2.38) can be obtained from the relations given by Eq. (2.2.43). 

At this point, we notice that Eqs. (2.2.38) are in a weak conservation form. 
That is, even though none of the flow variables (or more appropriately, func- 
tions of the flow variables) occur as coefficients in the differential equations, the 
metrics do. However, as discussed by Pulliam [6], the expressions 


J ora (5) m O): 
J4 ed aa ” On On (F) 
BE 7) E (7) 


are defined as invariants of the transformation and are analytically equal to 
zero. Eqs. (2.2.38) can then be expressed in the strong conservation form and 


and 
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with the contravariant velocities U and V defined by 
The viscous flux terms are 
Ey = J"(éeEv + & Fo), Fo = J (ha Eu + Fo) (2.2.46c) 


with E, and F, given by Eq. (2.2.32b). The stress terms, such as Ozz, Oyy, etc. 
are also transformed in terms of the € and 7 derivatives where 


Orr = 5 (Ente T Nae Un ) — 2(Eyve_ T NyVn)| 
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2.3 Reynolds-Averaged Navier-Stokes Equations 


The Navier-Stokes equations of the previous section also apply to turbulent 
flows if the values of fluid properties and dependent variables are replaced by 
their instantaneous values. A direct approach to solving the equations for tur- 
bulent flows is to solve them for specific boundary conditions and initial values 
that include time-dependent quantities. Mean values are needed in most prac- 
tical cases, so an ensemble of solutions of time-dependent equations is required. 
Even for the most restricted cases. this approach, referred to as direct numer- 
ical simulation (DNS) and discussed in [6], becomes a difficult and extremely 
expensive computing problem because the unsteady eddy motions of turbu- 
lence appear over a wide range of scales. The usual procedure is to average the 
equations rather than their solutions, as discussed in [2,3,7]. 

In this section and following sections, we shall consider the differential form 
of the conservation equations and, for simplicity, restrict the discussion to in- 
compressible flows. The treatment of compressible flow equations is similar but 
rather lengthy. Whenever appropriate, the governing equations for compressible 
flows will be given without derivation. 

In order to obtain the conservation equations for turbulent flows, we replace 
the instantaneous quantities in the equations by the sum of their mean and 
fluctuating parts. For example, the instantaneous values of the u-, v- and w- 
velocities are expressed by the sum of their mean u, v, w and fluctuating parts 
u', v’ and w’, and the temperature T by T and T’, that is, 


u=ttu, v=0+v, w=otw, T=T+T (23:1) 


With the help of the continuity equation, (2.2.1), one can now write the 
left-hand sides of the momentum and energy equations in conservation form 
and introduce the above relations into the continuity, momentum and energy 
equations. After time averaging and making use of the substantial derivatives 
given by Eq. (2.2.5), the Reynolds averaged Navier-Stokes (RANS) equations 
for three-dimensional incompressible flow can be written in the following form: 
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It is common to drop the overbars on the basic time variables; this results 
in a continuity equation identical to that given by Eq. (2.2.1), and the left- 
hand sides of the momentum and energy equations, Egs. (2.3.3) to (2.3.6), 
become identical to the equations for laminar flow. The right-hand sides of the 
momentum and energy equations also resemble the right-hand sides of Eqs. 
(2.2.2) to (2.2.4) and (2.2.11) with the addition of the Reynolds normal, shear 
stress, and heat flux terms: in our previous notation the Reynolds stresses in Eq. 
(2.3.3) represent the turbulent contributions to ozz, zy and oz, respectively. 
The mean viscous contributions are still given by Eq. (2.2.7) and are based on 
the mean-velocity components. Equations (2.2.2) to (2.2.4) thus apply to both 
laminar and turbulent flows, provided that the so-called “stress tensor”, Gij, 
including the viscous contributions, is written as 








Ou; Ou; 
j 
t= — oulu’. Us Fu aes 2.3.78 
or 
j= ol, toy 2.3.7b 
where now Ci, . denotes the Reynolds st stresses so that for three-dimensional 
t t t a: t 
flows Oir = “TP » Ory = Cyn = —gu'v! is 6 =o Sow, Oyy = — ov’? 
ya = ay = —ov'w', of, = —ow', and of, is the viscous stress tensor as given 


by Eq. (2.2.7) for a Newtonian fluid. 

We note that, as is the case for the momentum equations, additional terms 
appear on the right-hand side of the energy equation, (2.3.6). These terms, 
which are the thermal analogs of the Reynolds-stress gradients in Eqs. (2.3.3) to 
(2.3.5), are called the turbulent heat-flux gradients. For example. @cpT’v’ is the 
rate of flux of enthalpy in the y-direction per unit area in the (x, z) plane, due to 
turbulent fluctuations. These terms, together with the Reynolds-stress terms in 
the momentum equations, introduce additional unknowns into the conservation 
equations. To proceed further, additional equations for these unknown quanti- 
ties, or assumptions regarding the relationship between the unknown quantities 
to the time-mean flow variables, are needed. This is referred to as the “closure” 
problem in turbulent flows: we shall discuss turbulence modeling in some detail 
in Chapter 3. 





2.4 Reduced Forms of the Navier-Stokes Equations o7 


2.4 Reduced Forms of the Navier-Stokes Equations 


The conservation equations can be reduced to simpler forms by examining the 
relative magnitudes of the terms in the equations. In the application of this 
procedure, known as “order-of-magnitude” analysis, to two-dimensional steady 
flows, it is common to introduce two length scales L and 6 (which are, respec- 
tively, parallel and normal to the wall) to assume a typical velocity to be of 
order ue, and to estimate the relative magnitudes of inertia, pressure, and vis- 
cous and body force terms in the Navier-Stokes equations. For example, if we 
assume that a typical viscous stress is at the form 


Ou 
= May 
then the viscous forces are of order 
Ue 
SI 


per unit area and, since a typical pressure force is of the order 
2 
QUe 


per unit area, the ratio of the two forces is 








P F z L L 
resu orce _— QUe Ue _ uel Ry (2.4.1) 
Viscous Force puef/L u V 


For an incompressible flow with small temperature differences, the Reynolds 
number, Rz, is the principal parameter for determining the nature of the flow. 

Two important nondimensional groups for heat flux, with equivalents for 
other scalar properties, are the Prandtl number 


HCp V V 


P = SS Z= — = — 
i k k/oCp a 


(24:2) 
which represents the ratio of diffusion coefficients, v and a, and the Grashof 
number 


Gr = Ri- R2 (2.4.3) 


which represents the product of the Richardson number Ri [= (Ae/o)(gh/u?)] 
and the square of the Reynolds number. 

Using order of magnitude arguments, the conservation equations of the pre- 
vious section can be simplified by neglecting some of the viscous terms. For 
example, in some three-dimensional flows the viscous terms 00z,/0z, OOyz/0z 
and O0,,/Oz in Eqs. (2.2.2) to (2.2.4) and the heat transfer term Oq,/Oz in 
Eq. (2.2.22) are omitted, and the resulting form of the Navier-Stokes equa- 
tions, referred to as “parabolized Navier-Stokes equations,” are solved together 
with the continuity equation. In other flows the Navier-Stokes equations are 
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simplified further by retaining only the viscous and heat transfer terms with 
derivatives in the coordinate direction normal to the body surface y or, for free 
shear flows, the direction normal to the thin layer. This is referred to as the 
thin-layer Navier-Stokes approximation and leads to the following equations 
for three-dimensional flows with the continuity equation remaining unaltered: 


o o O O o oO — 
ou + ov + ow = SE H py -— ow + oft (2.4.4) 


Ox Oy Oz Ox Oy? “Əy 

Ov Ov Ov Op 07 y Os 

—— — — = — — —— — Q— A. 
Ba 1 Oo, ea, or oR 05,” + ofy (2.4.5) 


Ow Ow Ow Op O7w 0 —— 
— — — = —- — —x~ — 0— 5 2.4.6 
a eg, oe, alae “a” + of (2.4.6) 
Blottner [8] provides a good review of the significance of these equations which, 
along with additional assumptions, are used in the parabolized Navier-Stokes 
solution procedure. Note that these are not the boundary-layer equations (sub- 
section 2.4.3): we do not neglect Op/Oy, for instance. Figure 2.2 shows the 


hierarchy of simplification of the Navier-Stokes equations. 
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Fig. 2.2. Simplification of the Navier-Stokes equations. Dashed boxes denote simplifying 
approximations. 


For three-dimensional compressible flows these equations, in either differen- 
tial form or transformed form, are given in several references (see for example 
[1]). For two-dimensional compressible unsteady flows, the thin-layer Navier— 
Stokes equations can be obtained from Eqs. (2.2.45). Applying the thin-layer 
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approximation to Eqs. (2.2.45)—(2.2.47), with 7 locally normal to the surface 
and all the viscous terms associated with derivatives neglected, we obtain 


a0 0B oF 1 08 


— = — — 2A 
ðr O& On  Redn ( ) 
where 
0 
=J! ami + Mym (2.4.8a) 
NgM2 + Nym3 
Nzlumı + um2 + Mma) + Ny(um2 + um3 + ms) 
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mı = g Eeun — 2nyvny) 
M2 = H(NyUn + Nx) 
a es 
ma = E (2e + Any est) 
B H Q 2 
ð 
ms = A (a?) 


Pr(y— 1) "On 


Equation (2.4.7) is strictly for laminar flows. As is shown in Chapter 3, its 
extension to turbulent flows is usually carried out by using eddy viscosity (Em) 
and turbulent Prandtl number (Pr;) concepts. This is done by replacing the 
coefficient of viscosity u by 

[t+ 2Em (2.4.9) 


and by replacing the coefficient of thermal conductivity k (= wC>/Pr) with 


CynEmO 


k 
= Pry 





(2.4.10) 


The relations can easily be incorporated into Eq. (2.4.7) by replacing u in the 
definitions of m1, m2, m3 by 


w(1 + ém/v) (2.4.11) 


and |u/Pr(y — 1)] in the definitions of m4 and ms by 
u Priem 
——— (1+ —— 2.4.12 
aol Tn =) ( ) 


Unlike p and k, however, the parameters £m and Pr are not properties of the 
fluid but depend on the flowfield and are related to the velocity and temperature 
field by empirical formulas. 
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2.4.1 Inviscid Flow 


One simplification of the Navier-Stokes equations assumes all o-stresses to be 
locally negligible, which corresponds to inviscid flow. With the neglect of viscous 
forces, Eq. (2.2.10) becomes 


DV 1 
Sey 2.4.13 
Di ae ( ) 


which is known as the Euler equation. For a steady flow with no body forces, 
the Euler equation reduces to 


(V.V)V=—-— (2.4.14) 


If we take a dot product of the above equation with a differential length of a 
streamline ds, the Euler equations integrate (see Problem 2.4) to give 


2 d 
i ae J = constant (2.4.15) 


where V? = u*+v?+w?. For a steady incompresslble flow for which g is constant, 
the integrated Euler equation, Eq. (2.4.15), becomes 


1 
pt eV" = constant (2.4.16) 


which is called the Bernoulli equation. For an isentropic compressible flow [o = 
(constant)p!/7], Eq. (2.4.15) can be written as 

y2 

aT — _F Z constant (2.4.17) 

2 y—lo 
which is known as the compressible Bernoulli equation. We note that the two 
forms of the Bernoulli equation are valid only along a given streamline since 
the constants appearing in these equations can vary between streamlines. They 
can, however, become valid everywhere in the flowfield if the flow is irrotational, 
which is defined by zero vorticity 


w=VxV=0 (2.4.18) 


This condition implies the existence of a scalar function ¢, called the velocity 
potential, defined by 
V=V6¢ (2.4.19) 


In this case the continuity equation, Eq. (2.2.1), can be combined with Eq. 
(2.4.19) to obtain Laplace’s equation 


V7¢=0 (2.4.20) 
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which provides a good approximation to some real incompressible flows at high 
Reynolds numbers where the viscous effects are negligible, as is sometimes the 
case when there is no flow separation on the body, as we shall discuss in Chap- 
ter 6. 

The velocity potential also exists for compressible flows; in this case, however, 
in addition to the requirements imposed by Eqs. (2.4.18) and (2.4.19), there is 
an additional requirement on density in the continuity equation since density 
is not constant but varies. Using the irrotationality condition, which implies 
isentropic flow, density can be expressed as a function of temperature alone 


o = const. TV 071) (2.4.21) 
and with the definition of speed of sound a (= /yRT), it can be written as 
o = const.a2/(-)) (2.4.22) 


substituting Eq. (2.4.22) into the continuity equation (2.2.12b), and expanding 
the resulting equation, the continuity equation becomes 


2 [ðu ov u(a2) 31 a ..% Wey a, 
-1 eas ot, Wana toe, Ses ee ts ee = 
(3 ¥ a i y-1 ðr UE y¥—1 a? )=0 (2.4.23) 


for a two-dimensional steady flow. Assume adiabatic flow so that total enthalpy 
is constant. 


—1 
ee aie 5 +_—(u? + v?) = const (2.4.24) 
and substitute Eq. (2.4.24) into Eq. (2.4.23). After simplification, 
ðu Ov Ou Ov Ou Ov 
ae — = 2.4.2 
d (ata) “(Mae tae) ata) C 


With the definition of velocity potential, Eq. (2.4.19), Eq. (2.4.25) can be written 
as 
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Equation (2.4.26) is known as the full potential equation for a two-dimensional 
steady flow with no body force. Unlike the Laplace equation to which it re- 
duces as a — oo (incompressible flow), it is nonlinear. Assuming that, with 


Mo = ay i 


2 2 
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and ; 
Ms u 2 U 
—— | —- 1 Moti 1 2.4.27b 
aig (vz) <e (i) < ements 
it can be expressed in the linearized form (see Problem 2.5) 
Po 84 
Jes M2 ——— —— ie () 2.4.28 


2.4.2 Stokes Flow 


A second simplification of the Navier-Stokes equations arises when the inertia 
terms are small enough to neglect. This situation arises when the Reynolds 
number Rz is much less than unity, because the velocity ue is very small, or 
the scale of the flow L is very small, or the fluid is very viscous. In this case, 
the resulting equations are known as the Stokes equations, written in tensor 


notation as 
= 1 Op 


Ox; 





VU (2.4.29) 
These linear equations provide a good approximation to flows with Reynolds 
numbers less than unity such as in some lubrication problems; for simple bound- 
aries they can be solved analytically, as discussed by Schlichting [9]. 


2.4.3 Boundary Layers 


A third simplification of the Navier-Stokes equations occurs when (6/L < 1 
strictly, d6/dx « 1, dé/dz < 1); this includes both laminar and turbulent flows 
at high Reynolds numbers. In this case, the continuity equation remains the 
same as Eq. (2.2.1), but the y-compcnent of the momentum equation is elim- 
inated and the pressure p is assumed only to be a function of x and z. For 
three-dimensional incompressible laminar and turbulent flow, the momentum 
and energy equations can be written as 


O ss 
oe = — —— ty rae. + of (2.4.30) 


Dw Op 8w 0 —; 
= —— —— — 9— 3 2.4.31 
DT O°T Oa 
— = — — T" 2.4.32 
oCp m u + F Cra, Vv (2.4.32) 


However, unlike the thin-layer Navier-Stokes equations given by Eqs. (2.4.4) 
to (2.4.6) and the Stokes equations, Eq. (2.4.29), the pressure is not computed as 
part of the solution but is specified in the solution procedure. As will be shown 
in Section 2.6, while the Navier-Stokes equations for incompressible flows are 
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elliptic, the boundary-layer equations are parabolic with disturbances propagat- 
ing only downstream and not upstream. This property of the boundary-layer 
equations significantly reduces the complexity of the solution procedure. 

For two-dimensional flows, the boundary-layer equations simplify further 
and can be written as 


ðu Ov 
sie eae 2.4. 
ear a (2.4.33) 
1 2 Eo 
e a e l a (2.4.34) 


Ox dy odr ðy? Oy 
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As will be discussed in detail in Chapter 7, the solutions of the boundary- 
layer equations can be obtained in their partial-differential equation form with 
assumptions made for the Reynolds stress and heat flux terms. This approach 
is called the differential approach, in contrast to the integral approach based 
on the solutions of momentum and energy integral equations, which are ordi- 
nary differential equations. These integral equations result from integrating the 
boundary-layer equations across the shear layer [3,7] and introducing defini- 
tions of boundary-layer parameters. For two-dimensional incompressible flows, 
the momentum and energy integral equations are, respectively, given by 


—-+—(H = 2A 
dx 7 u, \ + 2) ax 2 (a) 
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= St (2.4.37) 


Here, 6, 6°, H, cf in the momentum integral equation denote momentum thick- 
ness, displacement thickness, shape factor and local skin-friction coefficient, 
respectively, and are defined by 


OO 
6 = J kaa (1 = =) dy (2.4.38a) 
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In the energy integral equation, the parameter Ôr and Stanton number St are 
defined by 


Og T T, 
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dw 
a ae 2.4.39b 
0Cp(Tw — Te) te ( ) 


Whereas the integration of boundary-layer equations across the shear layer leads 
to ordinary differential equations that are much easier to solve than partial- 
differential equations, their solutions require auxiliary equations. The momen- 
tum integral equation has three unknowns, 6, H and cy, and the energy integral 
equation has two unknowns, @7 and St; their solutions require at least two other 
equations to solve the momentum equation and one for the energy equation. 
While there are several useful integral methods developed for two-dimensional 
flows that require much less computer time than the differential methods, they 
are limited to simple flows [3, 7]. These limitations are not present in differential 
methods and, although the partial differential form of the boundary-layer equa- 
tions is more difficult to solve, its use is preferred in this book and in current 
engineering practice and the solution procedures are described in some detail 
in Chapter 7. 


2.5 Stability Equations 


As will be explained in detail in Chapter 8, a turbulent boundary layer can de- 
velop from a laminar boundary layer by the gradual amplification of infinitesimal 
disturbances within the boundary layer or introduced from the external flow or 
by imperfections in the body surface. At first these disturbances are so weak 
that they have practically no influence on the mean flow but they gradually 
increase until the flow is distorted and the fluctuating velocity and pressure 
characteristics of turbulent flow appear. Transition can result from the growth 
of these disturbances in the boundary layer and takes place over a streamwise 
distance that depends on the boundary conditions. 

The behavior of these disturbances within a laminar boundary layer can 
be studied by small-disturbance theory, as will be discussed briefly in this sec- 
tion and in more detail in Chapter 8. To derive the stability equations for 
two-dimensional mean flows with two-dimensional disturbances, assume that u, 
v and p in the two-dimensional form of Eqs. (2.2.1) to (2.2.3) represent the 
instantaneous components of the flow properties and, as in the discussion of 
turbulence in Section 2.3, these components are divided into a mean-flow term 
and a fluctuating term so that the instantaneous velocity components are w+ wu’ 
and +v and the instantaneous pressure is p+ p’. The mean-flow velocity and 
pressure terms satisfy the boundary-layer equations for a steady laminar flow 
given by Eqs. (2.4.33) and (2.4.34) with the Reynolds stress term neglected and 
with overbars on u, v and p. 

Next consider Eqs. (2.2.1) to (2.2.3) with instantaneous velocity components 
and pressure expressed in terms of their mean and fluctuating components. Since 
u’, v’ and p’ are small, their squares and products can be neglected. Noting that 
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the mean velocity and pressure satisfy the two-dimensional equations of motion, 
the equations simplify further and can be written as 


ðu Ov" 
Sa yc 5.1 
an * By 0 (2.5.1) 
ðu  ,ðu ðu „ðu ow 1 Op 2 
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These equations, with the overbars on u and v dropped for convenience, can be 
simplified further by noting that all velocity fluctuations and their derivatives 
are of the same order of magnitude and by assuming that the mean flow velocity 
u is a function of y only so that Eq. (2.4.33) gives v = 0, that is, 


u = u(y), v= (2.5.4) 


This assumption is known as the parallel flow approximation; which, with the 
introduction of dimensionless quantities defined by 
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allows Eqs. (2.5.1) to (2.5.3) to be written as 
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For convenience, the subscript x on the dependent and independent variables 
has been dropped. 

Equations (2.5.6) to (2.5.8) form a set of coupled partial-differential equa- 
tions with solutions that describe how disturbances originate near the surface 
y = 0 and spread out through the boundary layer and beyond as they are con- 
vected along the local streamlines. To study the properties of these equations, 
we apply the standard procedure of stability theory, namely separation of vari- 
ables. Assume that the small disturbance is a sinusoidal traveling wave and 
represent a two-dimensional disturbance as 


q'(z,y,t) = q(yelor 9) (2.5.9) 
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Here z, y, t are dimensionless quantities defined in Eq. (2.5.5), q(y) is the 
amplitude function of a typical flow variable q’(x,y,t), œ is a dimensionless 
wave number, and w is the radian (circular) frequency of the disturbance. The 
dimensionless forms of a and w are defined by 
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(2.5.10) 





XY = 


where A, denotes the waves in the z-direction. In general q, q’, a and w are 
complex. With qi. and g; denoting the real and imaginary parts of q’, the mag- 
nitude of q/ is [(q/)? + (q/)?]!/2 and its relative phase angle is tan~!(q//q}). The 
real part of the exponential term represents a growth of disturbance amplitude 
in x or t, while the imaginary part, exp(i@), can be rewritten as cos@ + isin ð, 
which represents the sinusoidal oscillation in x or t. 

The small-disturbance equations given by Eqs. (2.5.6), (2.5.7) and (2.5.8) 
can also be expressed in other forms. Eliminating pressure and introducing a 
stream function Y(x, y,t) such that 


u = — v = -— (2.5.11) 


we can express the momentum equations (2.5.7) and (2.5.8) as a fourth-order 
partial differential equation 
plu 1 
=v Vio E T 2912 
where V4 = V?V? and —V?y is the fluctuating z-component of vorticity, 
ðv'/ðx — Ou’ /Oy. Equation (2.5.12) represents the rate of change of fluctuating 
vorticity following the fluid along a mean streamline. 
Taking q’ in Eq. (2.5.9) to represent the disturbance stream function y with 
q(y) replaced by (y), and introducing the resulting expression into Eq. (2.5.12), 
we obtain the following fourth-order ordinary differential equation for the am- 


plitude ${y) 
H — 2a°¢" + ato = iR(au ~ w)(¢" — ad) —iRau"o (2.5.13) 


where a prime denotes differentiation with respect to y. This equation is known 
as the Orr-—Sommerfeld equation and is the fundamental equation for incom- 
pressible stability theory. 

The solutions of Eq. (2.5.13) correspond to small disturbance waves and are 
sometimes called Tollmien—Schlichting waves. Despite the major assumptions 
made to derive this equation, the solutions of Eq. (2.5.13) are encouragingly 
close to the experimental results. The support to linear stability theory was 
first provided by the experiments of Schubauer and Skramstad [10] who used 
a specially designed low turbulence wind tunnel and generated small sinusoidal 
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disturbances in a boundary layer on a flat plate by means of a vibrating ribbon 
held parallel to the plate and normal to the freestream. The measured neutral 
stability curve, critical Reynolds number and amplification rates, discussed in 
Chapter 8, were found to agree well with the predictions of the linear stability 
theory. 


2.6 Classification of Conservation Equations 


To understand some of the basic ideas underlying the classification of conserva- 
tion equations, we examine the general linear second-order partial-differential 
equation in two independent variables: 

Žu 8 u O7u Ou Ou 


Dcu a tba + me oe oy h(x, y) (2.6.1) 


Rotation of the xy-plane into the xy-plane by the coordinate transformation, 





¥=xcosé+ysind, y= —xsind+ycosé (2.6.2) 
allows Eq. (2.6.1) to be transformed to 


2 2 

lus arg toa + dat e + funk (2.6.3) 
This removal of the mixed derivative term by choosing @ so that b = 0 is similar 
to the transformation applied to the general quadratic equation; the new coor- 
dinate axes are aligned with the principal axes of the conic section. Indeed, we 
adopt the terminology for the conics to classify the differential equations. 

Thus if ač > 0 (i.e., @ and č have the same sign), we call Eq. (2.6.3) an 
elliptic equation; if ač < 0, we call Eq. (2.6.3) a hyperbolic equation; and finally 
if ač = 0 (but both do not vanish), we call Eq. (2.6.3) a parabolic equation. As 
with the conics, we note that b? — 4ac = b? — 4a@@ is an invariant of the rotation. 
Thus we say that Eq. (2.6.1) is elliptic, hyperbolic, or parabolic if b? — 4ac < 0, 
> 0, or = 0, respectively. 

In the elliptic case we can stretch or compress the coordinates by introducing 


= T = y 
T =, y = — (2.6.4) 
la, v lel 
and we get finally 
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The leading term here is the well-known Laplacian in the zy-plane. So we see 


that, by a simple rotation and stretching of the coordinate system, any elliptic 
equation in the plane can be reduced to the Laplacian, plus lower-order terms. 
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In the hyperbolic case, with & > 0, č < 0 and using Eq. (2.6.4), we obtain 
from Eq. (2.6.3) 


= u u =ðu _du 
L = Ty — S ae e— = h 2: : 
u= zz a a a tI (2.6.6) 
Here the leading terms form the wave operator and 
8?u/Ə7? — d*u/dy? = 0 


is the wave equation, so that any hyperbolic equation in the plane is analogous 
to the wave equation, with additional lower-order terms. 
In the parabolic case, with a > 0, č = 0, € < 0 and using 
T = 
Ja y 


rather than Eq. (2.6.4), we rewrite Eq. (2.6.3) as 
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The leading terms here form the heat or diffusion operator, that is 
8?u/ðž? — ðu/ðğ = 0 


is the heat-conduction equation with u representing a nondimensional temper- 
ature. 

One of the basic differences between the various types of partial-differential 
equations is in their “domains of dependence” and their “regions (or domains) 
of influence.” Suppose each Eq. (2.6.1) is to be solved in some region R of 
xy-space with boundary B. Then the domain of dependence of a point P in 
R consists of all those points on B which are required in order to uniquely 
determine the solution at the point in question (see Fig. 2.3). Conversely, the 
“region of influence” of a point P consists of all those points in R at which the 
solution is altered when a change in the solution at the point P occurs (see 
Fig. 2.4). In general, elliptic equations have the property that the domain of 
dependence of any point is a curve or surface completely enclosing the point, 
as in Fig. 2.3a. In parabolic and hyperbolic equations this is not the case. The 
extent of the domain of dependence of a point is determined by the intersection 
of the so-called characteristic curves through that point with the “physical” 
boundary B. The characteristics also form part of the boundary of the domains 
of influence, see Fig. 2.4. The total number of characteristics is equal to the 
number of dependent variables. For a parabolic system they all coincide with a 
line normal to the timelike direction (Fig. 2.4b), whereas they are distinct for a 
hyperbolic system. An elliptic equation has no real characteristics. For further 
details, see Hirsch [11]. 
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Bd 
(a) {b} {c} 
Fig. 2.3. Domains of dependence of the point P for the three classical equations to be 


solved in R. (a) Elliptic. (b) Parabolic. (c) Hyperbolic. The crosshatching shows the part 
of B, the boundary of R, that is the domain of dependence for P. 
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Fig. 2.4. Regions of influence of three classical equations. (a) Elliptic. (b) Parabolic. (c) 
Hyperbolic. Shading shows regions of influence. Strictly speaking, the boundary B in case 
(a) is at infinity. 


The two-dimensional steady Navier-Stokes equations can be reduced to a 
fourth-order nonlinear equation that turns out to be elliptic. It does not corre- 
spond exactly to the generic elliptic Eq. (2.6.5), but the domain of dependence 
of any point is as in Fig. 2.3a. The equations for steady inviscid irrotational flow 
are second-order partial-differential equations. They are elliptic in subsonic flow 
and hyperbolic in supersonic flow for which the Mach lines are the character- 
istics. In a partly subsonic, partly supersonic flow these equations are said to 
be of “mixed type” or of elliptic-hyperbolic type. The boundary-layer equations 
are said to be parabolic, since the domain of influence is usually like that in 
Fig. 2.4b, but this is not the case when reverse flow (u < 0) is present. Thus, 
these equations may be of mixed type. The three-dimensional boundary-layer 
equations have more complicated domains of influence, and their type cannot 
be easily classified. 
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2.7 Boundary Conditions 


The nature of the equations and their domains of dependence and zones of 
influence have implications for boundary conditions. Thus, for example, the 
steady, two-dimensional incompressible form of the momentum equation for 
laminar flow, 
2 2 
ge (5 $ e) (2.7.1) 
Ox? Qy” 


is elliptic, and boundary conditions are required on all sides of the solution do- 
main (see Section 4.5). The equation is always solved together with the equation 
of continuity and the normal momentum equation so that u, v and p or their 
gradients must be specified for a problem on its boundaries. 

In the case of steady, two-dimensional boundary-layer flows, the equation 


Ou Ou 1 dp o?u 
ae = 


ay “Əy odz "By? (2.7.2) 


is parabolic so that, with the continuity equation and with known pressure, 
u and v or their gradients are required on three sides of the solution domain. 
The forms of these equations appropriate to turbulent flows are presumed to 
have the same requirements. The boundary conditions vary considerably from 
problem to problem and there are two main types. 

In external flows, the shear layers flowing in the x-direction adjoin an effec- 
tively “inviscid” freestream extending to y = oo. On the lower side there may 
be either a solid surface, usually taken as y = 0 as in Fig. 2.5a, in which case the 
viscous region is called a “wall shear layer,” or there may be another inviscid 
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Fig. 2.5. Boundary conditions for shear layers. (a) Boundary layer and wake airfoil. (b) 
Mixing layer between parallel streams. (c) Merging mixing layers in jet. (d) Merging 
boundary layers in pipe flow. 
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stream extending to y = —oo (Fig. 2.5b), in which case the viscous region is 
called a “free shear layer.” The variation of the static pressure p with x within 
the shear layer depends on the shape of the solid body, and, additionally on the 
displacement effect of the shear layer, which may either be small enough to be 
neglected or can be accounted for, for example, by the interactive procedures to 
be described in Chapter 7. In this case there are three boundary conditions for 
the velocity field that must be specified, two at the wall, y = 0, and the other 
at the boundary-layer edge, y = 6. The conditions at the wall are usually the 
specification of normal (v) and tangential (u) components of velocity, and that 
at the edge specifies u as the external velocity ue(x). They can be summarized 
as 

=O; w= 0, CS vT) (2.7.3a) 


ESO, C= U7) (2.7.3b) 


where 6 is sufficiently large so that Ou/Oy at the boundary-layer edge is small, 
say around 1074. The transpiration velocity, Vw(x£), may be either suction or 
injection. On a nonporous surface it is equal to zero. 

For boundary-layer flows, the energy equation, being second order, re- 
quires two boundary conditions, one at the wall, y = 0, and one at the thermal 
boundary-layer edge, 6, which may be smaller or larger than the hydrodynamic 
boundary-layer thickness, 6. For a Prandtl number, Pr, less than unity, 6; > 6, 
and conversely for Pr greater than unity, 6; < 6. The boundary conditions at 
the wall may correspond to either specified wall temperature, 7,,(x2), or wall 
heat flux, gy(x), and with the requirement at the boundary-layer edge, they 
can be summarized as 


=O, PE sr (Z) = —qy(x)/k (2.7.4a) 
y=o,, L=Te (2.7.4b) 


where Te is constant for an incompressible flow but is a function of x for a 
compressible flow with pressure gradient. 

In free shear layers (Figs. 2.5b and c), the external velocity must be specified 
on both edges. The difficulties associated with the v boundary condition in free 
shear layers are less obvious. If the flow is symmetrical (Fig. 2.5a), no problem 
arises: the initial symmetrical velocity profile is specified and v is required to 
be zero on the centerline and u = ue at one edge. If the flow is not symmetrical 
(Fig. 2.5b), a boundary condition for v cannot be found from consideration of 
the shear layer and the boundary-layer equations alone. In the real flow the 
behavior of v outside the shear layer depends on the v-component equation of 
motion and the continuity equation, applied throughout the flow and not merely 
in the shear layer. Of course, a similar problem occurs in determining ue either 
in the boundary layer or wake of Fig. 2.5a; the latter problem is both more 
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familiar and less perplexing. In a real external-flow problem, ue(x) is obtained 
from the solution of the inviscid flow equations. It the external flow is affected 
by the displacement effect of the shear layer, iteration between the external-flow 
and shear-layer calculations is necessary, as discussed briefly in Chapter 7 and 
in more detail in [12]. The alternative is to solve the Navier-Stokes equations 
throughout the flowfield. 

Internal flows (Fig. 2.5d) consist of shear layer or layers filling part or all at 
the space between two solid boundaries. In this case the pressure distribution is 
set predominantly by the displacement effect of the shear layer. It is convenient 
to distinguish flows in which the shear layers fill the cross section and flows such 
as that near the entrance to a duct (the left-hand part of Fig. 2.5d) where a 
region of effectively inviscid flow obeying Bernoulli’s equation remains. 

It is also convenient to distinguish the “entrance region”, in which the ve- 
locities change with x, and the “fully developed” region far downstream in a 
constant area duct, in which the velocities do not, but of course the pressure 
continues to decrease with x. As will be shown in Chapter 7, the relevant bound- 
ary conditions in each case are similar to those for external flows, except that it 
is also necessary to satisfy the requirement of constant mass flow between the 
solid surfaces. 

The boundary conditions for hyperbolic equations are rather involved in 
comparison to those for elliptic or parabolic equations. For this reason, their 
discussion is postponed to Chapters 4 and 10. For a detailed discussion, the 
reader is referred to Hirsch [11]. 
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Problems 


2-1. Multiplying the z-component of the momentum equation, Eq. (2.2.2). by 
u, and using the definition of the substantial derivative, one obtains 

D /1 >» uðp u k OOry Ozz 

— |- = — P2:1:1 
= (57) = joe oe a ao a e 
Adding the corresponding equations for D/Dt(1/2v?) and D/Dt(1/2w*), which 
can be most easily derived by changing the variables in Eq. (P2.1.1) in cyclic 
order, show that the resulting expression with V denoting the total velocity can 
be written as 


D (1 2\ _ 1 Op Op vE) Orr OT zry ae) 
a (37°) = = (u HOE ay ee = (52 oa! ae 














v (‘Se p OT yy n u) (Z a OC zy m re) 


Fufi +Ufy + wife (P2:1:2) 


Equation (P2.1.2) is known as the kinetic energy equation. Its left-hand side 
represents the rate of increase of kinetic energy per unit mass of the fluid as the 
fluid moves along a streamline. The terms on the right-hand side, which can be 
written in tensor notation as 





represent, respectively, the rates at which work is done on a unit mass of the 
fiuid by the pressure, by the viscous stresses, and by the body force per unit 
mass, f, to produce kinetic energy of the mean motion. 


2-2. Noting that for incompressible fiows the continuity and momentum equa- 
tions in tensor notation can be written as 


ais ey 9 (P2.2.1) 
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Ot a Ox; ~ oôti Ox; 








ae (P22.2) 


show that the kinetic energy equation, (P2.1.2) can also be written as 








D / ujui Op OCik 
— = —Uj=— — of; P22. 


Hint: Take the scalar product of u; and the momentum equation for u;, Eq. 
(P2.2.2), with its left-hand side in conservation form 


É ð 1 Op 4 Osik 








za — (ujuk) = + f; 


Ət Ork 7 o Ox; OL, 


together with the scalar product of u; and the momentum equation for u;. Add 
the resulting two expressions to get 


ae Osi _ Op Op (OG: 
25 (uiu) + FT (uguju,) = —U; a. Uj on + u; 





t 
Oo jk 
+u; + ufi t uf; (P2.2.4) 
Ox. 


and then set t = 7. 
2-3. Noting the definition of o;; in the form given by Eq. (2.3.7) and following 


the procedure of Problem 2.2, show that the mean kinetic energy equation of 
the mean motion can be written as 





D / ujt Op da! 0, = 
ror ara) ee ui Fak — Us 5 (oui) + of (P2.3.1) 


which is identical to Eq. (P2.2.3) if we assume that o;; represents both viscous 
and turbulent stresses. The third term in Eq. (P2.3.1) can be written as 





— > (ui) + oulu, A (P2322) 
The first term in this equation represents the spatial transport of mean kinetic 
energy by the turbulent fluctuations; it is sometimes called the “gain from en- 
ergy flux” or “the divergence of the energy flux transmitted by the working of 
the mean flow against the Reynolds stress.” The second term represents the 
“loss to turbulence” or the production of turbulent energy from the mean flow 
energy. 


2-4. Defining a differential length of a streamline by ds, which for a Cartesian 
coordinate system is 
ds = dri + dy j + dz k (P2.4.1) 
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and taking the dot product of Eq. (2.4.15) with > 4. a) and noting that V has 
the same direction as ds, show that, with V? = u? + v? + w?, the left-hand side 
of the resulting expressicn can be written as 


7 2 
(V-V)V -ds =V . Z as=vav=a( Y) (P24.2) 
and Eq. (2.4.16) follows. 


2-5. Derive Eq. (2.4.28). 
Hint: Start with Eq. (2.4.26b). Assuming u, v to be small relative to Væ, write 


06 _ $ 





= P2.5.1 

Substitute Eq. (P2.5.1) into Eq. (2.4.24) 

—1 =l 

a? + [Vee tu)? toea are (P2.5.2) 

expand aĉ /a? by the binomial theorem 

2 2 2 
aĉo 2 ae E, u us + v 

— = 1 + — M | 2—— P2.5.3 
a? t 2 s ( Vs i V2 (Paaa) 


and use the assumptions in Eqs. (2.4.27). 


2-6. Starting from the full-potential equation, Eq. (2.4.26), derive the transonic 
small disturbance (TSD) equation written in non-conservative form, 


i — M2, — (y + M3 Pra + Pyy = 0 (P2.6.1) 
OO 
and, in conservative form, 
i HM- 
(1— M2,)¢, - FU Me ge! 5 4, <0 (P2.6.2) 
V : 





Hint: Use Eqs. (P2.5.1) and (P2.5.3), with the following small disturbance ap- 
proximations: 


et. ee 
Voo Voo 


2-7. (a) With the definitions in Eq. (2.5.5), show that Eqs. (2.5.1) to (2.5.3) 
can be written in the form given by Eqs. (2.5.6) to (2.5.8). 

(b) Show that with q’ in Eq. (2.5.9) corresponding to u’, v’ and p’, the continuity 
and momentum equations given by Eqs. (2.5.6) to (2.5.8) can be written as 
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/ 
iau + o = 0) (P2.7.1) 
2,,/ 
ot -o °u' =iR (eu —w)u’ — wT + ap'| (P2.7.2) 
Dict dy’ 
aa —a’y' =iR Q —w)v' — A (P2.7.3) 


(c) For wall boundary-layer flows, Eqs. (2.5.6) to (2.5.8) or (P2.7.1) to (P2.7.3) 
are subject to the following boundary conditions at y = 0 


u =v =0 (P2.7.4) 


Show that u’, v’ and p’ behave exponentially as y — 00 with a typical asymptotic 
representation 


ul ~ Aye SY + Age §2¥ (P2.7.5) 
where A, and Ag are constants and £ and £> are defined by 

E = a” (P2.7.6a) 

6 = a? +iRlaue — wv] (P2.7.6b) 


with the restriction that their real parts are not negative. 


2-8. The equations in Problem 2.7 can also be expressed in other forms. Show 
that if we represent the amplitude functions of the perturbation quantities u’, 
v’ and p’ by f, ¢ and IJ, respectively, and introduce them into Eqs. (P2.7.1) to 
(P2.7.3), we get 


= —iaf (P2.8.1) 

af Cre ee FE an ee, (P2.8.2) 
R dy Rdy2 — = 

oO —i(au —-w)d— se + nes (P2.8.3) 
dy R R dy? a 


2-9. Show that the equations in Problem 2.7 can also be expressed as a fourth- 
order differential equation in ¢ in the form given by Eq. (2.5.13). 


2-10. The boundary conditions for the Orr—Sommerfeld equation follow from 
the relations given by Eqs. (P2.7.4) and (P2.7.5). At the wall, it follows from 
Eq. (P2.7.1) that 

y — 0, d=¢'=0 (P2.10.1) 


At the edge of the boundary layer, Eq. (2.5.13) reduces to 
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gp” — (E? + &) 6" + FE o =0 (P2.10.2) 


(a) In order that the disturbances in the boundary layer decay near the edge of 
the boundary layer so that @ and ¢’ — 0 as y — œœ, show that the solutions of 
Eq. (P2.10.2) must be of the form given by Eq. (P2.7.5). 


(b) Show that, with D = d/dy, the “edge” boundary conditions on ¢@ can be 
written as 


(D? ~ £?) + (£1 + £2)(D + &1)6 =0 (P2.10.3) 
(D + €2)(D? — €?7)¢ = 0 (P2.10.4) 


2-11. Noting that the characteristic equation for Eq. (P2.10.1) is 

mî — (Ef + &)m? + GE = 0 
verify Eq. (P2.7.5). 
2-12. Classify the following equations into hyperbolic, elliptic or parabolic type: 
(a) tera + 2üzy + Uy — (1+ zy)u=0 
(b) uyy + (1+ 27)ug — ty +u=0 
(c) Stiga — 3Uyy + Us + u = sin Ty 
2-13. Determine the regions where the Tricomi’s equation 

Ure + LUuyy = 0 


is of elliptic, parabolic or hyperbolic type. 

2-14. For what values of x and y are each of the following equations hyperbolic, 
parabolic, elliptic? 

(a) (y + lure + 2rtay + Uyy =£ +y 

(b) Ture — Yury + CUyy + Uz = 0 

(c) (y+ L)uzr + 2ttgy + YUyy = u 

(d) (1 — y)tee + 2(1 — £)uzy + (1+ y)uyy + Yüz = sin g 


2-15. Suppose that u, uz and uy are known at every point on a curve T in the 
xy-plane, where u is the solution of the equation 


A(z, y)Ure + Ba, Yury + Cla, y Uyy = 0 
Show that if the slope y’ of T satisfies the auxiliary equation 


A(z, y)(y')* — B(z,y)y! + C(x, y) =0 
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then the values of the second derivative Urr, Ury and uyy cannot be determined 
at the points of T. 


2-16. Show that in Eq. (2.2.32a) pressure is related to the conservative flow 
variables, Q, by the equation of state g. 


p= (7-1) |E- Ze? + 04) (P2.16.1) 


2-17. In the numerical solution of the incompressible Navier-Stokes equations 
by the pseudocompressibility method [13] a time derivative of pressure is added 
to the continuity equation so that the two-dimensional version of Eq. (2.2.1) 


becomes 5 ə r; 
p u v\ 
LET, (= i > =i (P2.17.1) 


where 8 is known as the pseudocompressibility constant. Here t represents 
pseudo-time and is not related to physical time. 

Show that with the continuity equation given by Eq. (P2.17.1), the incom- 
pressible Navier-Stokes equations in Cartesian coordinates for two-dimensional 
flows can be written in the following form 


OD a o 
—— E-E —(F- F,)=0 P212 
Ot + aE by) + ae Fa) ( ) 
where 
p Bu Bu 
D=\ul, E=|u2+p|, F=| w (P2.17.3) 
V UV v? +p 
0 0 
By = Orela Fg =| Czy (P2.17.4) 
Oxy Oyy 


2-18. Using the transformation given by Eq. (2.2.34), show that the Laplace 
equation expressed in the physical plane (x, y) 
3u u 
=5 + =s = 0 
Ox? 8y? 
can be written in the form 
8u 8 Pu 3u 
TE + o + ty) + a ea F) 
Og On ocan 
(P2.18.1) 
Ou Ou 
T ge (See + Eyy) + By (Tt + Nyy) = 0 


in the computational plane (€,7). 
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2-19. Using the transformation 


€=€(r,@) 
P2.19.1 
n = nkr, 8) l ) 
Show that the Laplace equation in polar coordinates 


8u lôu 1 8u 
as 
V~u= a2 a op T ee ee (P2.19.2) 


can be expressed in the following form 


8u f» a 8u 2 n au TU 
— % ] +55 2 )+2 rN + 
ma (e+ er ore arc cay (See + o) 
ð : O r 
+ E (er E E) +S (et B+ WB) 0 
r r n T r 


in the computational plane. 





2-20. Determine the metric coefficients in Eq. (P2.19.3) for € and 7 defined by 


g= 
1 (P2.20.1) 
T= k 


and show that the Laplace equation, Eq. (P2.19.3) can be written as 


> Ou ðu Ou 


— —+—~ =0 P 2:202 
2-21. For a perfect gas, show that 
y2 
Hint: Note that 
R 
Cy = ——, €= l 
y—1 


2-22. Show that, with mass transfer (ov,,), the momentum integral integration, 
Eq. (2.4.36), can be written as 
due Tw 


d 2 
8 ý D a P2.22.1 
As (we ) F UeVy A 6 Ue ae o ( ) 





Turbulence Models 


3.1 Introduction 


The Reynolds-averaged equations of Section 2.3 and their reduced forms in 
Section 2.4 cannot be solved without information about the various correlation 
terms that make up the stress tensor, and the same is true for the energy 
equation. It is well known that these terms, which represent turbulent diffusion, 
are much larger than those corresponding to laminar diffusion except in the 
immediate vicinity of a wall, and in turbulent wall boundary layers, wakes, jets 
and more complex flows, these turbulent diffusion terms are of similar magnitude 
to the convective terms. 

This chapter presents a brief description of various models to address the 
closure problem of turbulence modeling. The subject has been studied exten- 
sively in the past three decades and useful reviews have been provided in many 
journal articles and in several books, see for example, Wilcox [1], Cebeci [2, 3], 
Durbin and Reif [4]. For a detailed description of turbulence models and their 
accuracy, the reader is referred to these books. 

Early approaches to turbulence modeling include the mixing length, £, as- 
sumptions of Prandtl [5] and eddy-viscosity, €m, assumptions of Boussinesq [6] 
for wall boundary layers and jets. Kolmogorov |7} and Rotta [8] proposed models 
based on partial-differential equations but, in the absence of digital computers, 
could not solve them. The early models provided a foundation which is still in 
use today. For example, the concepts of a mixing length, 


2 
— ouv! = of? (=) (3.1.1) 


and eddy-viscosity expressions of the form 


— oulu! = vem (3.1.2) 


dy 


have been used in the vast majority of publications concerned with turbulence 
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modeling and are still used for many flows. Note that these are merely defini- 
tions of £ and Em: the assumption is that they will vary more slowly or more 
simply than the shear stress and therefore be easier to correlate empirically. 
Their names imply an analogy between turbulent motion and the molecular 
motion that leads to viscous stresses, but this is now recognized as completely 
misleading. 

The specification of €m or £ may be made in terms of algebraic equations 
or in terms of a combination of algebraic and differential equations and this 
has given rise to terminology involving the number of differential equations. 
Thus, the closures may be described in terms of zero, one and two differential 
equations. For a two-dimensional boundary-layer, the zero-equation approach 
usually treats a turbulent boundary layer as a composite layer with separate 
expressions for €m or £ in each region. The Cebeci-Smith (CS) model discussed 
in detail in [2, 3] and briefly in Section 3.2 is a typical example for this approach. 

In the one-differential-equation approach the eddy viscosity is written, with 
cy, denoting a constant, as 


Em Cuk? (3.1.3) 


with k obtained from a differential equation which represents the transport of 
turbulence energy and £ from an algebraic formula. The Spalart-Allmaras (SA) 
model discussed in detail in [1-3,9] and briefly in Section 3.3 is a good, useful 
model that uses this approach. 

In the two differential equation approach, the eddy viscosity is written as 

2 
E (3.1.4) 
E 

with k and £ obtained from differential equations which represent the transport 
of turbulence energy and its rate of dissipation. While one-equation models have 
found little favor except for the SA model, and where transport of turbulence 
characteristics is important as in strong adverse gradients or in separated flows, 
two equations have found extensive use. Various forms of two-equation models 
have been proposed and details have been given, for example in [1-3]. Three 
popular models that are based on this approach are the k-e model discussed 
briefly in Section 3.3 and in detail in [1-3] and the k-w and SST models discussed 
in [1-3]. 

The Reynolds shear stress can also be modelled by using the Reynolds trans- 
port equation as described for example in [1-3]. A popular model is due to Laun- 
der, Reece and Rodi [10]. However, in general, the stress-transport models often 
give poor predictions of complex flows [11]. Also increased numerical difficul- 
ties (complexity of programming, expense of calculations, occasional instability) 
cause these models not to be used in most engineering problems. For this rea- 
son, stress-transport models are not discussed here. For a detailed description 
of these models, the reader is referred to [1]. 
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3.2 Zero-Equation Models 


The zero-equation, often referred to as algebraic eddy viscosity and/or mixing 
length models, are used to model the Reynolds shear stress term in the momen- 
tum equations. For a two-dimensional incompressible laminar and turbulent 
flow, the continuity and momentum equations (2.4.33) and (2.4.34), respec- 
tively, are solved subject to given initial conditions and boundary conditions 
with —u’v’ represented by Eq. (3.1.2). For a limited range of flows, it is possi- 
ble to specify the turbulent viscosity of Eq. (3.1.2) as the mixing length of Eq. 
(3.1.1) in closed algebraic expressions. Examples include: 





£/6 = 0.09 for a plane jet 
= 0.075 for a round jet 
= 0.16 for a plane wake 
= 0.41y/6 for the near wall region of a boundary layer 
= 0.09 for the outer region of a boundary layer 


The restricted range of the correlations should be noted, together with the 
simplicity of the approach. No differential equations are solved for turbulence 
quantities, and turbulence transport is, consequently, not represented. 


3.2.1 Cebeci-—Smith Model 


For external flows, a popular zero-equation model is the Cebeci-Smith (CS) 
model. This model assumes that a turbulent boundary layer can be represented 
in terms of eddy viscosities for inner and outer layers. The corresponding func- 
tions are empirical and based on limited ranges of experimental data; the range 
of data is, however, extensive so that the full algebraic formulation is the most 
general available at present. 

In the inner and outer regions of a boundary layer on a smooth surface, with 
or without mass transfer, the eddy viscosity £m is written as [2, 3] 

Inner region: 0 < y < Ye 














Ou 

Cakar By | 1 (3.2.1) 

Here the mixing length / is given by 

es _ i 
l= Ky h exp ( =) (3.2.2a) 
where « = 0.40 and A is a damping-length constant, which may be represented 
by 
V Vue du 

A=26—u7!, N=(1-11.8pt) 2 pt =£ 3.2.2b 


Outer region: ye Ly < 6 
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(Em)o — Ue Very (3.2.3) 


Here 6* denotes the displacement thickness 


ô u 
= | (1 — z) dy (3.2.4a) 
0 Ue 


and y accounts for the intermittency of the outer region and is represented by 


1 y- Y] 
t= i — erf 2| (3.2.4b) 
where Y and o are general intermittency parameters, with Y denoting the 
value of y for which y = 0.5, and o the standard deviation. The dimensionless 
intermittency parameters Y/6* and o/* are expressed as functions of H as 
shown in Fig. 3.la. The variation of the ratio of boundary-layer thickness 6 to 
6* with H is shown in Fig. 3.1b. The parameter a is calculated from 


.01 
a= o 0068 (3.2.5) 


A 


Here subscript m denotes the location where turbulent shear is maximum. The 
parameter ĝ is given by 





6 
ee a 
CIR C=R) ~~ 
pee (3.2.6) 
t 
>i 
7 R: > 1.0 


Here R denotes the ratio of wall shear to maximum Reynolds shear stress [2, 3], 
Tw 
(—o(u'v'))m 
In Eqs. (3.2.1) yr is an intermittency factor which represents the streamwise 


region from the onset of transition to turbulent flow. It is defined by the following 
expression 


Ris (3.2.7) 


= (3.2.8) 


Ytr = 1 — exp Ge = vir) | 
x 


where zt; is the location of the start of the transition and the factor G is given 
empirically by 


tr Ue 


3 
G= art -1.34 (3.2.9a) 


with Re, denoting Reynolds number, Rr, = (uez/v)tr, and C a constant with 
a recommended value of 60 for high Reynolds flows. For lower Reynolds number, 
C is given by [2,3] 

C2213 og Re = 47323) (3.2.9b) 
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Fig. 3.1. Variation of Y/6", 0/6" and 6/6* with H according to the data of Fiedler and 
Head [12]. 


3.2.2 Baldwin—Lomax Model 


Due to its simplicity and its good success in external boundary-layer flows, 
the CS model has also been used extensively in the solution of the Reynolds- 
averaged Navier-Stokes equations for turbulent flows. For the inner region. 
Baldwin and Lomax [13] use the expressions given by Eqs. (3.2.1) and (3.2.2). In 
the outer region, since the length scale 6* is not well defined in the Navier-Stokes 
calculations due to the lack of precise definition of boundary-layer thickness, 
they use alternative expressions of the form 





(Emo —_ QeVVU mal wax (3.2.10a) 
or 
(Em)o = acy ycquiig ca (3.2.10b) 
max 


with cı = 1.6 and co = 0.25. The quantities Fmax and Ymax are determined from 
the function 


Fey (=) [ig 9/4) (3.2.11) 


with Fmax corresponding to the maximum value of F that occurs in a velocity 
profile and Ymax denoting the y-location of Fmax- uqig is the difference between 
maximum and minimum velocities in the profile 


Udiff = Umax — Umin (3.2.12) 


where Umin is taken to be zero except in wakes. 
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In Navier-Stokes calculations, Baldwin and Lomax replace the absolute value 
of the velocity gradient Ou/Oy in Eqs. (3.2.1) and (3.2.11) by the absolute value 
of the vorticity |w], 


(3.2.13a) 








Oy Ox 
and the intermittency factory y in Eq. (3.2.4b) is written as 
i 


145.5 ( = ) (3.2.13b) 


Ymax 





y= 





with cz = 0.3. The studies conducted by Stock and Haase [14] clearly demon- 
strate that the modified algebraic eddy viscosity formulation of Baldwin and 
Lomax is not a true representation of the CS model since their incorporation of 
the length scale in the outer eddy viscosity formula is not appropriate for flows 
with strong pressure gradients. 

Stock and Haase proposed a length scale based on the properties of the 
mean velocity profile calculated by a Navier-Stokes method. They recommend 
computing the boundary-layer thickness 6 from 


§ = 1.936ymax (3.2.14) 


where Ymax iS the distance from the wall for which y|Ou/Oy| or F in Eq. (3.2.11) 
has its maximum. With 6 known, ue in the outer eddy viscosity formula, Eq. 
(3.2.3), is the u at y = 6, and y is computed from 


y= [1455 (2y j (3.2.15) 


YO 





based on Klebanoff’s measurements on a flat plate flow and not from Eq. 
(3.2.13b). The displacement thickness 6* for attached flows is computed from 
its definition, Eq. (3.2.4a), and, for separated flows from 


é u 
5 = J (1 = =| dy (3.2.16) 
Yu=0 Ue 


either integrating the velocity profile from y = 0, or y = Yu=0 to 6, or using the 
Coles velocity profile, see Eq. (3.5.6). The results obtained with this modifi- 
cation to the length scale in the outer CS eddy viscosity formula improve the 
predictions of the CS model in Navier-Stokes methods as discussed in Stock 
and Haase [14]. 

A proposal which led to Eq. (3.2.14) was also made by Johnson [15]. He 
recommended that the boundary-layer thickness 6 is calculated from 


where 





Yij2=y at = 0.5; (3.2.18) 
max 


For a discussion regarding other length scales, the reader is referred to [1, 3]. 
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3.3 One-Equation Models 


Of the several methods that fall in this group, we only consider the method due 
to Spalart and Allmaras [2,9]. This method employs a single transport equation 
for eddy viscosity, is popular for wall boundary-layer and free-shear flows and is 
used in both boundary-layer and Navier-Stokes methods. Its defining equations 


are as follows. 
Sn — Vis (3.3.1) 


DD; ~ Ch Di 2 OY 
He = on [L= fal $h = (en fu = hes) (Z) + 25 [vey 4] 


Cba OK OH 








Sided 
oj Oxy, Oxy, ( ) 
Here 
2 
Ch, = 0.1355, ca, = 0.622, Ga ta (3.3.3a) 
1 
ES < J aaa, G08. agen B=S0A C355) 
3 6 11/6 
X X 1+ Cog 
5 ; ; - 3.3.3 
fv, x? T en: foz 1 + Xf, fu a gê LF CF 3 l a 
Dt Di 
A = D g =T + cw (rf — r), r = G22 (3.3.3d) 
x Ù 
S=S+ rope = qf 29055 Rij (3.3.3¢e) 
Fis = C16 4X, Cty = 1.1, Ct4 = 2 (3.3.3f) 


where is the distance to the closest wall and S is the magnitude of the vorticity, 


Qg = 3 (zi — Bey) 

The wall boundary condition is ñ = 0. In the freestream and as initial con- 
dition 0 is best, and values below 75 are acceptable [9]. 

For boundary-layer flows, Eq. (3.3.2) can be written as 


On OY me 1] 0 -oit On” 
ua tvy = cp, (1 — fta) SÒ + > E Je + 254] + Cho (=) | 


E 
C D 
= a h= i fiz) - (3.3.4) 
where Au 
- u 








For a detailed discussion of this model and its accuracy compared to other 
turbulence models, the reader is referred to [1-8]. 
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3.4 Two-Equation Models 


There are several two-equation models. Three of the more popular, accurate 
and widely used models are the k-e model of Jones and Launder [16], the k-w 
model of Wilcox [1] and the SST model of Menter which blends the k-e model 
in the outer region and k-w model in the near wall region [17]. All three models 
can be used for a range of flow problems with good accuracy as discussed in 
[1-3]. Here we discuss the k-e model which is the most popular and widely used 
two-equation eddy viscosity model. For a discussion of the other two models, 
the reader is referred to [1-3]. 

In this model, €m is given by Eq. (3.1.4). The kinetic energy k and rate of 
dissipation £ are obtained from the turbulence kinetic energy equation written 


Dk o Em \ Ok OU; ai) OU; 
= LA ane me = .4.1 

Dt OX} (v+ = =] Pa ts ü Ox; Ox; i (3 ) 
and the dissipation equation 


De (£m) Æ] tenien (M4 Mi) Ho a 
Dt = Ox, GJ On, ee ak Ox; O2;/) OZ; “2k E 











For boundary-layer flows at high Reynolds number, Eqs. (3.4.1) and (3.4.2) 


become 3 
Ok Ok ð [(€m Ok Ou 
My T "Oy = ay (2) + Em (=) Ee (3.4.3) 
Oe ðe O [em OE ë du\? = 
oe = “ay = ay (25) a Cei p” (=) = CeT (3.4.4) 


The parameters Cu, Ce,, Cen, Ck and oe are given by 
Cy = 0.09, ce, = 1.44, Ce, = 1.92, of, =1.0, of = 1.3 (3.4.5) 


The set of equations comprising conservation of mass and momentum, Eqs. 
(2.2.2) to (2.2.4) together with Eqs. (3.4.1) and (3.4.2), or with boundary-layer 
approximations, Eqs. (2.3.33), (2.3.34), (3.4.3) and (3.4.5) for two-dimensional 
flows together with the boundary conditions discussed below, represent a closed 
set in which the equations for mean momentum, turbulence energy, and dissipa- 
tion rate have the same form and can generally be solved by the same numerical 
method. 

The above equations given by Eqs. (3.4.1) to (3.4.5) apply only to free shear 
flows. For wall boundary-layer flows, they require modifications to account for 
the presence of the wall. Without wall functions, it is necessary to replace the 
true boundary conditions at y = 0 by new “boundary conditions” defined at 
some distance yo outside the viscous sublayer to avoid integrating the equations 
through the region of large y gradients near the surface as discussed in [2, 3]. 
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There are several approaches that can be used to model the turbulence ki- 
netic energy and rate of dissipation equations near the wall region. For example, 
in one approach, wall functions are introduced into Eqs. (3.4.3) and (3.4.4) so 
that the model equations are applicable throughout the whole layer. Launder 
and Sharma [18] modify Eq. (3.1.4) 


k2 
VE = Culu> (3.4.6) 


and rewrite Eqs. (3.4.3) and (3.4.4) as 


2 
Ok ðk ð / Ok du\? ðk!/2 
ET T = ay (45) + r (=) — E€ — 2y ( By (3.4.7) 





2 
ðe ðe O [n ðe E du\? a 8u 
o a ee ye a oe) aA 
utoa = Dy a) tapag) agt (Fa) pins 


2 
fu = exp Basri r p= = (3.4.9a) 
fo = 1—0.3exp(—R?) (3.4.9b) 
The boundary conditions are 
y=0, k=£=0 (3.4.10a) 
yo, k> ke, E` Ee (3.4.10b) 


To avoid numerical problems, ke and £e should not be zero. In addition, ke and 
Ee can not be prescribed arbitrarily because their development is governed by 
the transport equations (3.4.7) and (3.4.8) written at the boundary-layer edge, 


dk 
e a = —Ce (3.4.11a) 
de c2 
tery = Cen (3.4.11b) 


The above equations can be integrated with respect to x with initial conditions 
corresponding to ke, and Eep at xo. The solution provides the evolutions of k(x) 
and ¢(x) as boundary conditions for the k- and ¢-equations. 
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3.5 Initial Conditions 


Initial conditions needed in the solution of the transport equations for turbulent 
flow are often obtained from empirical expressions when experimental data are 
not available. The choice of these expressions can influence predictions of the 
turbulence models and in some cases can even lead to the breakdown of calcula- 
tions. This section presents useful and convenient expressions to use for external 
boundary-layer flows. Before considering them, however, it is useful to review 
the composite nature of a wall turbulent boundary layer. As was discussed in 
[2,3], for example, the behavior of turbulent flow in the inner region is different 
from that in the outer region of the flow. Experiments and dimensional analysis 
show that the length and velocity scales in the inner region, roughly y/é < 0.2, 
are v/u; and ur, where ur denotes the friction velocity defined by (T,/o)!/?. 
The velocity profile in the inner region of a smooth wall in the absence of surface 
roughness and mass transfer can be expressed in the form 


ut = — = fi(y*) (3.5.1) 


which is known as the “law of the wall”. For y > 30v/u; approximately, but 
y/ < 0.20 approximately, Eq. (3.5.1) can be written as 


1 
RE in yt +e (3.5.2) 


u 
where c is a constant found experimentally to be about 5.0-5.2. 
Several expressions have been developed to express the relationship in Eq. 
(3.5.1) from y = 0 to the limit of the validity of the logarithmic law. One con- 
venient and useful expression due to Van Driest [19] is 


yt 9 
uta J yt 3.5.3 
0 1+v1 + 4a? ý ( ) 


where 
a = ky™ |1 — exp(—yt /AT)| (3.5.4) 


Figure 3.2 shows the resulting profile from Eq. (3.5.3). Note that for large 
yt, it reduces to that given by Eq. (3.5.2). The exponential factor is often called 
the “damping function.” 

In the outer region of a boundary layer in zero pressure gradient, the only 
length and velocity scales are 6 and u+, and the velocity profile can be expressed 
as 





Lae a (5) (3.5.5) 


Ur 
which is known as the velocity-defect law (see Fig. 3.3), valid for yu;/v > 30. 
For zero pressure gradient flows, the function fı has been found to be inde- 
pendent of Reynolds number (except at Reynolds numbers Rg = ueb/v < 5000, 
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Fig. 3.2. Dimensionless velocity distribution in the inner layer. 
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Fig. 3.3. Universal plot of turbulent velocity profiles in zero pressure gradient. 


approximately) and, most significantly, independent of surface roughness and 
mass transfer. 

The whole velocity profile in a turbulent boundary layer can be described 
by the formula proposed by Coles [20] 


ut = fat) + Faun) (3.5.6) 


where n = y/6, and the function w(7) can be approximated by 
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w(n) = 1 — cos(rn) (3.5.7) 


Here JT is a free parameter, depending on flow history in a way that is usually 
unknown, but constant and equal to about 0.55 in zero pressure gradient for 
Rg > 5000, so that Eq. (3.5.6) defines the function Fy in Eq. (3.5.5). 

Equation (3.5.6) gives Ou/Oy nonzero at y = 6. To remedy the difficulty, 
a number of expressions have been proposed. A convenient one proposed by 
Granville [21] uses a modification of Eq. (3.5.6) written as 


1 
= = iin yt +ce+ H[(1 —cosmn) + (yn? =p] (3.5.8) 
5 


From Eq. (3.5.8) and from the definitions of 6* and @ it can be shown that 
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From Eq. (3.5.9b), taking Si(a) = 1.8519, write 








2 
si ai & 4 11) = ( = (1.9123016 + 3.056037 + 1.517”) 
Rs KUe 12 K € 


Evaluating Eq. (3.5.8) at n= 1, 


i 
olen Im (2 =| pet ar (3.5.10) 
K V u 


Ur e 





For given values of cy and Rg, Eqs. (3.5.9b) and (3.5.10) can be solved for 6 
and IT so that the streamwise profile u can be obtained from Eqs. (3.5.8) and 
(3.5.9a) in the region yt > 30, with fi(y*) given by Eq. (3.5.2). 

The expression given by Eq. (3.5.6) can be extended in several ways. One 
method uses Eq. (3.5.3) and adds the wake component 


IT (x) 
AE wln) 
to it. Another method uses an expression due to Thompson [3] 
g yt <4 (3.5.1 1a) 
ut = 
ci + eginyt + c3(Inyt)? + ca(Inyt)?, 4<yt <50 (3.5.11b) 


where cy = 1.0828, co = —0.414, c3 = 2.2661, cy = —0.324. 
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Some models also require the initial shear stress profile 7. To generate this, 
one can use an expression given in [3] modified for the pressure gradient effect: 


T 2. A due Ou 
— = l- — —d 2 ag 3.0.12 
Tw Cf uz g “da” j o da oT i “Əy | 
Following [3], assume 
u = Ueg(n), 6/@ = const. (3.5.13) 


and from the momentum integral equation, Eq. (2.4.36), we write 


do Tw te 
2 * €e 


Using Eqs. (3.5.13) and (3.5.14), it can be shown that Eq. (3.5.12) can be written 


as 
T ô i n 
— = 1+ (/ gdn—g | gan) 
Tw 0 0 


2 ó due n é* 5 n 
peters E dn + — dn — d 3.5.15 
ae |" of oat 5 (f Pano f oan) ) 


Once the streamwise velocity profile u and shear stress 7T are computed by 
the expressions discussed above, the dissipation rate € can be computed from 
the assumption 





(3.5.14) 


T du 

o dy 
which is accurate in the log-law region and adequate in the rest of a boundary 
layer. 


=E (3.5.16) 
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Numerical Methods 


for Model Parabolic 
and Elliptic Equations 


A.1 Introduction 


The equations of Chapters 2 and 3 are of little value unless they can be solved. 
Since known analytical methods are limited to some special flows such as fully 
developed laminar flows in ducts, numerical methods are required. ‘These meth- 
ods are invariably implemented on digital computers, so this chapter provides 
an introduction to computational fluid dynamics and to the numerical methods 
to be discussed in the subsequent chapters. 

The numerical solution of the Navier-Stokes and Euler equations can be 
obtained by using finite-difference and finite-volume methods. Their numeri- 
cal solution can also be obtained by finite-element methods. However, these 
methods are mainly used in computational structural mechanics and are yet 
to gain popularity in computational fluid dynamics. Thus, this book considers 
only finite-difference and finite-volume methods. The finite-difference methods 
are mainly used with the differential form of the conservation equations, and 
the finite-volume methods are used in conjunction with the integral form of 
the conservation equations. For reduced forms of the Navier-Stokes equations, 
such as the boundary-layer equations and the Orr-Sommerfeld equation which 
involve the numerical solution of ordinary and partial-differential equations, 
only finite-difference methods are considered. The finite-volume methods will 
be considered in Chapter 12 in connection with the numerical solution of the 
Navier-Stokes and Euler equations together with the finite-difference methods. 

Model equations for the conservation equations are considered in Section 4.2. 
These equations are useful to “model” the behavior of the more complete and 
complicated partial-differential equations considered in subsequent chapters. In 
this chapter they are used to describe the numerical solution of parabolic and 
elliptic equations and in the following chapter the numerical solution of hyper- 
bolic equations. 
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The numerical solution of the parabolic and elliptic equations with finite- 
difference methods are discussed in Sects. 4.4 and 4.5, respectively, following 
a brief description of the discretization of derivatives with finite-differences in 
Section 4.3. The methods in Section 4.4 and Chapter 5 can be either implicit and 
explicit in contrast to the numerical methods for elliptic equations in Section 
4.5 which are always implicit. 


4.2 Model Equations 


A general idea about the model equations used in computational fluid dynamics 
can be obtained by considering the simplified form of the conservation equations 
for one- and two-dimensional flows. For example, for one-dimensional flows 
neglecting the body force in Eq. (2.2.18) and heat transfer term qp in Eq. 
(2.2.15b), Eqs. (2.2.12b), (2.2.18) and (2.2.15b) can be written as 





ðo oð E 
pr gz eu) =0 (4.2.1) 
ð ð OOrs 40 Ou 
By (ou) = 5, eu" +p) = Ae TF ba (4.2.2) 
Oe Oe es Ou 


If the terms containing the velocity u in Eq. oe 2.3) are neglected by assuming 
that either the fluid is at rest or the flow velocity is small, then the energy 
equation for a constant thermal conductivity k and specific heat Cy can be 
written as 


This equation is known as the one-dimensional unsteady heat conduction equa- 
tion and is a typical parabolic equation in time in the (x,t) space. 

If the velocity u in the continuity equation (4.2.1) is assumed constant, then 
this equation takes the typical form of a linear convection equation 


— — = 4.2. 
tuz 0 (4.2.5) 


describing the transport of mass by a flow velocity of u. It is a first-order hy- 
perbolic equation. 

If the velocity is not negligible but the flow is incompressible, it follows from 
the continuity equation that u is constant. The energy equation (4.2.3) becomes 


OT OF Ok 


OE +u o e (4.2.6) 
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This equation is still parabolic in time in the (x,t) space and is called the 
convection-diffusion equation due to the simultaneous presence of convection 
by the velocity u and diffusion through the diffusivity coefficient a. 
If the effect of the pressure gradient on the momentum equation is neglected, 
Eq. (4.2.2) becomes ; 
= + uc = 7a (4.2.7) 
which has the structure of a convection-diffusion equation but is nonlinear. It 
is known as Burger’s equation, and it contains the full nonlinearity of the one- 


dimensional flow equations. For an inviscid flow, it becomes 


Ou Ou 
ðt “Oe 
and is known as the “inviscid” Burger’s equation. Unlike Eq. (4.2.7), which is 
parabolic, this equation is hyperbolic. It is also nonlinear, as is Eq. (4.2.7). 
The discussion on constructing model equations for simplified one-dimensional 
flows can also be extended to simplified two-dimensional flows. For this purpose, 
for two-dimensional inviscid flows, the Laplace equation given by Eq. (2.4.20) 


Oo oe 
ðr? Oy? 


which is a typical elliptic equation, describes an isotropic diffusion in the (x, y) 
space. 

A similar equation results from Eq. (2.2.11), which is a parabolic in time in 
the (x,y, t) space. Assuming that the temperature field is in a medium at rest, 
then in the presence of the source term gp, Eq. (2.2.11) reduces to the Poisson 
equation 


= 0 (4.2.8) 


0 (4.2.9) 


3T 8T 1 

——~ + —_ = — q 4.2.10 
An equation similar to this is obtained from Eq. (2.2.9) for a fully developed 
laminar channel fiow in a rectangular duct. Noting that Du/Dt is zero, and 
neglecting the body force, 

u u 1 dp 

a aaa 4.2.10b 

Ox? ý Oy? pdx ( ) 

If the temperature in Eq. (4.2.10a) is time dependent, and the medium is 

again at rest, then the unsteady heat conduction equation in two dimensions 
and with source term becomes 


OT ƏT OF 
an (cecil a 4.2.1 
oo (Fe 1 a Tah eat) 


This equation is parabolic in time in the (x, y,t) space. Its solutions at large 
time values should approach the solutions of Eq. (4.2.10a). 
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4.3 Discretization of Derivatives with Finite Differences 


Before the finite-difference methods for parabolic, hyperbolic and elliptic equa- 
tions are described, it is useful to discuss the discretization of derivatives (either 
ordinary or partial) with finite differences. For this purpose, consider a function 
w which is single-valued, finite and continuous functions of ¢. Using Taylor’s 
theorem and with primes denoting differentiation with respect to C, we can write 


w(¢ +r) = w(¢) + rw'(¢) + srw") + rw” (0) nets (4.3.1a) 
and 
w(C— r) = wE) = rw!(C) + Frw" (O) — Erw (O + (4.3.1b) 
Adding both equations, 
w(C +r) + w(¢ — 1) = 2w(¢) + r°w"'(¢) 
provided the fourth- and higher-order terms are neglected. Thus, 


w!"(G) = lole + r) — 2w(6) + wle = 1) (4.3.2) 


with an error of order r?, O(r?). 
If Eq. (4.3.1b) is subtracted from Eq. (4.3.1a), 


w!() = o+ r) - wle- r) (4.3.3) 


Equation (4.2.3) approximates the slope of the tangent at P by the slope 
of the chord AB (see Fig. 4.1) and is called a central-difference approximation. 
The slope of the tangent can also be approximated by either the slope of the 
chord PB, giving the forward-difference formula 


w! (6) = Fule +r) — wC) (4.3.4) 


or the slope of the chord AP, giving the backward-difference formula 





Fig. 4.1. Notation for approximation of derivatives. 
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Fig. 4.2. Finite-difference grid nota- 
tion. 


w! (6) = =[w(d) - w(6 =) (4.3.5) 


Note that while Eq. (4.3.3) has an error of O(r?), both Eqs. (4.3.4) and (4.3.5) 
have errors of O(r). 

Finite-difference methods require a discrete set of points, covering the flow- 
field. These points are called a net, grid, lattice or mesh. To demonstrate the 
finite-difference notation for the above derivatives, let us consider Fig. 4.2, which 
shows a set of uniform net points on the (x,t) plane, that is, 


to=0, th=tn-1+At, n=1,2,...,N 


| (4.3.6) 
f= 0. Che Ae, eS Ti aed 


The quantities At and Az are called the net spacings or mesh widths. A quantity 
corresponding to each point of the net T}, is sought to approximate T; = 
T (tn, zi), the exact solution at the corresponding point. With this notation, 
using central-difference, forward-difference and backward-difference formulas, 
the difference approximation of OT'/Ot follows from Eqs. (4.3.3) to (4.3.5) and 
may be written, respectively, as 


1 
sae — T) (central difference) (4.3.7) 
OT 1 n+l n 7 
ay Ér a = a (T= — TP) (forward difference) (4.3.8) 
1 
ores =a 2) (backward difference) (4.3.9) 


Similarly, the difference approximation of 0?T/Ox? follows from Eq. (4.3.2) and 
may be written as 


8 T 


372 (Tii — 2T; + Ti) (4.3.10) 


~ Ax? 
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4.4 Finite-Difference Methods for Parabolic Equations 


The model equation used here to illustrate numerical methods for solving 
parabolic partial-differential equations is the one-dimensional unsteady heat 
conduction equation given by Eq. (4.2.4), which also serves as a model equation 
for the boundary-layer equations, to be discussed in detail in Chapter 7. 
Equation (4.2.4) requires boundary and initial conditions. For simplicity, as 
shown in Fig. 4.3, assume that the boundary conditions at x = 0 and x = L are 
given by 
t=: Pa) Bed, TSI) (4.4.1) 


and the initial conditions by 
c=... eo) (4.4.2) 


The solution of Eq. (4.2.4) may be obtained by using either an explicit or 
an implicit method. In an explicit method, the value of T at the next time 
step, t”t!, is expressed in terms of T at the previous time step, t”, and the 
corresponding equation is solved explicitly at each grid point. In an implicit 
method, T at the next time step is expressed in terms of its neighboring points 
at t?++ and the known quantities at t”, and its solution for all grid points on 
the time step, t’+!, is obtained simultaneously. 


4.4.1 Explicit Methods 


In the solution of Eq. (4.2.4) by an explicit method, T /ðt may be represented 
by the forward difference formula, Eq. (4.3.8), and 0°T'/0x? by Eq. (4.3.10), 
centering at the net point (tn, xi) (see Fig. 4.4), that is, 


t 
T=T (1) ro) 
Fig. 4.3. Initial and boundary con- 
ditions of Eq. (4.2.4) in the (x,t) 
plane. Symbols x denote values 
z known from initial conditions and 
7 X 
su T-T, (x) i symbols e denote values known 


from boundary conditions. 
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ji 


1 
AI Se L a a) (4.4.3a) 


Ax 


or 
ome ey be a! GD ey es a Ma eco) 


From Eq. (4.4.3b) it is seen that, by this explicit formulation, the value of 
ce is expressed in terms of previous time values that are known, and the 
equation allows the value of T to be obtained for i = 1,2,...,/—1. The values 
of T at i = 0 and J are known from the boundary conditions. The numerical 
error inherent in this scheme can be shown to be of order At + Axr? and, as a 
result, the time step At must be kept small to ensure acceptable accuracy. In 
addition, although explicit formulations are computationally simple, they can 
lead to numerical instabilities unless the time step is also small. As is shown in 
Section 5.7, in order to avoid the growth of errors in the operations for solving 
Eq. (4.4.3), 2f must be < 1/2. 


Example 4.1. Solve Eq. (4.2.4) subject to the following boundary and initial conditions 


Pah. Ts 0 eal, =p 


Ze O<a<s 
LS. f= i 


by the above explicit method for values of t = 0.005, 0.01, 0.02, 0.10 with a = 1 for three 


different spacings in t, 


: 2S. Gia 


A = —— oS = 
(a) At= Tag ©) 1000’ 100 


Compare your solutions with the analytical solution 






E Unknown 


X Known 
© Centering 


X Fig. 4.4. Finite-difference grid for an 
explicit method. 
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> os a re eT 2MHI n t sin (On + La (E4.4.1) 


at x = 0.3 for t = 0, 0.005, 0.010, 0.020, 0.100 and determine the percentage error in each 
case. Discuss the accuracy of the results, the behavior of the solutions and the importance 
of the ratio At/(Az)? in each case. 


Solution. 

(a) With At = 0.001, take Az = 0.10, so r = At/Ax? = 0.10. 

Table E4.1 presents a comparison of finite difference solution (FDS) at x = 0.30 obtained 
with the computer program using the explicit method (see Appendix A, Chapter 4, Exam- 
ple E4.1) with analytical solution (AS). As can be seen, FDS is reasonably accurate. The 
percentage error is the difference of the solution expressed as a percentage of the analytical 
solution of Eq. (E4.4.1). 


Table E4.1. Comparison of FDS and AS at x = 0.30 


for r = 0.10 

t FDS AS Diff Error 
.000 . 6000 . 6004 - .0004 -.0006 
.005 .5971 . 5966 .0005 . 9008 
.010 . 5822 5799 .0023 .0040 
.020 ,5373 . 5334 .0039 .0073 


. 100 -2472 .2444 .0028 .0116 


The comparison at x = 0.5 is not quite so good because of the discontinuity in the 
initial value of Ou/Ox, from +2 to —2, at this point. Inspection of Table E4.2 shows, 
however, that the effect of this discontinuity dies away as t increases. 


Table E4.2. Comparison of FDS and AS at z = 0.5 


for r = 0.10 

t FDS AS Diff Error 
. 000 1.0000 . 9904 .0096 . 0097 
.005 .8597 .8404 0193 0230 
.010 . 7867 .7743 .0124 .0160 
-020 .6891 . 6808 .0083 0122 


. 100 . 3056 . 3021 .0035 .0116 


(b) With At = 73, take Ar = 4, sor = 0.5. 

A comparison of results in Table E4.3 indicates that the FDS is not as good an approx- 
imation to Eq. (E4.4.1) as the previous one; nevertheless it would be adequate for most 
engineering kta 

(c) With At = =45, take Ar = $, 
The results presented in Table E4.4 at several z-locations at different t-intervals show that 
the finite-difference solutions are not acceptable. 


These three cases clearly indicate that the value of r is important, and as will be 
discussed later in Section 5.7, this explicit method is valid only when 0 < r < ; 


sor=l. 
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Table E4.3. Comparison of FDS and AS at z = 0.30 


for r = 0.5 

t FDS AS Diff %Error 
.000 .6000 . 6004 -.0004 - .0006 
.005 .6000 5966 .0034 .0057 
.010 .6000 .5799 .0201 .0347 
.020 .5500 .5334 .0166 .0312 


. 100 - 2484 2444 . 0040 -0165 


Table E4.4. FDS at several y-locations for r = 1 


t x=0.1 x=0.2 x=0.3 x=0.4 x=0.5 x=0.6 


. 0000 . 200 - 400 .600 800 1.000 . 800 
.0100 . 200 -400 .600 800 . 600 . 800 
.0200 » 200 -400 .600 - 400 1.000 - 400 
.0300 . 200 . 400 -200 1.200 - .200 1.200 


. 0400 -200 .000 1.400 -1.200 2.600 -1.200 


In some problems the boundary conditions are expressed in terms of derivatives 
rather than in terms of T, as in Eq. (4.4.1). In those cases the solution of Eq. 
(4.2.4) by an explicit or implicit method requires additional work. To illustrate 
this, consider Example 4.1 with the boundary conditions of the form 


S Ər 
1 = 0, ay = T (4.4.4a) 
| oT 

Sa aa -T (4.4.4b) 


They may be expressed in terms of central differences, Eq. (4.3.7), or by a for- 
ward difference, Eq. (4.3.8). With the choice of central differences. Eq. (4.4.4a) 
can be written as 

I= 


z = (4.4.5) 


At i = 0, Eq. (4.4.3b) becomes 


Ty? = TÈ +a (Tf — 279 +T”) (4.4.6) 


Cay 


Eliminating T”, between Eqs. (4.4.5) and (4.4.6) gives 


TET! = Tj + 2a——, [TT — (14+ Ax)T] (4.4.7) 


(Ax P 
At i = I, Eq (4.4.3b) becomes 


een ae (TP — 2Tf + TF1) 


At 
(Ax)? 
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In terms of central differences, the boundary condition at i = J can be written 
as 


Tr _ pn 
Se leat See (4.4.8) 
so that, similar to Eq. (4.4.7). Eq. (4.4.8) can be written as 
At 
Trtt = TF + 2a-———, (An? zT ~ (1+ Ar)TF] (4.4.9) 


This result could have been deduced from the corresponding equation at x = 0 
because of symmetry with respect to x = 1/2. 


Example 4.2. Solve Eq. (4.2.4) subject to the following boundary and initial conditions: 


= 0). Laks w= CENE. 
Ox 


6 Ge ee 

using 

(a) an explicit method and employing central differences for the boundary conditions, 

(b) an explicit method and employing a forward difference for the boundary condition at 
x= 0. 


Compare the numerical results obtained in each case with the analytical solution given by 


SEC On 


pe 23 ay 


where &n are the positive roots of atana = 


maan COS 20n (2 — z) UEa E (E4.2.1) 


5. Take a = 1, At = 0.001 and Ar = 0.1. 


Solution. 

Table E4.5 presents a comparison of FDS of the explicit method with AS when central dif- 
ferences are employed on the boundary conditions. Table E4.6 shows a similar comparison 
when forward differences are employed on the boundary conditions. 


(a) 

Table E4.5. Comparison of FDS and AS at x = 
0.30. 

t FDS AS Diff %Error 
0.00 l 1.0026 -0.0026 -0.0026 
0.01 0.9984 0.9984 0.0001 0.0001 
0.05 0.9475 0.9467 0.0008 0.0008 
0.10 0.8719 0.8713 0.0006 0.0007 
0.50 0.4401 0.4403 -0.0002 -0.0005 
1.00 0.1871 0.1875 -0.0004 -0.0021 
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(b) 

Table E4.6. Comparison of FDS and AS at x = 
0.30. 

t FDS AS Diff ‘Error 
0.00 1 1.0026 -0.0026 -0.0026 
0.01 0.996 0.9984 -0.0024 -0.0024 
0.05 0.9287 0.9467 -0.018 -0.019 
0.10 0.8458 0.8713 -0.0255 -0.0292 
0.50 0.403 0.4403 -0.0374 -0.0848 
0.80 0.2313 0.2638 -0.0326 -0.1235 
1.00 0.1597 0.1875 -0.0278 -0. 1483 
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4.4.2 Implicit Methods: Crank—Nicolson 


In contrast, implicit methods are unconditionally stable and allow significantly 
larger time steps, with corresponding economy, as long as accuracy is main- 
tained. For a parabolic partial differential, two popular implicit finite-difference 
methods are due to Crank—Nicolson |1] and Keller [2]. Keller’s method is dis- 
cussed in subsection 4.4.3 for Eq. (4.2.4) and later in Chapters 7 and 8 for 
boundary-layer and stability equations. 

In this subsection, we describe the Crank—Nicolson method for Eq. (4.2.4). 
This method uses the finite-difference grid shown in Fig. 4.5, where 077 /0x? at 
(er tl/ 2 xi) is expressed by the average of the previous and current time values 
at t” and t”*!, respectively, 


n+] n 
OF (ynt1/2 Ti) = a Ə T J ƏT 
Ox? ~~“ 2 Ox? Ox? 


t 


(4.4.10a) 






@ Unknown 
X Known 
© Centering 


Fig. 4.5. Finite-difference grid for the 
Crank-Nicolson method. Note that 

X while Az is uniform, At can be 
nonuniform. 
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and OT /ðt is expressed by the central-difference formula of Eq. (4.3.7), 


1 
OF (ynt1/2 ri) — sii = TP 
Ot Sik At 


Before considering the solution of Eq. (4.2.4) using this finite-difference ap- 
proximation, note that a more general finite-difference approximation to this 
equation is 


1 n 
fae eer\"* 3T 
ge Oe [ (Fs | + (1-86) an | (4.4.11) 


(4.4.10b) 


a 2 


where in practice 0 < 0 < 1. 6 = 0 gives the explicit scheme, 0 = 1/2 the Crank- 
Nicolson method, and @ = 1 a fully implicit backward time-difference method. 
The time differencing in Eq. (4.4.11) is known as the trapezoidal differencing 
scheme as well as Crank—Nicolson differencing. The equations are uncondition- 
ally stable and convergent for 1/2 < @ < 1, but for 0 < 8 < 1/2 


at 1 
Ax? T 2(1 — 26) 


For 0 = 1/2, Eq. (4.2.4) can be written as 


(4.4.12) 


] a 1 
ae — TP) = aa — 27h + TE) + (Tha - 278 + Th) 
OT as 
Gi Pole hel Sat, Lares =1 (4.4.13) 
where 


apd; bi = —(24+ à), G =A 


ri = — AT” — 


? 


Gye F a Pere Hd, (4.4.14) 


Note that r; contains only values of T”, not T”*!. At i = 0 and T, the boundary 
conditions Ta and i are given by Eq. (4.4.1). As a result, for i= 1 and 
i = I — 1, Eq. (4.4.13) can be written as 


parri + ar =r] — aT =r, for i=1 (4.4.15a) 
and 
oy EN T bair = rī-1 7 Ga = rī_i for t=1-1 (4.4.15b) 


With the boundary conditions given by Eq. (4.4.4), again use Eqs. (4.4.5) and 
(4.4.8). For i = 0, it follows from Eq. (4.4.5) that 
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T”; =T? = (Ar)TẸ (4.4.16a) 


and 
T En aA (4.4.16b) 


The last two equations permit T”; and D: to be eliminated from the equation 
obtained by setting 7 = 0 in Eq. (4.4.13); the resulting equation can be written 
in a form similar to Eq. (4.4.15a), 


(bo — ao2 Ax) TET? + (ao + co) TP = ro (4.4.16c) 


The boundary condition at 2 = J can be dealt in the same way, although in 
this problem it is easier to make use of the symmetry with respect to x = 1/2. 

The errors in this carefully centered Crank—Nicolson scheme are of order 
Ax? + At?, but At need not be related to Az for stability purposes. The scheme 
is unconditionally stable, and second-order accuracy may be achieved with uni- 
form x spacing. On the other hand, the unknown value of T is expressed in 
terms of J other values of T with two of them known; as a consequence, the 
computational arithmetic is more extensive than for an explicit method. How- 
ever, the solution of Eqs. (4.4.13) to (4.4.15) can be obtained easily as in the 
case when the boundary conditions correspond to those given by Eq. (4.4.4). 

In vector notation, Eqs. (4.4.13) and (4.4.15) may be written as 


AT=r (4.4.17) 


where the (J — 1)-dimensional vectors are 


Ti ri 
To r2 
T=| : r= (4.4.18) 
Tr-2 rī—2 
pre | rii | 











and the (J — 1)-order matrix with nonzero elements on only three diagonals 
(called the tridiagonal matriz) is 


bi Cl 0 
ag be C2 


A= ae (4.4.19) 


az—2 by_2 Cy_2 
0 ar—ı br-—ı 


Then the solution of Eq. (4.4.19) can be obtained by the Thomas algorithm, 
which has two sweeps. In the so-called forward sweep, we compute 


* 
Bı =b, s1 =r] 
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Table 4.1. FORTRAN listing of subroutine THOMAS. 


SUBROUTINE THOMAS(II,A,B,C,7,R) 
IMPLICIT REAL*8 (A-H,0-Z) 
DIMENSION A(1),B(1),C(1),T7(1),R(1) 
DIMENSION BETA(201) ,$(201) 
REAL*8 M(201) 
BETA(1) = B(1) 
S(1) = R(1) 
DO I = 2,II 
M(I) = A(1I)/BETA(I-1) 
BETA(I) = B(I)-M(I)*C(I-1) 
S(1) = R(I)-M(1)*S(I-1) 


ENDDO 
T(II) = S(II)/BETA(II) 
DO I = II-1,1,-1 
T(I) = (S(I)-C(1)*T(1+1)) /BETA(T) 
ENDDO 
RETURN 
END 





Si = Ti — MiSi—1 (4.4.20) 


Table 4.1 gives the FORTRAN listing of the Thomas algorithm. 


Example 4.3. Repeat Example 4.1 using the Crank-Nicolson method. Compare your 
results with these obtained with the explicit method. 


Solution. 


A listing of the computer program using the Crank-Nicolson method is given in Appendix 
A, Chapter 4, Example E4.3. The results are presented in Tables E4.7 and E4.8. Although 
this method is valid for all finite values of r, a large value will yield an inaccurate approx- 
imation for ðu/ðt. 

The results in Table E4.7 are obtained for Ax = 0.10 and At = 1/100. The solutions 
are also compared with the analytical solutions. As can be seen, the numerical solution is 
clearly a good one. 

Table E4.8 shows the solutions at various values of x. A glance at Table E4.4 shows 
that in this example the accuracy of this implicit method over the time-range taken is 
about the same as for the explicit method which uses ten times as many time steps. 
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Table E4.7. Comparison of FDS and AS at z = 0.5 


t FDS AS Diff %Error 
.000 1.0000 -9904 .0096 .0097 
.010 . 7692 -7743 -.0051 -.0066 
.020 -6929 . 6808 .0121 -0178 
.030 .6175 .6091 .0083 .0137 
.040 - 5596 . 5488 .0109 .0198 
-050 -5078 -4959 -0119 -0240 
.060 -4621 - 4488 .0133 .0296 
.070 -4207 . 4064 .0143 .0351 
.080 . 3832 . 3681 0151 -0409 
.090 3491 . 3335 .0156 .0468 


. 100 .3181 . 3021 -0159 -0527 


Table E4.8. FDS at several z-locations for r = 1 
t x=0.1 x=0.2 x=0.3 x=0.4 x=0.5 x=0.6 


. 0000 . 200 - 400 . 600 .800 1.000 .800 
.0100 .213 399 . 584 738 -769 .738 
.0200 .210 . 388 .543 .647 .693 647 
-0300 .200 .362 .496 -587 -617 . 587 
-0400 . 186 -334 -454 z932 .560 s932 
-0500 .171 . 306 -414 -484 . 508 . 484 
.0600 .156 . 280 3/77 440 -462 .440 
-0700 .143 +255 . 344 .401 .421 .401 
. 0800 . 130 .232 -313 .365 . 383 -365 
.0900 .119 YAVA . 286 333 349 333 


. 1000 . 108 .193 .260 . 303 .318 . 303 


4.4.3 An Implicit Method: Keller’s Box Method 


Keller’s method, often referred to as the box method has several very desir- 
able features that make it appropriate for the solution of all parabolic partial 
differential equations. The main features of this method are 


Only slightly more arithmetic to solve than the Crank-Nicolson method. 
Second-order accuracy with arbitrary (nonuniform) t and x spacings. 
Allows very rapid t variations. 

Allows easy programming of the solution of large numbers of coupled equa- 


ee a 


tions 


The solution of an equation by this method can be obtained by the following 
four steps: 


1. Reduce the equation or equations to a first-order system. 

Write difference equations using central differences. 

3. Linearize the resulting algebraic equations (if they are nonlinear), and write 
them in matrix-vector form. 

4. Solve the linear system by the block-tridiagonal-elimination method. 


~ 
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x o Unknown 
x,=6 x Known 
x. o“Centering”’ 

/ 

Xy 
Xj) Fig. 4.6. Finite-difference grid for the 
box method. Note that both h and k can 
Xo = t be nonuniform. Here t, 15 1/2(tn + 


In-1 fn- tn tn—1) and £ = 1/2(z; + zj-1). 


i 
2 


To solve Eq. (4.2.4) by this method, we first express it in terms of a system 
of two first-order equations by letting 


U e p (4.4.22a) 


and by writing Eq. (4.2.4) as 


Op, 10T 

dr + a Ot 
Here the primes denote differentiation with respect to x. The finite-difference 
form of the ordinary differential equation (4.4.22a) is written for the midpoint 
(tn, £j—1/2) Of the segment Pı P shown in Fig. 4.6, and the finite-difference 
form of the partial differential equation (4.4.22b) is written for the midpoint 
(tn—1/2)2j-1/2) of the rectangle Pı P2P3P4. This gives 


(4.4.22b) 


T? — T? 1 DEP si 


= m 1 
E S fe + part aA 1/2 ~ Tj-1y2 (4.4.23b) 
2 hj hj a kn i 
Rearranging both expressions we can write them in the form 
h , 
T? — Tj — 3 (Pi + p71) = 0, (4.4.24a) 
(s1);p7 + (s2)yp%_1 + (s3)(TP + TF1) = RPTL.  (4.4.24b) 
Here 
(si); =a (sa); = —l, (53); = SAR (4.4.25a) 
1 
Re Tih = —2\jT wep pe : -p (4.4.25b) 
1 hj 
4.4.25 
F a kn ( c) 
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Equations (4.4.24) are imposed for 7 = 1,2,..., J —1. At j =0 and J, we 
have 
Tylos (Lp eres (4.4.26) 
respectively. 
Since Eqs. (4.4.23) are linear, as are the corresponding boundary conditions 
(b.c.) given by Eq. (4.4.26), the system may be written in matrix-vector form 
as shown below. 


tos P0 T; Pj T; a 
EN rss NEET ~ 
Eq. (4.4.24a) =| = . 1 
Si tates ey tay Gay Way Dt paseo : salina 
= ee a 
0 0 1 it 1 a 


i ee ee ee | 
. 


b.c. = 0 0 27 0 


ee 


mw 
Po (r2)o 
x ee i ona (4.4.27) 
Pj (r2); 
GO) [eb 
Pj (r2)J 
Here 
(rilo= Tw, (rıi)j = TG, Leja, 
(r2); =0, Ogos (r2)J = Te. (4.4.28) 
The system of equations given by Eq. (4.4.27) can be rewritten as 
A =r, (4.4.29) 
where 
Ao Co ĝo ro 
Bı Ay Cy ô rı 
A= ae C} . = 6,1 cS aah 


Bye AJia : : 
By Ay 67 ry 
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j= fee rj = bee | (4.4.31a) 


Pj (r2)j 


and A;, B;, C; are 2 x 2 matrices defined as follows 


1 0 (s3); ($1); 
Ao= acije AVS] | Agi y> 1S7SI-1 
2 2 
5 S S § 
Aes (s3)y7 (s1)J . (s3); (s2)j gjej 
1 0 Q 0 
0 0 
Cj= | hj |, OSjSJ=1 (4.4.31b) 
2 


Note that, as in the Crank—Nicolson method, the implicit nature of the 
method has again generated a tridiagonal matrix, but the entries are 2 x 2 
blocks rather than scalars. 

The solution of Eq. (4.4.29) by the block-elimination method consists of two 
sweeps. In the forward sweep we compute T}, Aj, and w; from the recursion 
formulas given by 


Ay = Ao, (4.4.32a) 
r;A;-1 = B;, TEE (4.4.32b) 
Aj = A; -TjCGja, T (4.4.32c) 
Wo = To, (4.4.33a) 
wi = r; =T;Wwi Lege. (4.4.33b) 


Here 1’; has the same structure as Bj, that is, 


(y11)5 | 


T= 
0 0 





and although the second row of A,;, has the same structure as the second row 


of Aj, 
ny “hp, 
ea 
“4 ee 
2 


A; 


for generality we write it as 


Regs bine ae 


(a21); (a22)5 
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In the backward sweep, 6; is computed from the following recursion formulas: 


AJJ = wy, (4.4.34a) 
A;6; Wi C5541, 3 =a SL J — 2 ae: (4.4.34b) 


| 


Example 4.4. Repeat Example 4.1 using Keller’s box method. Compare your results with 
those obtained with the Crank—Nicolson method. 


Solution. The solution of Example 4.4 with Keller’s box method follows the procedure 
described in subsection 4.4.3. Essentially after generating the finite-difference grid, initial 
profiles at x = 0, we define (si); to (s3); in Eq. (4.4.25a) together with (rı); and (r2);. 
Then we use SOLV2 to solve the linear system. Note that in this case wall and edge 
temperatures are specified. 

A comparison of numerical results obtained with the Box method together with those 
obtained with the Crank—Nicolson method and the analytical method is given in Table 
E4.9. A listing of the computer program using SOLV2 is given in Appendix A, Example 
4.4. As can be seen, the predictions of the box method are in very good agreement with 
the other two. 


Table E4.9. Comparison of the box 
method results with CN and AS at z = 
0.30. At = 0.0100, Ax = 0.100 


t CN Box AS 
. 0000 . 600 . 6000 . 6004 
-0100 . 584 .5875 .5/799 
.0200 543 -5377 . 5334 
.0300 .496 . 4888 -4857 
.0400 ~454 -4426 .4411 
.0500 -414 -4006 . 4000 
. 0600 «377 . 3624 . 3626 
.0700 . 344 3277 . 3286 
. 0800 6313 .2965 -2977 
.0900 . 286 . 2680 . 2698 
. 1000 .260 .2426 -2444 


4.5 Finite-Difference Methods for Elliptic Equations 
To describe the numerical solution of elliptic equations by finite-difference meth- 


ods, consider the Poisson equation in the form 


u 8u 
Dae T aye F(z, y) (4.5.1) 


and its solution for a rectangular region (Fig. 4.7) defined by 0< z <a, 0< 
y <b, with uniform net spacings Ay and Ay and with 
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Toe, Wea HSN ed e (4.5.2a) 


HoH. Grea JA GS 2 eee (4.5.2b) 


subject to the boundary conditions specified at four sides of the rectangle 


i=(0,2+1) 0<j<J+1 (4.5.3a) 


j=(0,J+1) O<i<I+1 (4.5.3b) 





Fig. 4.7. Net points for Laplace difference equation. 


Replacing each second derivative in Eq. (4.5.1) by a centered second differ- 
ence quotient, Eq. (4.3.10), at (i,7) (Fig. 4.7), we get 


Ui+l, j — Ui j + Ui-1,j | Uijl — 2Ui j + Uijl 


sfa 4.5. 
(Ae t Ay) S ee 
or 
Ui, — On (Uigi,g + Uiii) ~ Oyi j+ + uij) = —8 fij = Fij (4.5.4b) 
Lasisi Taped Bi 
where 
52 _ _ (4r) (4y)" Bs (Ay)? _ (Aa)? 
2[(Ax)? + (Ay)?]? A lAr + A T A) + (Ay)?! 
(4.5.5) 


The linear equation, (4.5.4), yields a system of IJ algebraic equations with 
IJ unknowns. Its solution for the (J + 2)(.J +2) values of u requires 2(7+ J)+4 
values from the boundary conditions which can be obtained by using either 
direct or iterative methods discussed in subsections 4.5.1 and 4.5.2, respectively. 
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4.5.1 Direct Methods 


The linear equations given by Eq. (4.5.4) have a block tridiagonal structure and 
can be written in vector-matrix form given by Eq. (4.4.29). However, in this 
case, due to slightly different notation, we write Eq. (4.4.29) again, 


AU =F (4.5.6) 
Here A a denotes the coefficient matrix same as that defined in Eq. (4.4.30), 
but with different indices, 
Ay Cy 
B2 Ag C2 
A= B; Aj Cj (4.5.7) 
By-1 Aj-1 Cy-1 
By Ag 


and with A;, Bj and C; denoting /-dimensional matrices and I; denoting the 
identity matrix of order I 


1 —O, 
-ðs 1 —O, 
~0, 1 —O, 
A; = bo ge a (4.5.8a) 
-ðs 1 —O, 
-ôs 1 
B; = Cj = —OyI; (4.5.8b) 


In Eq. (4.5.6), U and F are 3-dimensional compound vectors (i.e., vectors 
whose components are /-dimensional vectors) and are defined by 


Uy U1, j fj 
Ug U2 j Eo 
ee ae F=| ` (4.5.9) 
l Uj al me 
Uj Ui j L; 
Uy Ul; Fy 


where 
Fy = f, + rw, + Gyuo 


By = ft Oswy + Oyu 
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U0, j 
Fij a | U1,0 U1 J+1 
Fo; U2,0 U2, J+1 
E = . » WS i » Y= ‘ » UJ+ = . (4.5.11) 
: R 
Fij | U0 u J+1 
UI+1,j 


In Eq. (4.5.11) f, comes from the right-hand side of Eq. (4.5.4b); once the 
function f(x,y) in the Poisson equation is given, f , is known. The column vector 
w; represents the boundary conditions at 1 = 0 andz = I + 1, and up and uj 44 
represent the boundary conditions at 7 = 0 and 7 = J + 1, respectively. Note 
that wij =O for2<71</J—1, wij = uoj, and wr j = urpi j- Of course, all of 
the u; ; which enter into Eq. (4.5.10) are known quantities determined from the 
boundary conditions. 

In some problems all of the boundary conditions may not be given in terms 
of u, but are given some in terms of its derivatives. In those cases, the structure 
of the A;, Bj, C; matrices in the coefficient matrix A can change. To illustrate, 
consider Problem 4.5 with the boundary conditions are of the form 


Oy B= Oy Pa dy ESO (4.5.12a) 
. Ou 
j = 9, a 0; j=J+1, u=0 (4.5.12b) 


The boundary conditions at 2 = 0 and 7 = 0 may be approximated to first order 
by the forward difference formula (4.3.9) by 


ug — uy = 0 (4.5.13) 
or to second order, requiring 
u(C) = ao + a1 + azg? 
to satisfy u(o) = ug, ul AÇ) = u1 and u(2ACc) = ug, and then setting du(0)/d¢ = 


a, = 0. This procedure yields 


4 1 
ug — gl F 3 v2 = 0 (4.5.14) 


The choice given by Eq. (4.5.14) allows the boundary conditions at i = 0 and 
7 = 0 to be written in the form 


4 Í 
~=0, uoj- zti + 3 23 = 0" Ao (4.5.15a) 
4 1 
3=0, Uo - 3 Uil F zui? = 0 L<isd (4.5.15b) 


For i = 1, Eq. (4.5.4b) becomes 
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uij ~ Baluz j + uos) — Oy(urj41 + U1y—1) = -O" fig = Fi, 


and, with Eq. (4.5.15a), it can be written as 


4 1 
uj ~ Ox(uaj + gurj — guzi) — Oya gti + uj) = Fig 


or as 


4 2 l 
(: — 39: U1 j— 3 Ox t2,j — Py (ta j+ +u) = Fij, 2<j<J-I1 (4.5.16a) 


For i = I, Eq. (4.5.4b) becomes 
Ur j — Og( urs + Urg) — Oy(ur jer + Urj—1) = Fr; 
and with the boundary condition at 7 = J + 1, that is, 
ur+i j = 0 (4.5.15c) 

Eq. (4.5.4b) at i = J can be written as 

lpg Ostia 70, (up gia PU ge Gg 2g = 1 (4.5.16b) 
For 7 = 1, Eq. (4.5.4b) becomes 

Ui) — Ox (Ui41,1 + Ui—1,1) — Oy (ui + uio) = Fia 


and, with Eq. (4.5.15b), can be written as 


A 1 
Uil — O2(Ui4i,1 + Ui-1,1) — Oy (ui2 + 3 vil — 3 Ui,2) = fji 


Or as 


3 
For j = J, Eq. (4.5.4b) becomes 


4 2 ' 
(1 — 50s) Ui,1 05 (Ui+1,1 +ui—1,1) — z Ôyti,2 = Fiu, 2<1<l-l (4.5.16c) 


Ui, J T Ox (uiy, J F As) = Oy (Ui 741 T Ui J—1) = Fy J 
and with the boundary condition at 7 = J + 1, that is, 
ui J41 = 0 (4.5.15d) 
Eq. (4.5.4b) at j = J can be written as 
UE TSO Ua po) = u ui) Se 2 Sd (4.5.16d) 
At i = j = 1, Eq. (4.5.4b), with the relations given by Eqs. (4.5.15a,b), becomes 


4 4 2 2 
(1 — zz — 50) u1i— zru, — z yu, =Fii (4.5.17a) 
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At i = 1, j = J, Eq. (4.5.4b), with the relations given by Eqs. (4.5.15a,d) be- 
comes 


4 2 
(1 — D uy j= g x2, J =Oy0 74 = gy (4.5.17b) 


At i = I, j = 1, Eq. (4.5.4b), with the relations given by Eqs. (4.5.15b,c) be- 
comes 


4 2 
(: = 50y) uri- Ge UI—1,1 on 3 Py Ul,2 = Frj (4.5.17c) 


At i = I, j = J, Eq. (4.5.4b), with the relations given by Eqs. (4.5.15c,d) be- 
comes 

ur J ~ 82u7-1,7 — Oyury—1 = FIJ (4.5.17d) 
The matrices A;, B; and C} in the coefficient matrix A become 
at — 36. 








Ay = (4.5.18a) 
—O, a3 —Oy 
a3 —26y | 
—6, 1 —-@, 
Aj = ee 2<j<J-1 (4.5.18b) 
—6, 1 —-6@, 
a3 — 56, 
—6, 1 —~6, 
A; = Swe. 2 (4.5.18c) 
—0; 1 —-6, 
—0, 1 
B; = —6yly ET, (4.5.18d) 
Cy = —$6yI; (4.5.18e) 
Cj = —OyI; ae a (4.5.18f) 
where 
: 4 4 : 4 , 4 
Uj = l1 — 30s = zy» ay = l— 3 Oy a3 = = 3 fn (4.5.19) 
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Whether the boundary conditions are given in terms of u or its derivatives, 
the solution of Eq. (4.5.6) can be obtained by the block-elimination method 
as discussed in subsection 4.4.3 or Gauss’ elimination method discussed below. 
Since the coefficient matrix A has large blocks of zero elements, it is more ef- 
ficient to solve Eq. (4.5.6) with the block-elimination method than with the 
Gaussian elimination method. As we shall see shortly, however, it is still neces- 
sary to make partial use of the Gaussian elimination in the block elimination 
for the solution of elliptic equations. 

The block elimination method for this problem is identical to the one dis- 
cussed before except for the difference of the indices in the coefficient matrix, 
Eq. (4.4.30). So for convenience the two steps in this method are repeated below. 

In the first step of the forward sweep, I’; and A; are computed from 


A = Ai (4.5.20a) 
DjA; = Bj ees (4.5.20b) 
A, = A; = C54 J = 2. 3, PER A (4.5.20c) 


In the second part of the forward sweep, the w; are computed from 


w =F; (4.5.21a) 


In the backward sweep, the u; are computed from 


Ajuy=wy (4.5.22a) 


In the application of the block elimination method to solve the Laplace 
difference equations, the A; matrix in Eqs. (4.5.20b) and (4.5.22) is a full matrix 
of order J and is not a tridiagonal matrix except for J = 1. Thus, the inversion 
of A; is not a trivial task. On the other hand, in the application of this method 
to solve the difference equations for boundary layers (Chapter 7), the order of 
A; matrix is generally small. For this reason, the inversion of the A; matrix is 
relatively simple. 

To solve Eqs. (4.5.20b) and (4.5.22), we use the Gaussian elimination method 
and write both equations in the form 


Ág =b (4.5.23) 


Here A = [a;;] is a square matrix of order n, that is, 
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Q11 Q12 ` Qlj ** Gin 
Q21 022 ° * °° Gn 

A= (4.5.24) 
Qil Qi2 ` Qij `` Qin 


Anl n2 ` ünj `` Ann 


and x = (£1,..., Zi... Zn) and b = (b1,..., bi... bn)! with T denoting the 
transpose. According to the Gaussian elimination method, the elements of x are 
given by 





1 = a) is 
ti = of) YO ak Va|, i= nl (4.5.25) 
is j=i+1 
where 
oo. k= 1,...,n— | 
=| ; 
(k)  _(k-1) Gik (k—1) g7=k+1,...,n 
Qij = 95 ki k GG = RH+,...,n 208) 
kk (0) 
Qij = Qij 
aED k S= Neen 1 
pO =oD — a +L yD (4.5.26b) 
akk b0 = b; 


Table 4.2 gives the FORTRAN listing based an the Gaussian elimination. Thus, 
the block-elimination method together with the Gaussian elimination method 


Table 4.2. FORTRAN Listing of Subroutine GAUSS 


SUBROUTINE GAUSS (N,M,A,B) 
DIMENSION A(100,100) ,B(100, 100) 
DO 100 K= 1,N-1 


400 B(I,K) B(I,K) - A(I,J)*B(J,K) 
300 = B(I,K) B(1I,K) /A(1,1) 


KP =K+1 
DO 100 I = KP,N 
R = A(1,K)/A(K,K) 
DO 200 J = KP,N 
200 A(I,J) = A(I,J) - R*A(K,J) 
DO 100 J= 1,M 
100 B{I,J} = B(I,J) - R*B(K,J) 
DO 300 K= 1,M 
B(N,K) = B(N,X)/A(N,N) 
DO 300 I = N-1,1,-1 
IP = J] +1] 
DO 400 J = IP,N 
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can be used to solve Eq. (4.5.6). A listing of a subroutine for this purpose is 
given in Table 4.3 for Aj, B; and C; matrices given by Eqs. (4.5.8a,b). 

To use the subroutine in ‘Table 4.3, the number of grid points in the x 
and y directions must be specified by J (=II) and J (=JJ), respectively, the 
coefficients 6; (= TX), 0y (= TY) in Eq. (4.5.4a), and the compound vector F 
(=F) on the right-hand side of Eq (4.5.6). The compound vector F is obtained 
from Eq (4.5.10) once the forcing function (f(z, y) in Eqs. (4.5.1)] is defined and 
the boundary conditions on the four sides of the rectangle are given. 


Example 4.5. Compute the temperature distribution in a square region of sides unity 
subject to the following boundary conditions 


T(z,0)=T(z,1)=0, T(0,y)=sinry and TOUy;y) =e" sinzy 


by solving the heat condition equation, 





Compare your solutions with the analytical solution at x = 0.2, 0.5 and 0.9. 
T(z y) Se" smay 


Take Ax = Ay = 1/10. 


Solution. Table E4.10 presents a comparison between the numerical and analytical results 
at x = 0.2, 0.5 and 0.9 as a function of y. Appendix A contains the computer program. 


Table E4.10. Comparison of FDS and AS 


x=0.2 x=0:5 x=0.9 

y FDS AS FDS AS FDS AS 

0.1 0.58693 0.57924 1.504 1.48652 5.23614 Ss 22301 
0.2 1.1164 1.10178 2.86078 2.62753 9.95973 9.93476 
0.3 1.53659 1.51647 3.93753 3.89176 13.70839 13.67403 
0.4 1.80637 1.78271 4.62884 4.57504 6.11517 16.07478 
0.5 1.89933 1.87446 4.86705 4.81048 16.9445 16.90203 
0.6 1.80637 1.78271 4.62884 4.57504 16.11517 16.07478 
0.7 1.53659 1.51647 3.93753 3.89176 13.70838 13.67403 
0.8 1.1164 1.10178 2.86078 2.82753 9.95972 9.93476 
0.9 0.58693 0.57924 1.504 1.48652 5.23614 5.22301 


4.5.2 Iterative Methods 


Iterative solutions which may be based on point or block iterations are more 
popular than the direct methods used to solve the Laplace difference equations. 
Again the large number of zero elements in the coefficient matrix A greatly 
reduces the computational effort required in each iteration. However, care must 
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Table 4.3. FORTRAN Listing of Subroutine POISSON 


SUBROUTINE POISSON(II,Jd,TX,TY,F,U) 
PARAMETER (NMAX = 100) 
DIMENSION A(NMAX,NMAX) ,B(NMAX,NMAX) ,C (NMAX , NMAX) , 
& D (NMAX , NMAX) , E (NMAX , NMAX) 
DIMENSION DELTA (NMAX , NMAX , NMAX) , DELTT (NMAX , NMAX) , BM (NMAX , NMAX) 
DIMENSION DM(NMAX,NMAX) , F(NMAX, NMAX) ,W(NMAX , NMAX) „UT (NMAX) , 
& U(NMAX , NMAX) 
$ ELEMENTS OF DIAGONAL VECTORS IN THE BLOCK MATRICES A,B AND C 
DO 5 I=1,II 
DO 5 J=1,JJ 
A(I,J) = -TX 
B(I,J) = 1. 
EI EA 
D(1,J) = -TY 
E{I,J} = -TY 
5 CONTINUE 
C ELEMENTS OF W-VECTOR, SEE EQ. (4.5.21a) 
DO 10 K=1,II 
W(K,1) = F(K,1) 
c ELEMENTS OF DELTA-MATRIX, SEE EQ. (4.5.20a) 
DO 10 L=1,I1 
DELTA(K,L,1) = 0. 
10 CONTINUE 
DELTA(1,1,1) = B(1,1) 
DO 20 K=2,I1 
DELTA(K,K,1) = B(K,1) 
DELTA(K,K-1,1) = A(K,1) 
DELTA(K-1,K,1) = C(K-1,1) 
20 CONTINUE 


C FORWARD SWEEP 
DO 30 J=2,JJ 
DO 40 K=1,II 
DO 40 L=1,II 
DELTT(K,L) = DELTA(L,K,J-1) 
BM(K, L} = 0. 
40 CONTINUE 
DO 50 K=1,II 
BM(K,K) = D(K,J) 
50 CONTINUE 
C SEE EQ. (4.4.20B) 
CALL GAUSS (II,II,DELTT,BM) 
DO 60 K=1,II 
DO 60 L=1,II 
DELTA(K,L,J) = 0. 
60 CONTINUE 
DELTA(1,1,J) = B(1,J) 
DO 70 K=2,I] 

DELTA(K,K,J) = B(K,J) 
DELTA(K,K-1,J) = A(K,J) 
DELTA(K-1,K,J) = C(K-1,0) 

70 CONTINUE 
DO 30 K=1,II 
W(K,J) = F(K,J) 
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DO 30 L=1,II 
C ELEMENTS OF DELTA MATRIX, SEE EQ. (4.4.20C) 
DELTA(K,L,J) = DELTA(K,L,J)-BM(L,K)*E(L,J-1) 
C ELEMENTS OF W-VECTOR, SEE EQ. (4.4.21B) 


W(K,J) = W(K,J) -BM(L,K) *W(L,J-1) 
30 CONTINUE 


C BACKWARD SWEEP 
DO 80 K=1,II 
UT(K) = W(K,JJ) 
DO 80 L=1,II 
DM(K,L) = DELTA(K,L,JJ) 
80 CONTINUE 
C SEE EQ. (4.4.22A) 
CALL GAUSS(II,1,DM,UT) 
C SEE EQ. (4.4.22B) ", " 
DO 90 J=JJ-1,1,-1 
DO 100 K=1,II 
U(K, J+1) = UT(K) 
UT(K) = W(K,J)-E(K,J)*U(K,J+1) 
DO 100 L=1, II 
DM(K,L) = DELTA(K,L,J) 
100 CONTINUE 
CALL GAUSS(II,1,DM,UT) 
90 CONTINUE 
DO 110 K=1,II 
U(K,1) = UT(K) 
110 CONTINUE 
RETURN 
END 


be taken to ensure that sufficient accuracy is obtained in a “reasonable” number 
of iterations. 
A useful point-iteration method is the Gauss-Seidel or successive iteration 
method; the Laplace difference equations are written as 
(v+1) _ (v+1) (v) (v+1) (v) -e 
Uig = On (uis + wes) + Oy (ur i us 41) — O fig 


(4.5.27) 
Vee), Toye 7 


In this scheme the evaluation of the new iterates is not completely arbitrary. 


(v+1) 
1 


First compute Uy and then, in order, the other elements on the coordi- 


nate lines with 7 = 1. Next, ut 1) is determined, etc. By slight changes in 


the scheme, the calculations could start at either of the other three corners of 
the rectangle (Fig. 4.7). However, all of these methods have the same rate of 
convergence. 

The rate of convergence for the Gauss-Seidel scheme is 


1 1 
Reg = 2671" (<3 + z) O(6*) (4.5.28) 
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The convergence rate of the Gauss-Seidel method may be improved by in- 
troducing an appropriate acceleration parameter. That is, set 


y+l 1 vV y+l y 


and then, at the point (xi, y;), take 
ut? = a") + wal 
= ul) da — ul?) (4.5.30) 


Here w is the acceleration parameter to be determined. Note that for w = 1 this 
scheme reduces to that in Eq. (4.5.27), i.e. to the ordinary Gauss-Seidel method. 
The order in which the components of the new iterates are to be computed is 
just as in the previous successive scheme. 

As discussed by Isaacson and Keller [3], the iterations in this scheme converge 
if the acceleration parameter w lies in the interval 0 < w < 2, and its optimal 
value, Wopt, is 


(4.5.31a) 


2 
Wopt = ——— = 
14 fl? 


where 7 = cost Ax for Ax = Ay and the rate of convergence is 


Rags = 26m/2(1/a? + 1/b?) + O(67) (4.5.31b) 


By comparing Eq. (4.5.31b) with (4.5.28), it is seen that the power of 6 in the 
rate of convergence for the optimal accelerated Gauss-Seidel (AGS) method is 
lower than the power of 6 appearing in the ordinary Gauss-Seidel method. For 
w > 1, the accelerated Gauss-Seidel is called successive over-relaxation (SOR) 
and for w < 1, the method is called under-relaxation. 

In the block iteration method, unlike the point iteration method in which 
the next iterate is determined at each grid point (see Fig. 4.8a) the iterations 
are performed at each column or row, as indicated in (b) and (c) of Fig. 4.8. 
In either choice (column or row), one must solve a tridiagonal matrix with the 
Thomas algorithm discussed in the previous subsection. To examine this in more 
detail, consider the choice of column iterations; in this case, at each value of 2, 
Eq. (4.5.4b), can be written as 


Oy (Ui j+1 + Uig—1) ~ tij = O° fij — Ox luitaj + uiaj) (4.5.32) 

and is solved for all values of 7 subject to the boundary conditions. Eq. (4.5.32) 
is of the form given by Eq. (4.5.13) with coefficients aj, bj, cj and r; given by 
aj = Gy, bj = —l, Cj = Oy 


(4.5.33) 
P= O" fig Osta E 1s) 


4.5 Finite-Difference Methods for Elliptic Equations 125 


ALL LA + known iterate 


(old value) 
ọ next iterate to 
ef E te See ee IRS be determined 
(new value) 
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Fig. 4.8. Finite-difference grid and some iterative methods for solving elliptic problems. 
(a) Point iteration, (b) block iteration by column, (c) block iteration by row. 


Another alternative to solving Eq. (4.5.4) is the alternating direction implicit 
(ADI) method, first introduced for time-dependent problems by Peaceman and 
Rachford [4]. There are several versions of this method, but in principle they 
all alternatively solve rows and columns implictly in a block-iteration scheme. 

To solve Eq. (4.5.1) with the ADI scheme, let 8 = Ax/Ay and write Eq. 
(4.5.4a) as 


= [ug—ag — Quy + tity] — O° [eage1 — Quay + te gar] = —(Aa)? fig (4.5.34) 
On “solving” for each bracketed term, this equation can be written identically 
as 

Tui- j + Zuig — Uit j + wUi,; 
= wui j + B (uij — 2uij + ui j1) — (Ax) fij (4.5.35a) 
and 
-B ui- +28 uij — B uiti j + wri, 
= Wij + (Ui-1j — tij + Uit, j) — (A2) fi (4.5.35b) 


where w is a relaxation parameter. The Peaceman-Rachford ADI iteration is 
then defined by the equations which have a tridiagonal structure, 


n+1/2 n+1/2  n+1/2 


iij + (w+ 2)u, i+1,j 


and 
Subd, + (w+ 26° -PTh 
+1/2 +1/2 +1/2 +1/2 
= wu, j Ba Cer — Qu; / pun ) — (Ax)? fij (4.5.36b) 


where the n-th iterative values u; ; are assumed to be calculated at all grid points 


from an arbitrary initial approximation us) and known boundary values. A new 
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Column j 
LLL, 
+ 0 + + known iterate (old value) 
+ © + x © next iterate to be determined 
++ eee Oe + (new value) 
Row i 0000000 0 o intermediate iterate 
++ eet ot + e known value at boundary 
à + © + 
WOT: 


Fig. 4.9. ADI iteration by column and row. 


iterate T is determined from a known iterate Uii . in two steps. In step 1, the 


ij 
intermediate iterate u; a /2 is determined from Ea, (4.5.36a) for all values of 7 


at column j, and in step 2 the new iterate Te is determined from Eq. (4.5.36b) 
for all values of j at row i, Fig. 4.9. The acceleration parameter w in Eqs. (4.5.36) 
is kept constant while sweeping the whole net in the two steps representing one 
iteration. It was shown by Isaacson and Keller [3] that this scheme converges 
for any choice of w > 0. The trick in the proper use of the ADI procedure is not 
to use a single acceleration parameter w as above, but rather to use a sequence 
of them, say w1,W2,...,Wm applied periodically (or cyclically). That is, the 
calculations in Eq. (4.5.36) are to be carried out m times (using each w; for a 
complete double sweep of the net) in order to compute u from u. Because 
the equations are solved alternatively by sets of rows and sets of inne. the 
method may be considered as a line method with alternating directions. 


Example 4.6. Repeat Example 4.5 with SOR and ADI methods. Compare your results 
with SOR and with those obtained with GS. Take h = Ax = Ay = 1/10. Use Eq. (4.5.31a) 
with w = 2/(1 + sin th) for SOR and w = 1 for ADI. Determine the max residual 


max |Au — Fg < € 
i,j 
for values of € = 107”, n = 1 to 6. Determine also the max error between the numerical 
and analytical solutions, that is 
max |urps — uas] 
ig 


Solution. 
Table E4.11 presents the solutions as a function of iterations for each method. 
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Table E4.11. Number of iterations, max residual and max error as a function of SOR, 


GS and ADI schemes. 


SOR Gauss-Seidel ADI 
Tolerance Iter MaxError MaxResidua] Iter MaxError MaxResidual Iter MaxError MaxResidual 
1.00E-07 36 6.68E-02 7.47E-08 154 6.68E-02 9.68E-08 19 6.68E-02 9.94E-08 
1.00E-06 31 6.68E-02 6.62E-07 131 6.68E-02 9.73E-07 17 6.68E-02 6.82E-07 
1.00E-05 27 6.68E-02 8.53E-06 108 6.67E-02 9.79E-06 15 6.68E-02 4.74E-06 
1.00£-04 23 6.68E-02 5.98E-05 85 6.55E-02 9.85E-05 12 6.68E-02 7.15E-05 
1.00E-03 20 6.63E-02 7.12E-04 62 5.31E-02 9.90E-04 10 6.71E-02 3.41E-04 
1.00E-02 17 6.40E-02 9.30E-03 39 1.44E-01 9.94E-03 7 7.02E-02 7.56E-03 
1.00E-01 11 3.98E-01 8.23E-02 17 1.66E+00 9.03E-02 5 9.32E-02 3.22E-02 


4.5.3 Multigrid Method 


In subsection 4.5.1, we have described Gauss-Seidel, SOR and ADI iterative 
methods for solving linear and nonlinear elliptic partial differential equations, 
PDEs, and discussed their convergence rates. ‘The multigrid method discussed 
by Brandt [5] can be directly applied to solve nonlinear PDEs. It has optimal 
convergence rate and works well for linear and nonlinear PDEs and for one, two, 
or three dimensions. 

In most iterative methods, the errors corresponding to high frequencies can 
be quickly reduced in several iterations. However, the reduction of the errors 
corresponding to low frequencies is slow* As a result, it is prudent to perform 
the calculations on a coarse grid (29, rather than on a given grid 2p, only, (Fig. 
4.10) so that most low frequencies in 2} become high frequencies in op. In 
this way, the error corresponding to low frequency can be quickly reduced on 
Nop. 

Before we present a brief description of the multigrid method, we discuss 
transfer operators between the fine and coarse grids. For simplicity, let us con- 
sider multilevel structural grids ər, 24h, Rgh, ..-.- Transferring a discrete func- 
tion u2” from the coarse grid 929), to the fine grid Rp is generally called inter- 
polation or prolongation and is denoted by ie 


h h „2h 


Many interpolation methods can be used for this purpose and the linear inter- 
polation method described below is the simplest of these methods and is quite 
efficient in most cases. 


* Problems 4-11 to 4-15 demonstrate the rate of error reductions for a simple equation 
with a simple method called the weighted Jacobi iteration method. 
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Y 
Qh 





X 
Fig. 4.10. Fine grid and coarse grid. 
h ate a AN 
423,25 T Mij 
h — 2h 2h 
U41, 2j = 5 Mig Fuig) 
(4.5.38) 


h ist, 2h 2h 
U2 2j+1 = 5 (Mig + Us 5441) 
h = 2h | „2h 2h 2h 
Uii, 2ja1 = gluing + Uiig + Uijl + Uiig) 


The inter-grid transfers from fine grid 92, to coarse grid ə, are generally 
called restriction operators and are denoted by i 


u?’ = Ihu (4.5.39) 
The simplest restriction operator called injection and defined by 
N 
u =ubo, 1545 < aot (4.5.40) 


allows the values on coarse grid to obtain their values directly from the corre- 
sponding fine grid points. 
An alternate restriction operator is called full weighting; it is defined by 


on ten h h h 
Uij = Tg Y2i-1.2j-1 F U94 1.9541 F U24121 T U2i41,2541 


h h h h 
+ 2(ug; 9-1 + Udi 2j+1 + U2i—1,2; + U2i4+1,25) 


N 
+4ugio,| 1<ig< aoa (4.5.41) 
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and has the important property 
h 2hy\T 
Dnr = cj") 


where c is constant. The above interpolation and restriction operators can be 
extended to general coarse and fine grids, including unstructured grids. 
The basic idea of the Multigrid method for 


AU’ = Fh (4.5.42) 
has the following steps. 


1. Relax nı times on AU’ = F” on Q, with initial guess U? 
2. Compute 
r? = I?P (F° — AU”) (4.5.43a) 


Solve 
Aou?” = r?” on Qon (4.5.43b) 


3. Correct fine grid approximation: 
E Liat (4.5.44) 
4. Relax ng times on AU” = F” on 2; with initial guess U” 


The step 2 for coarse grid can be carried out in several ways. Three popular 
procedures, called V-cycle, W-cycle and Fnll Multigrid (FMV), are shown in 
Figs. 4.11, 4.12 and 4.13. In the V-cycle, the calculations begin at A with the 
solutions obtained in step 1 carried out on a fine grid 2. In B the calculations 
are performed on the coarse grid ə, to determine the residual r?” so that u?” 
on §29, can be determined from Eq. (4.5.43b). This procedure in B is repeated 
for the same number iterations in step 1 at A. In C, the procedure in B is 
repeated on grid 24,. In D, on the coarsest grid, Eq. (4.5.43b) is solved with a 
direct method. 

In E, F and G, the corrections are made to the solutions obtained in D, 
according to Eq. (4.5.44), for example, in E, the correction is 


4h Ah Ah, 8h 
U = U + gpu 


2h 


4h 





8h Fig. 4.11. V-cycle on four level grids. 
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Once U*" is computed according to the above equation, then step 4 is carried 
out on Rap. Similarly in F and G the corrections are 


2h 2h 2h, 4h 


and 
Ut = UP 4 rh uh, 


Once a V-cycle is completed, the whole procedure, called the multigrid V- 
cycle method (MV) and designated as 


UMV OLF 


is repeated until convergence. An algorithm that performs the above tasks is 
given below. 


V-Cycle Method (MV) 
U — MV"(U", F) 


1. Relax nı times on AU” = F” on R, with initial guess U” 
2. If R, = coarsest grid, then go to 4. 
Else F?” = I?h(F* — A U’) 
U> =0 
U2} a= MV? (U? F?’) 
3. Correct U? = U” + DU” 
4. Relax ng times on AU” = F” on Rp with initial guess U” 


A second popular procedure, called the p-Cycle method (My), is shown 
below. 


pu-Cycle Method (Mu) 
U? ee Mu" (U", F”) 


Relax nı times on AU? = F” on R, with initial guess U? 
2. If (£2, = coarsest grid, then go to 4. 
Else F2? = 77?(F” — AU’) 
vu = 0 
U2? — My?) (U2h Beh), times. 
3. Correct U? = U} + I> 4 Ue 
4. Relax nə times on A,U* = F° on R, with initial guess U” 


The p-Cycle method becomes the V-Cycle method for u = 1. If p = 2, the 
-Cycle method is the W-Cycle method (see Fig. 4.12). In practice, only u = 1 
and u = 2 are used. 
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Fig. 4.12. W-cycle on four 
8h level grids. 


h 
2h 
4h 
Fig. 4.13. FMV-cycle on 
8h four level grids. 


Another popular procedure is the so-called full multigrid V-cycle (FMV) 
method described below. In this procedure, the calculations begin on the coars- 
est grid which provides a good initial guess by interpolation for the next fine 
grid. On this fine grid, the V-Cycle method is applied (see Fig. 4.13). 


Full multigrid V-cycle (FMV ) Method. 
U? — FMV"(U", F”) 


1. Initialize U", U?",...; FP, F2",... 
Solve or relax on coarsest grid 


U4 oe U4} a eG Gk 
uth je Mvercuyan F4’) 
Uh 5 y2}? if eu 
y2}? pane MVU, F?”) 
U’ — MV"(U", F?) 


On the finest grid, then use the following procedure 


1. If 2, = coarsest grid, then go to 3. 
Else F?* = I2} (F* — AU’) 
G0 
y2} jee FMV? (U?}, Fe) 
2. Correct U? = U" + Prus 
3. U — MV"(U, F?) no times 
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Example 4.7. Repeat Example 4.5 with the MV method by using two grids. Compare 
your results with SOR, GS, ADI and MV for a convergence criterion of 


max |Au — F| < £ = 107” 
2,2 


Assume that h = Az = Ay = 1/256. 


SOR Gauss-Seidel ADI MV 
h Iter MaxError Iter MaxError Iter MaxError Iter MaxError 
1/128 467 4.12E-4 16711 1.89E-4 498 4.12E-4 41 3.40E-4 
1/256 939 1.03E-4 57584 1.24E-3 1218 1.03E-4 41 5.Q7E-5 
1/512 1875 2.57E-5 193398 5.29E-3 2748 3 =2..65E-5 41 1.27E-4 


Note from these results that, unlike the other iterative methods, the conver- 
gence rate of the multigrid methods is independent of the mesh size (here 41 
cycles are used for all A). 
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Problems 


4-1. Show that the following forward and backward difference formulas have 
second order accuracy (see Section 4.3). 


Forward-difference: 


—3u,; + 4uiti — Ui42 Az? 0° u 


1 11, 9d*u 
(üzel = Aga (2ui = OUj+1 H Auj+2 = Uj+3) ag 4" agi (P4.1.2) 


Backward-difference: 


Su; — 4uj—-1 + Uj~2 Ax? Pu 


(uz): = 2z -3 or a 
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1 sl 


(Uae), = Ay PUE) (Qu; — 5ui—1 + 4uj—2 — Ui—3) — ár Ard (P4.1.4) 


-2. Show that Urzz at i can be approximated by the following forward, back- 
ward and central difference formulas. 


Forward difference: 


1 Az? O*u 
(tinge) = Ags (its = SUZ +9 F oUt = Us) = "9 Ort (P4.2.1) 
or 
1 
(Wiese): = 5 Ags (Suit t l4ui+3 — 24uj+2 Ss 18ug41 — 5ui) 
E oo u 
+5 Aro (P4.2.2) 


Backward difference: 


1 Ax 04u 
(Uzak = Ag (ui — 3uj_1 + 3uz_2 — ui—3) + > a1 (P4.2.3) 


OT 


1 
(ie) = zac" — 18u;-1 + 24uj;_2 — 14uj;-3 + Stig A) 


o° 
= As 2 E (P4.2.4) 
Central difference: 
1 1 fee 


Or 


1 
(aa = Zaps (uit + Bui — 138uj41 + 138uj_1 — 8uj—2 + ui—3) 


T A 48'u 


-+ 


4-3. Show that Urrez at i can be approximated by the following forward, back- 
ward and central difference formulas. 


Forward difference 


ðtu 
ðu 


1 
= Art (Uj44 Ss Auj+3 + 6u;+2 — uiti E ui) — LAL (P4.3.1) 
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Backward difference 
5 


dtu 
ou 


1 
Aya (ui — 4u;_1 + 6u;_2 — 4uj_-3 + uj_a) + 2Anas (P4.3.2) 


Central difference 


O*u 


1 Ar? Ou 


= Aga uit2 = 4ui+1 + 6u; — 4uj-1 + ui—2) Eg 9 rő (P4.3.3) 


4-4. Solve Eq. (4.2.4) subject to the following boundary and initial conditions: 
=O. 220: 2S. a0 
t=0. fF =]100sinazz;, Ose <1 


with the explicit method discussed in subsection 4.4.1 for values of t = 0.005, 
0.01, 0.02, 0.10, with a = 0.2, for three different spacings in t. 


1 9 1 


Compare your results with the analytical solution 
tM 8 100e7°"* sin wz 


at x = 0.3 and determine the percentage error in each case. Discuss the accuracy 
of the results, the behavior of the solutions and the importance of the ratio 
At/( Ax)? in each case. 


4-5. Repeat Problem 4.4 using the Crank—Nicolson method. Compare your 
results with those obtained with the explicit method. 


4-6. Repeat Problem 4.4 with Keller’s box method and compare your solutions 
with those obtained with the Crank—Nicolson method. 


4-7. Solve Eq. (4.2.4) subject to the following boundary and initial conditions: 


OT OT 

= —— = — T: = 1 —_ Z — T 
z=0, z mT; t=1, = T 
t=0, T =sinqr(z-— 1/4}, O0<zr<1ı 


using 
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(a) an explicit method and employing central differences for the boundary con- 
ditions. 

(b) an explicit method and employing forward differences for the boundary con- 
ditions at x = 0 

(c) the Crank—Nicolson method with central differences for the boundary con- 
ditions. 


Compare the numerical results obtained in each case with the analytical solution 
given by 
Lia = e~an t gin n(x — 1/4) 


Take a = 1, At = 0.0025 and Ax = 0.02. 


4-8. Repeat Problem 4.6 with Keller’s box method and compare your solutions 
with those obtained in Problem 4.6. 


4-9. Compute the temperatures at the grid points indicated by dots in Fig. P41 


by solving the heat conduction equation 
OV OT 
— + —~- = 0 
ðr? 8y? 


for a square region of side L with boundary conditions shown in the figure. Take 
Ax = dy = L/100. Use the direct method discussed in subsection 4.5.1. 





4-10. Repeat Problem 4.9 with the iterative methods (a) SOR, and (b) ADI 
methods discussed in subsection 4.5.2. 
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4-11. The high and low frequency errors can be identified by using the s-called 
modal analysis. To demonstrate this, consider the central difference approxima- 


tions to, 
— u" (x)= f(x) 0<2<1 (P4.11.1) 


subject to the boundary conditions 
u(0) = u(1)=0 (P4.11.2) 


(a) show that Eq. (P4.11.1) can be written as 


~ uji + 2u; — uig = Ar? fi 1<i<N-1 (P4.11.3) 
or in matrix vector form as 
Au=f (P4.11.4) 
Here the tridiagonal matrix A is defined by 
2 —l1 
—1 2 -1 
A=D-(L+U)= a ao (P4.11.5) 
—1 2 —1 
-1 2 


where D is the diagonal of A and —L and —U are the strictly lower and upper 
triangular parts of A, respectively. 
(b) Show that the eigenvalues of A are 


Ak(A) = 4sin? eT 1<k<N-1 (P4.11.6a) 


and that the corresponding eigenvectors are 


kr 


sin yy Wk,1 
w=] sin =| Wki Lobe NET, (P4.11.6b) 
bole NSN 
sin 4 Wk, N—1 


and that the relation between eigenvalues Az, and eigenvector wy is 
Aw, = ARWs (P4.11.6c) 


The parameter k denotes the wave number. The eigenvectors with wave numbers 
in the range 1 < k < N/2 are called low-frequency mode. The eigenvectors with 
N/2<k< N —1 are called high-frequency mode (See Fig. P4.2). 


Hint: Show that Eq. (P4.11.6) is equivalent to 
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Fig. P4.2. The eigenvectors wx, = sin(4#), 0 < i < N with wave numbers k = 1, 3, 6. 


— Wk i—1 + 2Wk i — Wki+1 = ÀkWk,i O<7i1<N (P4.11.7) 


4-12. There are several iterative methods that can be used to solve Eq. 


(P4.11.3). A simple one is the Jacobi iteration method, in which for an ini- 
(0) (n+1) 
tial guess u; 


uf? 


, new values of u; are obtained from the previous values of 


according to 


nae 5 (u ul?) + ul”) + Ag? fi) 1<i<N-1 (P4.12.1) 


An important modification to Eq. (P4.12.1) results by introducing a weighted 
factor w. First the intermediate values are calculated as in (P4.12.1) 


= 5 (u ul + ul, + Av? fi) 1<i<N-1 (P4.12.2a) 


and to obtain ut” that is, 
uht aa” pot =a) 1<i<N-1 (P4.12.2b) 


which generates an entire family of iterations called the weighted Jacobi iteration 
method. These iteration sweeps are continued until convergence. Note that for 
w = 1, the original Jacobi iteration is recoved 

(a) Show that the Jacobi iteration method can be expressed as 


Dut) = (L4+U)u” +¢£ (P4.12.3) 


or 


ul) = TD Aju” + Df (P4.12.4) 


where 7 denotes the identity matrix, 
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1 
ji 
I= , 
1 
1 
P ;, is called the Jacobi iteration matrix 
P,;=(I-D'A)=D71(L4+U) (P4.12.5) 


(b) Show that the weighted Jacobi iteration method can be written as 
ul) = [(1 —w)I -wP Ju + wD-!f (P4.12.6) 
and the weighted Jacobi iteration matrix is 
Po = [(1 —w)I -wP =I-wD'A (P4.12.7) 


4-13. The convergence rate of the weighted Jacobi iteration method can be 
determined from the eigenvalues A;,(P,,,) of Pu. Show that 


WP Si yA es ee ee P4.13.1 
(Pu) Js 2N 


and the corresponding eigenvectors are the same as those given by Eq. (P4.11.6b) 


and 
Pow, = àÀk(Pu)Wk (P4.13.2) 


4-14. The relation between the errors 
e = u — u™ (P4.14.1) 


in each iteration can be examined by 
(a) Show that 
u=(I-wD 'A)u+wD'f (P4.14.2) 


where u denotes the exact solution of Eq. (P4.11.4). 
(b) Show that 


e+) — I-wD1A)e™ = Pie™ (P4.14.3) 


4-15. The initial error, denoted by, 


0) 0) 


e0) —u—ul 


can be represented by the eigenvectors of matrix P,, in the form 


e0) — cl wh (P4.15.1) 
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(a) By using Eqs. (P4.12.4-5) and (P4.15.1), show that the error at the nth 
iteration can be expressed as 


N-1 N-1 pange 
bY) = Y 7 M(Pu)egwe= X i — Qw sin? (sx) ows, (P4.15.2) 
and thus high and low frequency errors can be identified. 
(b) Show that forO<w<1 
Pet 12 eS Ns 
(c) Show that the weighted Jacobi iteration method converges with the rate 


mT? Ax? 





A 
max |A;(P.,)| = à (Po) = 1 — 2wsin’ (=) ~1l—-—w (P4.15.3) 


1<k<N~1 


which implies that the eigenvalue associated with the lowest frequency A1 (Pu) 
will always be close to 1 for any value w. 
(d) Show that, by requiring 


Xn /2(Pw) = —An(P.), (P4.15.4) 


the optimal value of w = 2/3. This means that |A;(P.,)| < 1/3 for all high fre- 
quency wave numbers N/2<k< N-—1. 

Note w = 2/3 is independent of grid size Ax, and the errors corresponding to 
high frequency wave number are reduced much faster than those corresponding 
to low-frequency numbers. 


4-16. Develop a 4-level multigrid program to solve 


2sinntz O<axr<1 


—u' (x) =r 
subject to the boundary conditions 
u= ul) = 0, 


Also show that the convergence rate is independent of grid size. 


Numerical Methods for Model 
Hyperbolic Equations 


5.1 Introduction 


The model equation used to describe the finite-difference methods for hyperbolic 
equations is the linear convection equation, Eq. (4.2.5), written as 


ot + oom = 0 (5.1.1) 
with Ou/Ox as the flux term. This equation can also be regarded as the model 
equation for the one-dimensional vector form of the nonlinear Euler equations 
given by Eqs. (2.2.30) and (2.2.45) with Re — œ if c is taken to be a function 
of u. For example, for one-dimensional flow with the neglect of viscous forces, 
Eq. (2.2.30) can be written as 


OQ OE 























—=+—=0 5.1.2 
ðt Oa On! 
where 
Q qı 
Q = | ou) = | Q2 (5.1.3a) 
Ey q3 
Ou el 
E=| o? +p |=le (5.1.3b) 
(E: + p)u e3 
Equation (5.1.2) can also be written in the form 
OQ OQ 
= + A(Q)— = 1.4 
pee a 


with 
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= -Z (5.1.5a) 


The term A is called the Jacobian matrix of the flux vector Ẹ. For Q and E 
defined by Eqs. (5.1.3), A is given by 


e l 
Og. q2 093 
_ | 0eg Oeg Oe 
A= a. (5.1.5b) 
a ee 
Om O92 O93 
or (see Problem 5.5) 
0 1 0 
u? 
A= Cire (3 —y)u ae (5.1.5c) 
E yet 
ee eel 1)u? + — u 
(Y=) ; 3771) F 


for a perfect gas. 

In the solution of hyperbolic equations (as well as parabolic and elliptic 
equations) it is important to determine the direction and velocities of the prop- 
agation of information in the flowfield so that the numerical scheme is consistent 
with the physics of the flow. A general method for accomplishing this objective 
is to examine the eigenvalues of the Jacobian matrix. For the one-dimensional 
Euler equation given by Eq. (5.1.4), these can be obtained from 


|A — AI] = 0 (5.1.6) 


Here J is the identity matrix and A is, by definition, an eigenvalue of the matrix 
A. With A given by Eq. (5.1.5c), the determinant in Eq. (5.1.6) can be expressed 
as a cubic equation in terms of the unknown 4, 


—A{[(3 — 7) — Al(qu — A) — (y- DI-8(y — Du? + yEx/a]} 


2 (5.1.7) 
— {(7 - 3) (7u — A) - (7 — DI — Yu? — yuEr:/o]} = 0 

The three solutions for 4, with c denoting the speed of sound, 

2 

c= [1 -VE — E) = fyP/o]”? 

are given by 

Ay Su (5.1.8a) 

A2 =ute (5.1.8b) 


A3 = UuU-—C (5.1.8c) 
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Fig. 5.1. Characteristic lines for one-dimensional unsteady flow. 


These eigenvalues give the shapes of the characteristic lines in the x-t plane, as 
shown in Fig. 5.1. At a given point in the (x,t) plane, there are three charac- 
teristic lines with shapes 

dt 1l 1 1 1 1 1 


eee ae a an 5.1.9 
de M` uw AQ ute à usc ot) 








respectively. The eigenvalue A, indicates that information is propagated by a 
fluid element moving at velocity u; the eigenvalues Ag and A3 indicate that 
information is propagated to the right and left, respectively, along the x-axis 
at the local speed of sound relative to the moving fluid element. In Fig. 5.1, 
the curve with shape equal to 1/w is called a particle path and the curves with 
shapes 1/(u +c) and 1/(u —c) are right- and left-running Mach waves. 

The characteristic lines play a significant role in the development of numeri- 
cal methods since information concerning a flowfield travels along the character- 
istic curves (Section 2.6). Since the eigenvalues of the Jacobian matrix give the 
shapes of the characteristics and their values represent the velocity and direc- 
tion of propagation of information, the solution procedure should be consistent 
with the velocity and direction which information propagates throughout the 
flowfield. 

In flows where the flow variables are smooth and continuous, it is gener- 
ally satisfactory to use central-difference schemes to solve hyperbolic equations. 
When the flow variables are not smooth, for example, when there are discon- 
tinuities in the flowfield such as shocks, the central-difference schemes are not 
satisfactory; the solutions exhibit oscillations which may be considerable in the 
vicinity of the discontinuity and can lead to unacceptable results. Upwing differ- 
ence schemes are devised to overcome the shortcomings of the central schemes 
and, thus to obtain solutions of hyperbolic equations. 
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The characteristics of the system given by Eq. (5.1.4) can be determined 
from the procedure given in [1]. This requires that the eigenvalues of the Ja- 
cobian matrix A, Eq. (5.1.5), and given by Eq. (5.1.8) are determined with 
three solutions for A from the differential equations of the characteristics. The 
compatibility equations can then be obtained by writing Eq. (5.1.4) along the 
characteristics with the left eigenvectors, [L’] determined from 


[LTA — AI] =0 (5.1.10a) 
or « . . 
H l3 [A — AZ] =0; i= 1,2,3 (5.1.10b) 
If we let 
AVS Ey (5.1.11) 
and multiply Eq. (5.1.4) with X`}, we obtain 
0Q _ƏQ 
X“ |= + A-Ž | =0 ED 
E = =| ( ) 
and noting that 
XTA = AX! (5.1.13) 


where A represents the eigenvalues of the Jacobian matrix A, that is, 
Ay 
Ae AQ (5.1.14) 
X3 


we can also write Eq. (5.1.13) as 
X-'AX =A (5.1.15) 


Here X represents the right eigenvector matrix of A. 

Assuming that the Jacobian matrix A is diagonalizable with real eigenvalues, 
the compatibility equations can be obtained for the case where A is either 
constant or nonlinear. In the former case, the left eigenvectors of X~} are auto- 
matically constant and Eq. (5.1.12) becomes 





XTQ OX AXX Q 
— + — l = 1 
| Ai + Aa 0 (5.1.16a) 
or i i 
aXQ əx] 
a + A Ae | =) (5.1.16b) 


When A is nonlinear, we first determine a vector Q such that 
o 
0@ _x 


Z = 9.1.17 
50 (5.1.17) 
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and using the chain rule, we can write Eq. (5.1.4) 


02.00 , 2900 _ 


a a pn UM.) Bag oS e Q 
ðQ Ot OQ Ox 
or - g 
OQ oQ 
AER. p EE ell 
z + Jz 0 (521.18) 
Multiplying both sides of Eq. (5.1.18) with X~' and using Eq. (5.1.15), we 
obtain g _ 
IQ ,0Q 
— —=0 riel 
a Ox ote) 


which is similar to Eq. (5.1.1) with three uncoupled, independent equations. 


Example 5.1. Assuming that 


-|p O ipl 
ey ? + Aa H =0 (E5.1.1a) 
where 
=O p 
A= : i (E5.1.1b) 


find (a) the eigenvalues A;,2, (b) left eigenvectors L}? and (c) the right eigenvector matrix 
X of A 


Solution: 
(a) Find the eigenvalues 1,2 from Eq. (5.1.6), that is, 


|A—Al|/=0 (5.1.2) 


or 
 —2ur’-— B=0 


Solve the above equation to get 


Mie =ut/u+h (E5.1.3) 
(b) Calculate the left eigenvectors LY? with Eq. (5.1.10b), that is, 
W ÉJA — As] = 0 (E5.1.4a) 
From the definition of A and identity matrix J, Eq. (E5.1.4a) can be written as 


-AÑ +15 =0 


| (E5.1.4b) 
Bl, + (Qu — àil = 0 
and the above equations can be solved to provide 
a. ban (E5.1.5) 


(c) From Eq. (5.1.11) we can write 


146 5. Numerical Methods for Model Hyperbolic Equations 


T 
imera E A o |li ute 
swere fi api e iaa 
where 
c= yu? +B. 
The right eigenvector matrix X of A is 
X=(X)'= = = = i (E5.1.7) 
and 
X7AX =Az= ‘| = ~ ne (E5.1.8) 


In this chapter we address the numerical solution of the scalar equation 
(5.1.1) or the vector equation (5.1.4) with explicit methods in Sections 5.2 and 
5.3, implicit methods in Section 5.4 and upwind methods in Section 5.5. Finite 
volume methods are discussed in Section 5.6 and the convergence and stability 
of the finite-difference methods in Section 5.7. 


5.2 Explicit Methods: Two-Step Lax—Wendroff Method 


There are a number of explicit methods developed for hyperbolic equations and 
an excellent and detailed description of them is given by Hirsch [1]. Among 
these methods, the two-step Lax-Wendroff is the most important of them, due 
to its uniqueness for linear equations and its important role as the guideline for 
the development of many schemes to improve some of its deficiencies and its 
extension to nonlinear equations. 

The two-step Lax—Wendroff method is second-order accurate and consists 
of two steps. (A one-step method employs only data at t = t” to obtain an ap- 
proximation to u(x,t) at t = t”*!.) In step 1, the values of u(x, t) are computed 
at t = t+1/2. by discretizing the flux term by central differences at (x; +1/2)t”) 





and the time term by forward difference at (2j41/2, t?+1/2) that is, 


yrti/2 mise n e 
i+1/2 i+1/2 Uii — U; 
ae te tt =0 5.2.1 
At/2 Ar ( a) 
or 
+1/2 O 
Taney a E z (Vis ut; } (5.2.1b) 
where 


1 
uaa = zi + ugga) 
The parameter o is the Courant number, also called the CFL (Courant- 
Friedrichs-Lewy) number 


At 
=y 2.2 
o CT, (5.2.2) 


discussed in more detail in Section 5.7. 
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With the values of u known at n + 1/2 time steps for all 2 + 1/2 values, in 
step 2, Eq. (5.2.2) is then written as 


untl yn yr tl E yrti/2 


i U; i+1/2 i-1/2 = 
ae F a aa 0 (5.2.3a) 
so that “wer can be calculated from 
re 41/2 s/o 


subject to initial and boundary conditions. 

We shall postpone the discussion of initial and boundary conditions for the 
vector equation (5.1.4) to Chapter 7 and examine only the boundary conditions 
of the scalar equation (5.1.1) with the initial condition 


t=0.. was) (5.2.4) 


in the regiona < x < b. 

As discussed by Kreiss [2], for a well-posed problem one must specify an 
analytical boundary condition at the right boundary (x = b) if c is negative or 
at the left boundary (x = a) if c is positive. Hence, in addition to Eq. (5.1.1) 
and the initial data, Eq. (5.2.4), the analytical boundary conditions must be 
specified as either 

r=b, u=g(t) c<0 (5.2.5a) 


or 
=a; u= g(t) -c>0 (5.2.5b) 


If Ou/Ox in Eq. (5.1.1) is replaced by a central finite-difference approximation, 
Eq. (4.3.7), one needs a numerical boundary condition at x = b (called outflow 
boundary) if c > 0 or at x =a (called inflow boundary) if c < 0. Therefore, a 
procedure is needed to specify the numerical boundary condition. While there 
are several approaches for implementing the numerical boundary conditions, 
see Hirsch [1], approaches based on extrapolation techniques are popular due to 
their simplicity and are used in Example problems 5.2 and 5.3. 


Example 5.2. Use the two-step Lax—~Wendroff method to solve Eq. (5.1.1) subject to the 
following initial and boundary conditions 


a ae sin 272 O<zr<l 
al 0 1<x<d (E5.2.1) 


c= 0. =o 


at t = 4 for Ax = 0.01 and, At = 0.001, 0.01, and 0.02, c = 1. Compare your solution with 


= ti 2n(x — t) t<r<t+il (E5.2.2) 


0 otherwise 
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and determine the percentage error. Use second-order extrapolation on the numerical 


boundary condition 
UT = Qui_i = Ui 9 (E5.2.3) 


at z = 5. 


Solution: 


The computer program for this problem is given in Appendix A. Table E5.1 allows a 
comparison of the numerical and analytical solutions (Max Error) as a function of Courant 
number ø. As discussed in Section 5.7, Eq. (5.7.20), stability requires 0 < 1. 


Table E5.1. 
Az = 0.01 a¢=0.1 oS 1 F= 2 
Max Error (t = 4) 0.0995775 0.0002478 Divergence 


5.3 Explicit Methods: MacCormack Method 


The MacCormack method is a two-step predictor-corrector scheme that is a 
variation of the two-step Lax-Wendroff scheme and is identical to the one-step 
Lax—Wendroff scheme in the linear case. The MacCormack method removes the 
requirement of computing unknowns at the grid points 7 + 1/2 and i — 1/2, 
and because of this feature, it is very useful for solving the nonlinear unsteady 
Euler flow equations. Predictor values are defined at (t”*1,x;) by Ta (= ŭi) 
with a forward difference for the flux term, followed by a corrector step with a 
backward difference for the flux term. When applied to Eq. (5.1.1), this explicit 


predictor-corrector method becomes 


Ui = uy — o (uzp ~ uy) (5.3.1a) 
1 C, 7 
ue = 5 (ue Fu = 5 (ti = j=1) (9.3;1D) 


This method can be written more explicitly in a predictor-corrector sequence 
where the symmetry between the two steps is more apparent. 


Ui = uy — o (ui — uy) (5.3.2a) 
Uj = u; OUr Ui) (5.3.2b) 

Updating gives 
iS 5 (ts + uj) (5.3.2c) 


The above differencing can be reversed, and in some problems such as moving 
discontinuities it is advantageous to do so. In that case, write 


Predictor ü; = u; — olu; — u1) (5.3.3a) 
Tt 


Corrector Ui = U; — O(Ui41 — ty) (5.3.3b) 


? 


1 > 
Updating yor — zli + ui) (5.3.3c) 
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Example 5.3. Repeat Example 5.2 using the MacCormack method. 


Solution: 

Table E5.2. 

Ax = 0.01 og =0.1 T=) = 
Max Error (t = 4} 0.0995605 0.0000018 Divergence 


5.4 Implicit Methods 


The implicit methods for the hyperbolic flow equation also use central, second- 
order differences to discretize the spatial flux terms but use a separate time 
integration. Schemes with these properties have been applied by Briley and 
McDonald [3] and extensively developed by Beam and Warming [4] in conjunc- 
tion with implicit linear multistep time integration methods and by Jameson et 
al. [5] with the fourth-order multistage Runge-Kutta time integration scheme. 
Both of these approaches are discussed in some detail in Chapter 12; here in 
this introductory exposure, the discussion is restricted to the implicit linear 
multistep time integration approach. 

In the application of linear multistep methods (LMM) to Euler and Navier-— 
Stokes equations, it is seldom necessary to consider more than two-step methods 
with three time levels. As discussed by Hirsch [1], increasing the number of time 
intervals can put severe restrictions on the allowable space variables and mesh 
points. A general two-step method with three time levels applied to the one- 
dimensional scalar form of the time-dependent Euler equation, (5.1.2), is 











OL: ðE” pr! 
CV aa e a ~At|6—— + (1-0 +6) —— — 6 
z X s Ox Ox 

(5.4.1) 

For second-order accuracy in time, the parameters (£, 0, ¢) are related by 

1 
o = E — 0+ 9 (5.4.2a) 
and if, in addition, : 

E€ = 20 — Z (5.4.2b) 


the method is third-order accurate. Several well-known methods are special 
cases of the general two-step method given by Eq. (5.4.1): they are summarized 
in Table 5.1. For further details, see Hirsch [1]. 
A particular family of schemes, extensively applied, is those with ¢ = 0. 
Equation (5.4.1) then becomes 
GEYT OE” 


n+l n n=l _ _ = _ = 
(1+EQ T ~ (1+ 26€)Q” + EQ? = —At |0 T + (1-8) = (5.4.3) 
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Table 5.1. Partial list of one- and two-step methods according to Eq. (5.4.1). 


8 E o@ Scheme Accuracy in Time 
0 0 0 Euler explicit scheme O(At) 

5 0 0 One-step implicit trapezoidal scheme O(At°) 

1 0 0 Euler implicit scheme O(At) 

5 -3 4 Two-step implicit trapezoidal scheme O(At?) 

0. 25 0 Explicit leapfrog scheme O(At?) 


which can also be written as 





At ð At OE” £ a 
AO 2 = A 2 AQ” 5.4.4 
Q (1 +£) TA A (1+£) Ox E Q ee) 
where 
AQ” = QH- Q" (5.4.5a) 
AE” = Bvt! _ p” (5.4.5b) 


For € = 0, we obtain the two-level, one-step scheme, namely the generalized 
trapezoidal method discussed in subsection 4.4.2. 
o OE” 
AQ” = —At@—(AE") — At—= 
Q Jz 7 Or 
which reduces to the Crank—Nicolson method for 0 = 1/2. 
An essential aspect of the implicit methods is connected to the linearization 
process of the flux derivative 0E"*! /Ox, which is almost always carried out by 
using the linearization scheme first introduced by Briley and McDonald [3]: the 
fluxes at time level (n + 1) are obtained from 


E n 
Ent! = E” + At (Z) + O(At?) 





(5.4.6) 


at 
= E” + At 4s) + O(At?) 
= E” + (QH! — Q”) + O( At”) 
= E+ An AQ” + O(At?) (5.4.7a) 
or 


AE” = A" AQ” + O(At’) (5.4.7b) 


n [EN 


Substituting Eg. (5.4.7b) into the vector equation, Eq. (5.4.4), yields 


where 
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At O E _] At OE” 
I+ Wah ae A" AO = AG — = 5.4.9 
G+ de" |°" ~The hor 
where J is the identity matrix, 
1 0 0 
E E S E: (5.4.10) 
0 0 1 


This three-level Beam and Warming scheme, often called the A-form (delta- 
form), contains Or. Q” and Or For € = 0 and 6 = 1/2, it reduces to the 
one-step trapezoidal (Crank—Nicolson) scheme. 


AE ee ee 
i+ F5a"| AQ At 


OE” 
Ox 


With the application of central differences to the spatial derivatives (OA” /Ox) 
and (OE”"/Oz) in Eq. (5.4.11), this equation can be written in the tridiagonal 
form discussed in subsection 4.4.2 for the unsteady heat conduction equation, 
that is, 





(5.4.11) 


T a At y o 
AQ, + ~ (Ai AQ} — A;-1AQ" ,) = -3 Ag Pisi T Eiz) (5.4.12) 


When Eq. ra is linear, that is, A= c, then the above tridiagonal system 
has the form 


n 1 Tt 
AQ, + FoAQ? Zi 17^ = z (Et itl — Ee y) (5.4.13) 


The application of the one-step trapezoidal scheme to the vector equation 
(5.1.4) allows Eq. (5.4.11) to be generalized to the form 
At ð OR” 

I+ ——A”| AQ” = —At— 5.4.14 

2 OF | Q Ox l ) 

where A is the matrix given by Eq. (5.1.5c). With the application of central 

differences to the spatial derivatives, Eq. (5.4.14) can again be written in a 

tridiagonal form; the elements a;, b; and c; in the resulting equation, however, 

are no longer scalars but blocks, as discussed in Section 4.5. The solution of the 

vector equation with the Beam—Warming scheme for two-dimensional flows will 

be discussed in Section 12.4. 





Example 5.4. Solve the inviscid Burger’s equation, Eq. (4.2.8), subject to the initial and 
boundary conditions 

t=O). we;0) =7 0<r<1 

=U, 40.1) 0 
with the Beam—Warming method (one step trapezoidal scheme). Take Ax = 0.02 and 


At = 0.01 and perform the calculations for 200 time steps. Use backward differencing for 
the numerical boundary condition at x = 1. 


(E5.4.1) 
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Solution: 


First rewrite Burger’s equation (4.2.8) in vector form similar to Eq. (5.1.2), 


du, Ə/D _ 4 


= a (E5.4.2) 


and then substitute 

E=u'/2, A=u (E5.4.3) 
in Eq. (5.4.8). The finite difference approximation to this equation is given by Eq. (5.4.9) 
which is applicable for all 7 except at the outflow boundary, 7 = J, at which we represent 
a 


a with backward differencing and write 


At up Aur — ur- âu- 
Ax 2 
Figure E5.1 shows the solutions at t = 0, 0.5, 1, 1.5, 2. 


n At n n 
Au; + = A, (2 = Ey_1) (E5.4.4) 





Fig. E5.1. Solution of the inviscid Burger’s equation using the Beam—Warming method 
with initial and boundary conditions. 


5.5 Upwind Methods 


In the characteristics analysis of the nonlinear Euler equation, Eq. (5.1.2), Sec- 
tion 5.1, we have shown that the eigenvalues of this equation give the shape of 
the characteristics lines and indicate how information propagates along them. 
For example, /; indicates that information is propagated by a fluid element 
moving at velocity u; the eigenvalues lo and l3 indicate that information is prop- 
agated to the right and left, respectively, along the z-axis at the local speed of 
sound relative to the moving fluid element. 
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As we also discussed in the same section, the characteristic lines play an 
important role in the development of the numerical methods and, for conve- 
nience of explanation, we consider the linear convection equation, Eq. (5.1.1). 
In this case, information propagates along the characteristics curves specified by 
dt/dx = 1/c [see Eq. (5.1.9)} from either the right or the left side of the solution 
point depending on whether c < 0 or c > 0, respectively. The propagation of 
information of this type is referred to as upwind propagation since the informa- 
tion comes from the direction from which the convection velocity comes, that 
is, the upwind direction. Finite difference methods that account for the upwind 
influence are called upwind methods. 

To describe an upwind method for Eq. (5.1.1), we use a one-sided space 
differencing in the characteristic direction, and this results in, 





1 
y- aa a TA 
PESI. a E m= i 
where 
ct = max(c,0) = ae and c =min(c,0) = 5 — (5.5.2) 
For a uniform grid in space and time, Eq. (5.5.1) becomes 
At At 
1 z 
u = up — TF (ur =U Ay it =) (5.5.3) 


Note that if central differences are used for uz, in Eq. (5.1.1), the preferred 
pathes of information are ignored and the explicit scheme becomes unstable as 
will be discussed in Section 5.7. However, the explicit upwind method for Eq. 
(5.1.1) is stable provided 





At 
0 < oe sd (5.5.4) 
Equation (5.5.3) can be written as 
FE 
upt — uf = = (Vis T Uia) + (5.5.5) 


where r = At/Az and vy? is called numerical dissipation given by 


UP = z lel (uhh — 2uP + wha) (5.5.6) 

The extension of the above approach for the linear convection equation to 
nonlinear partial differential equations PDEs, large systems of PDEs and multi- 
dimensional problems can become rather complicated. The fluz-vector-splitting 
method of Steger and Warming [5] and the flux-difference-splitting method dis- 
cussed by Osher [6] and Roe [7| provide a systematic approach to identify the 
direction of information propagation of each spatial derivative, and allow the 
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solution of nonlinear equations and multi-dimensional problems with upwind 
methods. 

In the flux-vector-splitting method, we first determine the eigenvalues and 
eigenfunctions of the Jacobian matrix A, which, in the case of the nonlinear 
Euler equation, Eq. (5.1.2), is given by Eq. (5.1.5). This allows the system of 
equations to be expressed in one-dimensional form given by Eq. (5.1.19) which 
is similar to the convective equation, (5.1.1). 











Al u 
XT!AX = A2 =A u+ce (5.5.7) 
À3 u— ce 
where c is given in Section 5.1 and X is the product of M and N defined by 
1 Q Q 
1 0 0 J/2¢ 2c 
1 —] 
ia eM vee ee ee (5.5.8) 
u? i v2 2 
a Gu -—7Z Oc Qc 
2 y— 1 C = at 
V2 2 
The inverse of these two matrices are 
—] 
1 0 0 ee na 
—U 1 
os 2 0 1 1 
-1 _ -1_/9 — 
M QO N /2 V2 oc (5.5.9) 
2 
u — 
genr (hau ya fi ee, wee 
V2 V2ec 
Similar to Eq. (5.5.2), we next decompose Eq. (5.5.7) and write it as 
A* = ; Ag + |AQ| = 5(4+{A)) (5.5.10) 
A3 + jA3| 
Based on this decomposition, we express matrix A in two parts 
A=At+A™~, At=XAtX1, and A =XA X! (5.5.11) 


so that, similar to Eq. (5.5.2), we can identify AT and AT as corresponding to 
positive and negative characteristic directions. 

Assuming that £(Q) is a linear function of Q, Steger and Warming [5] define 
the flux-vector-splitting by 


Et=AtQ and E` = AQ (5:5.12) 


which satisfies the relations 
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E(Q) = AQ = E* 4+ E7 (5.5.13a) 
E= BPE =|AlQ (5.5.13b) 
O|E| 
30 ~ IA] (5.5.13c) 


In terms of the flux-vector-splitting, the upwind method for Eq. (5.1.2) can 
be written in a form similar to Eq. (5.5.1), that is 
Q mag a = BP aE a) aa kaye (5.5.14) 


a 


or with the relations given in Eq. (5.5.13), 
QT- QF = —5 (Bist = Ei)" +Y? (5.5.15) 
where %7 is the numerical dissipation given by 
p = 5 (Elis — 2|E |; + Ehka) (5.5.16) 


To show that Eq. (5.5.15) is first-order accurate in space and time, we apply 
Taylor series expansion to Eq. (5.5.13b) and obtain 











O| E|; 0Q; 
[Eli = (Eli + 7 a Az; + O(Azx*) 
which can also be written as 
El — Bk = AQ; + O(a”) 
or 
Fliga — (Ele = Ahr Qir — Qi) + O(Ar)(Qi41 — Qi) (5.5.17) 


In terms of Eq. (5.5.17), Eq. (5.5.15) can be written as 
5 
Oe -z (Bint =B 


+ S UlAles1/2(Qit1 — Qi) — |Ali-1/2(Qi — Qi-1)]” (5.5.18) 


In terms of the numerical flux £; 41/2 defined by 


Eiti = HIE) + E(Q:)] — |Alezi12(Qi+1 — Qi)} 
= (EQ) + E(Qi)] — (Agi ajo — 4i1/2)4Qi+1/2} (5-5-19) 
= 5 {IE (Qi) + EQ) - (ABR 2 — AE 12)} 


Equation (5.5.18) can be written in a compact form, 
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Al k 
n+l n n n 
QP -QF = -z (Erny — Eiaa) (5.5.20) 
where 
AQi+1/2 = Qi41 -Qi (5.5.21a) 
AN igs = A*(Qi41/2) AQi41/2 (5.5.21b) 
= iti + GQ 
Qiri = Sint te (5.5.21c) 


Thus, in an upwind method using the flux-vector-splitting method, the deriva- 
tive of the convective flux in Eq. (5.1.2) is approximated by 


~ 


OE | Eis1j2 — Ei-1/2 7 Eisij2 — Ei-12 


5.5.22) 
Ox Ti+1/2 — Li-1/2 Ax \ 
Equation (5.5.19) can be generalized and expressed in the form 

~ 1 

Fisij2 = 3 lE(Qiv1) + E(Qi)) — i4172}, (5.5.23) 


where $;41/2 denotes the dissipation term which can be of first-order, second- 
order or higher-order. A summary of dissipation terms of different orders are 
given below. 


Case 1. If there is no numerical dissipation, that is 


Pi+1/2 = 9, (5.5.24) 
Equation (5.5.22) becomes 


Of. Hie 
Ox 2Axr 


The corresponding numerical method 


At 
Qrtt _Qr= -zA Ei — E;_1) 
is unstable. 


Case 2. For a first-order accurate upwind method (described by Eq. (5.5.19)), 


AE. 


_ art 
Pi+1/2 = AE, i4+1/2 


First-order upwind methods introduce significant amounts of implicit numerical 
diffusion into the solution. Higher-order upwind methods give more accurate 
solutions. 


Case 3. For the third-order accurate upwind method, 
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1 
= + + ~ 
Pi41/2 = —3 (AEF 1/2 = AES, 1/2 T AE; 1/27 AE 3/2) (5.5.26) 


Case 4. For the fifth-order accurate upwind method 


l : + 
FAE sy IAE 31 t CAE a +38AE;_ 1) (5.5.27) 


The flux-difference-splitting method discussed by Osher [6] and Roe [7] is 
based on Godenov and Riemann solver as discussed in detail in [1]. Unfor- 
tunately this method is beyond the scope of this text, and only a very brief 
description is given below. 

If we use the exact formula for |F|;.; — |El; in Eq. (5.5.17) 


Qi+1 ig 
laa -|Ek= [ a aq=[°"'\AldQ, (5.5.28) 





Equation (5.5.15) can be written as 


T 


ahi E 5 Qi+1 Qi ği 
Q -Qi = -3E wi~ Ei) a | Aldo- | |A| dQ 
Qi Qi—ı 


t 





Then the numerical flux E; +1/2 becomes 


2 1 Qi+ı 
Pit1/2 = 5 firo + E(Q:)|- A |A| 1) (5.5.29) 


2 


5.6 Finite-Volume Methods 


While finite-difference methods are based on a discretization of the differential 
form of the conservation equations, the finite-volume methods are based on a 
discretization of the integral forms of the conservation equations. To examine the 
numerical solution of the conservation equations with this approach, consider 
the generic form of the conservation integral equation given by Eq. (2.2.24), 


that is, 
aJ) ir i dtd | Ozas (2.2.24) 


where, according to the usual sign convention for control volumes, Š is perpen- 
dicular to the control surface in a direction away from the control volume. 

In order to discretize this equation, as with the finite-difference methods, it 
is necessary to divide the physical space into a discrete network of cells. Two 
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Fig. 5.2. Two-dimensional finite-volume mesh systems. (a) Cell centered structured finite- 
volume mesh; (b) cell vertex structured finite-volume mesh; (c) cell centered unstructured 
finite-volume mesh; (d) cell vertex unstructured finite-volume mesh. 


kinds of meshes corresponding to structured and unstructured meshes, shown 
in Fig. 5.2, can be used for this purpose. The structured meshes refer to the 
type of meshes (Fig. 5.2a,b) where all mesh points lie on the intersection of 
two (or three) families of lines. The unstructured meshes are those formed by 
combinations of triangular (Fig. 5.2c,d) and quadrilateral cells (or tetrahedra 
and pyramids in three dimensions) and the mesh points cannot be identified with 
coordinate lines. ‘Therefore, they cannot be represented by a set of integers such 
as 1,7 but must be numbered individually in a certain order. For this reason, the 
use of unstructured meshes require more computer memory and computer time. 
While they are more suitable for complex geometries, the structured meshes are 
efficient to use for simpler geometries. 

The generation of structured meshes or grids will be considered in Chapter 9. 
This section considers the structured grid shown in Fig. 5.2a and describes the 
numerical solution of Eq. (2.2.24) with the finite-volume approach. The purpose 
of the indices 2,7 here is different from the purpose of indices used in the finite- 
difference methods. There they refer to a series of discrete grid points, while 
indices in Fig. 5.2a serve to identify specific cells and do not coincide with any 
fixed points in space. The points A, B, C and D, on the other hand, represent 
fixed points in space, specifying the location of the vertices of the cell denoted 


by (47): 
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The cells shown in a two-dimensional x,y-plane in Fig. 5.2a are planar 
quadrilaterals and should be visualized such that each cell has a unit depth 
perpendicular to the page; hence each cell has a finite volume equal to the area 
of the cell times the unit perpendicular distance. Thus for the cell identified by 
(i, j), the volume denoted by 92;; actually refers to the area of cell (4, 7). 

To elaborate on the discretization of the integral conservation equations in 
the form given by Eq. (2.2.24), consider the volume §2;; as the control volume 
and evaluate Eq. (2.2.24) over this control volume. The first term of Eq. (2.2.24) 
becomes 


ð 0 
T JJ U dQ = 5 (Vig is) (5.6.1a) 


The remaining terms of Eq. (2.1.24) can be written as 


[[#as- (FS) (5.6.1b) 


S sides 
/// Qu d9 = (Qu a5 Rij (5.6.1c) 
N 
I QsdS = ) (Qs)ijS (5.6.1d) 
S sides 


where the sum of the flux terms refers to all the external sides of the control 
volume §2;;. Inserting Eqs. (5.6.1) into Eq. (2.2.24), we obtain the discretized 
form of the conservation equation given by Eq. (2.2.24), that is, 


S (Uy) + J (E-S) = (Qu)ig ig + X (Qo)ysS (5.6.2) 


sides sides 


for each cell in the physical space. 

Consider the application of this equation in the absence of the source term 
Qy to the Euler equations expressed in a Cartesian coordinate system in the 
form given by the reduced form of Eq. (2.2.30), 


OQ OE OF 
OE oe oy (5.6.3) 


Here E and F represent the flux terms defined in Eq. (2.2.32a). To comply with 
the notation in Eq. (2.2.24) or (5.6.2), rewrite Eq. (5.6.3) as 


09 , OF: , OF: _ _ (28s 4 Ea) 
Ot Ox Oy Ox Oy 


by defining fy, Eo, Fy and Fo by 


(5.6.4) 
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ou QV 
2 
_ | eu __ | Quv 
Ey = ouv | pis ov? (5.6.5a) 
Eru Ew 
and 
0 0 
p 0 
Es = s Fə = 5.6.5b 
S 0 = 2 p ( ) 
pu pv 


Represent the components of the flux vectors E£} and F4 for one equation with 
e and f so that the flux vector F in Eq. (5.6.2) can be written as 


F=ei+fj (5.6.6) 


For simplicity, consider a rectangular cell-centered geometry shown in Fig. 
5.3, where k and A are the same for all cells but may not be equal to each 
other. A similar geometry can also be considered for cell-vertex mesh. Recalling 
that elemental surface area dS is normal to the surface and (by convention) is 
positive away from the surface and the unit vectors 7 and j are in the positive 
directions of x and y, write Eq. (5.6.2) for the control cell ABCD in Fig. 5.3 as 


`“ F. Š = eagh + feck — ecpk — fpak 


sides 


= (fac — fpa )k + (eas — ecp)h (5.6.7) 


The evaluation of flux components along the sides fgc, eag, depends on 
the location of the flow variables with respect to the mesh and on the selected 
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scheme, central scheme, or the upwind scheme discussed in Section 5.5. For 
a central cell-centered finite-volume method there are several choices for eval- 
uating the flux terms as discussed by Hirsch [1]. Consider here the choice of 
averaging the fluxes; for example, write eap as 


1 
€AB = 5 it Ls + eij) = €441/2,3 (5.6.8a) 
and fgc as 
fac = Slijt + fig) = Faaa (5.6.8b) 
Eq. (5.6.7) can then be written as 
> F- Š = (fij41/2 — fij-1/2)k + (Citta — ei—1/2,;)h (5.6.9) 
sides 


Apply Eq. (5.6.1d) to the z- and y-components of the momentum equa- 
tions since, for the continuity equation, Qs = 0. For the z-component of the 
momentum equation, write Eq. (5.6.1d) for the control volume cell ABCD as 


1 
X. QsS = —(pag — pcp)h = 5 Pi-Lj ~ Pi+1j)h (5.6.10a) 


sides 


and for the y-component 


1 
X QsS = -(pgc — poa)h = 5 Pij-1 — Pij+1)k (5.6.10b) 


sides 


Similarly for the energy equation, write 


> QS = —[(pu)aB — (pu)cp]h — [(pv)Bc — (pv) alk 


sides 


] 


1 
= 5 (pu)i-1,3 = (pu)sii lh + 5 tpe)ij-1 - (pv)i j+1]k(5.6.11) 


Inserting the expression given by Eq. (5.6.9) into Eq. (5.6.2) and noting that 
Ni; = kh, write the left-hand side of the generic form of the conservation integral 
equation (2.2.24) as 

OU;; 441/2,j T ©i-1/2,j m Fi,j+1/2 = fi,j—-1/2 


Ot k h 


or 
OU Crt ers o dig ii 

OE a = pe T o (5.6.12) 

Equation (5.6.2) with its right-hand side given by the expressions in Eq. 

(5.6.10) leads to second-order accurate space discretizations on Cartesian meshes. 

It should be noted that U;; does not represent the quantity at a specific grid 


point; it represents an average value of the quantity for cell (i, j). Similarly, 
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€i41,; denotes an average value of e for cell i+ 1,7, etc. Also Eq. (5.6.2) is 
treated as an equation for solving U;; as the unknown. 

Equation (5.6.2) can be applied to the continuity, momentum and energy 
equations. Since for the continuity equation, Qs = 0, Eq. (5.6.2) becomes 


Doi; , (eu)i+ij — (euii , (ov)ig+1 — (Qr)ig-1 _ (5.6.13) 


Ot 2k 2h 


since U = 90, e = ou and f = ov. Similarly the z-component of the momentum 
equation can be written as 





ae i (ou")i+1,; — (ou*)s-13 n (ouv)ij+1 — (0uv)ij-1 _ Pi-lj — Pi+1,j 
OES N 2k 2h 2k 
(5.6.14) 
and the energy equation as 
ð (Ehari — (ruhig iukaze 
—(F,),. Se SiN a Ss a a ae Se ee ea 
ai eu + 2k k 2h 
(pu)i—1,j (puliti . (pv)ig—-1 — (Pv) jti 
— + 3 3 4 ; a | 
aay, + —— oe (5.6.15) 


The solution of Eqs. (5.6.12) to (5.6.14) together with the y-component 
equation can be obtained conveniently with an explicit time-marching solution 
based, for example, on a standard Runge-Kutta numerical integration with 
respect to time. As in time-marching solution, the flowfield is assumed to be at 
time t”. In Eqs. (5.6.12) to (5.6.14), the right-hand sides are evaluated at t”, 
thus they are known. These equations are of the form 


(Ti i =C (5.6.16) 


with C denoting a constant which is different for each conservation equation. 
This equation represents a system of first-order ordinary differential equations in 
t that can be integrated conveniently with a fourth-order Runge-Kutta method 
described in Chapter 12 to calculate the values of U;; at the next time step, 
+l as shall be discussed in some detail in Chapter 12. 





Example 5.5. Use the finite volume method with (a) central and (b) upwind differencing 
to solve the one-dimensional steady convection and diffusion equation 


d o d a) 
g= gE) O<e<t (E5.5.1) 
(0) =1 AL)= 

where u = 2.5 and v = 0.1. Compare your results with the exact solution ¢(z) 


(L) — 6(0) exp(uL/v)-1 
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u 
ee e N 


— Q — 


Fig. E5.2. Grid for finite volume. 


Solution: 

(a) Central differences 

First integrate Eq. (E5.5.1) [see Eq. (2.1.24)] in the interval Q:, £i—1/2 < £ < Zi+1/2, for 
the grid shown in Fig. E5.2. 


d _ d „2% 
Applying central differences to the above equation yields, 
E) ( 4 
ud); — (ud);-1/2 = {v— — | v— E5.5.4 
(uira = dhiu = (VE) CE) a (15.5.4) 


and 


i+1 + Pi it Qi- i+1 — Di i — Di- 
win HEA ws — Ui-i ys eee f: ! = mp EË np e (E5.5.5) 


for 1 < i < N. For i = 1 and i = N, (E5.5.4) becomes 
Q2 t P1 $2 — 91 $ı — $(0) (E5.5.6) 








Ui+1/2 — u1—1/2$(0) = 41/2 Ar es Az/2 
and 
un+i/2P(L) — uni PN = nrp DAN — vni N (E5.5.7) 
respectively. 


Rearrange Eqs. (E5.5.6), (E5.5.5) and (E5.5.7) in the form 


u V 2V u V 2v 
( 1+1/2 i412 4 i 2) g + (1r 1+1/2 _ Ua) bn = (s+ Vy 22 ) 660 





2 Ar Ax 2 

(E5.5.8a) 

(5 = +31?) gi as (“He — Mini/2 4 VYiti/2 Vit 1/2 pa UR) oi 

2 i—1 2 Ar i 
wigi Pi4a/2 ne (E5.5.8b) 

+ ( 2 Fjara 

(<A = N-12) y- 1+(- HN 1/2 ea =/N 41/2 Hs weal) gy 

(E5.5.8c) 


= (-uvsiy2 F nett | (L) 


The above system has a tridiagonal form and is solved with the Thomas algorithm given 
in Table 4.1. 

Figure E5.3 compares the numerical and exact solutions for N = 10 and shows that 
the numerical solutions oscillate in the region 0.7 < x< 1. 
(b) Upwind method 
Unlike central differences, the upwind method represents the convective term with the 
values from upstream. Since u is positive, we can write 
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(ud)i4i/2 = Uiti/2%i, (Ub)s—1/2 = Ui-1/200-1 (E5.5.9) 


and Eq. (E5.5.4) is represented by 





Uit1/2Pi — Ui-1/2Pi-1 = mpi H Ai = vip An (E5.5.10) 
At nodes 1 and N, Eq. (E5.5.4) becomes 
U141/2P1 = u1—1/29(0) = 7141/2 oe ae nie (E5.5.11) 
and 
UN41/29N — UN-1/29N-1 = Oe eres as = vy 1p oes (E5.5.12) 


Express Eqs. (E5.5.10-12) in a tridiagonal form and solve 














Vi41/2 Vi—1/2 _ KIF _ Vizio 
(uss + Ar Az /2 ) Qı Ar Q2 = (uz + Az/2 ) p(0) (E5.5.13a) 








V3 - Vi Vi— Vi 
(-ui-1/2 = =£) ira (wits/2 F DE + ie oi Te biyi = 0 (E5.5.13b) 





(-uv-1/2 = a“) @n-1 + (usa az wea + min) Qn = NEN? AL) 
(E5.5.13c) 
The calculated results obtained with the Thomas algorithm are given below. Note that 
while the upwind method produces smooth solutions in the region 0.7 < x < 1, the solu- 
tions do not agree well with the exact solutions in that region. This is because the upwind 
scheme is first-order accurate. 


Central differences 


Exact solution 


Upwind method 





0 0.2 0.4 0.6 0.8 1 


x 


Fig. E5.3. Comparison of numerical and exact solutions. 
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5.7 Convergence and Stability 


If U denotes the exact solution of a partial-differential equation with indepen- 
dent variables x and t, and the exact solution of the difference equations is 
u, then the difference (U — u) is called the discretization error. Its magnitude 
at any grid point depends on the mesh widths and on the number of finite- 
differences in the truncated series used to approximate the derivatives. The 
finite-difference approximations are said to be converged when the discretiza- 
tion error approaches to zero as mesh widths At and Az both approach to 
zero. 

The round-off error refers to the difference between the exact solution of 
the difference equations, u and its approximating difference equation, N. It 
will be zero if in the solution of the finite-difference equations the calculations 
can be performed for an infinite number of decimal places. In practice this is 
not possible and the calculations are performed for a finite-number of decimal 
places, leading to round-off errors. In general, the solution of the finite-difference 
equations is stable when the cumulative effect at all the rounding errors is 
negligible. 

More specifically, if errors €? are introduced at the grid points (2,n), and 
each value of |e?"| is less than 6, then the difference equations are stable when the 
maximum value of the round-off error (u — N ) approaches zero as 6 approaches 
zero and does not increase exponentially with the number of columns or rows 
in the calculation. i.e., with 1 or n. The latter condition is necessary because in 
certain cases the errors may not decrease exponentially with z or n but persist 
as linear combinations of the initial errors. In many cases they are numerically 
tolerable provided their sum remains much smaller than u. 

The growth of errors in the computations can be examined by expressing the 
equations in matrix form and analyzing the eigenvalues of an associated matrix 
or by expressing them in a finite Fourier series. Here, due to its simplicity, the 
Fourier series method, which is also known as the von Neumann analysis, is 
discussed. For simplicity, the discussion is restricted to a single equation. The 
stability analysis for systems of equations can be found in several references, 
see for example, Hirsch [1]. 

To describe the stability analysis of a numerical scheme for a linear equation 
with the von Neumann analysis, consider the explicit approximation to the 
unsteady heat conduction equation, Eq. (4.4.3a). If T is the exact solution of 
the difference equation and T; the actual computed solution, then ef in 


TO =T +e (5.04) 


represents the error at time step n at grid point 2. Substituting Eq. (5.7.1) into 
the difference equation, Eq. (4.4.3a), 
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O = = = 
= (aay | fey — 277 + Ta) 


Q 
taa (Et 2E tei) (5-7.2) 


Since the exact solution T?” satisfies Eq. (4.4.3a), then the equation 


1 
Ca — e” (ery = 2E; F Er 4) (5.7.3) 


o q 

at (e) = Gap 

represents the errors €;’ and is identical to the basic scheme. Thus, the errors e? 

evolve over time in the same manner as the numerical solution 77”. If the errors 

€i decrease or stay the same, at some stage of the solution, the solution will be 

stable as the solution progresses from time step n to n + 1; on the other hand, 

if €;’s become larger (amplify) during the progression from n to n+ 1, then the 
solution is unstable. Thus, for a stable solution, 


n+l 





<1 (5.7.4) 








In the stability analysis of a linear equation by the Fourier series method, 
the error can be written in the form 


(i,t) = `“ ett eitmz (5.7.5) 
m=} 


where a is a constant and km is the wave number given by 


TA m= 1,2,3,... (5.7.6) 


with L corresponding to the length of the domain on which the equation is 
being solved. 

Since the difference equation under consideration is linear, and separate so- 
lutions are additive (method of superposition), it is necessary to consider only 
the propagation of the error due to one term of the series, 


Em(xz,t) = e%*el*m (5.7.7) 
Substituting Eq. (5.7.7) into Eq. (5.7.3), we obtain 


aAt 
(Ax) 


at ikmz 


eltt) oikmz — ete = 


[et etm (z+âr) _ Jer pikme 4. eit pikm (ean 


(5.7.8) 
If we divide by etem? and use the relation 


cos(kmAx) = = (emâ? 4 e~tkm Az) 


NO] rR 


then, Eq. (5.7.8) becomes 
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2aAt 
alt _ = 
e° = 1+ (Any? lcos(km Ax) — 1] (5.7.9) 


Recalling that 





9 (==) 1 — cos(km Az) 
sin 5 a —— 


Eq. (5.7.9) becomes 





Aa At wae 
aAt __ -2 m 
em =] (Ac? sin ( ) (5.7.10) 


From Eq. (5.7.4) re ae 
g e? e! mT At 
r © ay 





Combining Eqs. (5.7.4), (5.7.10) and (5.7.11), we obtain 


ee 1 — aye sin? (=) Sl (5.7.12) 


n+l 
ac 








Ae 
t 








the requirement to have a stable solution. The factor 


AaAt . ə (==) 
— ——— sin 


AsV ; (5.7.13) 








is called the amplification factor and will be denoted by G. In evaluating the 
inequality in Eq. (5.7.12), two possible cases must be considered. 











(1) If 
pth (82) 
then she E 
a sin? ( m z) > 0 (5.7.14) 


Since 4aAt/(Azx)? is always positive, the condition expressed by Eq. (5.7.14) 
is always satisfied. 

















(2) If 
pee He] 
tea 4aAt . > f(kmAx 
(An) sin ( 5 ) —-1<1 (5.7.19) 
For the above condition to hold, 
= z < (5.7.16) 
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This equation gives the stability requirement for the solution of the difference 
equation, Eq. (4.4.3a), by placing a constraint on the size of the time step 
relative to the size of the mesh spacing. 

The von Neumann or Fourier stability method can also be applied to examine 
the stability characteristics of hyperbolic equations. To illustrate this, consider 
the linear convection equation, (5.1.1), 


and replace the time derivative with a forward difference, Eq. (4.3.8), and the 
spatial derivative with a central difference. Eq. (4.3.7): this gives the simple 
Euler explicit scheme 

upth—uP wya un 


4 KÀ 
A Oo OAS 


which can be shown to be unstable by applying the von Neumann stability 
analysis (see Problem 5.7). If in the time derivative, the term u;’ in Eq. (4.7.17) 
is replaced by an average value between grid points (i + 1) and (i — 1), so that 
Eq. (5.7.17) becomes 


= 0 (5.7.17) 


n+l t n n n n 
u — 5 (uh, PU) i tit — “i 


At 2Ax 
the scheme becomes stable by [cAt/Az| <1. This differencing in the time 
derivative is called the Laz Method. 

To apply the von Neumann stability analysis to Eq. (5.7.18), again assume 
an error in the form given by Eq. (5.7.7) and substitute this form into the 
difference equation, (5.7.18); the amplification factor becomes 


= 0 (5.7.18) 


e%At = cos(kmAx) — io sin(kmAz) (5.7.19a) 


and in terms of phase angle @, it can be written as 
G = |G]? = 4/cos?(km Ax) + o? sin? (km Az) e'? (5.7.19b) 


= tan * [—o tan(kmAz)| 
The stability requirement le") < 1, when applied to Eq. (5.7.19) yields 


where 


At 
= c— <1 5.7.20 
ae a ( ) 
where ø = cAt/Az is called the Courant number. Eq. (5.7.20) is known as the 
Courant-Friedrichs-Lewy condition, generally referred to as the CFL condition. 
Figure 5.4 shows a polar plot of Eq. (5.7.19b) for several Courant numbers. 
For o = 1 all frequency components are propagated without attenuation in the 
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Fig. 5.4. Amplitude-phase plot for the amplification factor of the Lax scheme. 


grid. For ø < 1 the low and high frequency components are slightly affected, 
while the mid-range frequency signal content is severely attenuated. 

A physical interpretation of the relation given by Eq. (5.7.20) for hyperbolic 
equations is important. To show this significance, consider the second-order 
wave equation 


u O7u 
=m SAC a= 5.7.21 
a | Im ( ) 
and its characteristics 
x + ct = constant = & (5.7.22a) 
xz — ct = constant = coe (5.7.22b) 


A direct approximation of Eq. (5.7.21) can be obtained by using centered- 
difference quotients, as in Section 4.4. to replace derivatives. At point (2;,t;), 
Eq. (5.7.21) can be written as 


i A” 

Sa Cc 
Ax 

A glance at Eq. (5.7.23) indicates that the solution at any fixed net point, 

(2*,t*) depends only on the values of u at the net points in the triangle formed 


by the initial line and the two lines with slopes +At/Az, such as r+(Az/At)t = 
constant, which pass through (2*,¢*). This region, shown in Fig. 5.5, may be 


yA ae 
Ui j+1 = 2 Ui j F (T) (uig T üiz) — Ui j—1l (5.7.23) 
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Fig. 5.5. Net points and numerical domain of dependence for difference scheme, Eq. 
(5:723): 


called the numerical domain of dependence for the difference equations in Eq. 
(5.7.23). 

Clearly, the numerical domain of dependence will be greater than or equal 
to the domain of dependence of the wave equation for the same point (x*,t*) if 


At 1 
a 
Ar” C 
The term 1/c if referred to as the characteristic slope and At/Ax as the net 
slope. Therefore, if the characteristic slope is greater than or equal to the net 
slope, then the numerical domain of dependence includes the domain of depen- 
dence of the wave equation. The ratio of these slopes is 


net slope cAt 


A (5.7.24) 


II 
ii 


characteristic slope Az 


and thus the above condition becomes A < 1. Since c is the speed of propagation 
of a signal or wave for the wave equation, A is the ratio of the distance such 
that a signal travels in one time step to the length of a special step of the net. 
Thus, if such signals cannot move more than the distance Az in the time At, 
then the numerical domain contains the analytical domain of dependence. 


5.8 Numerical Dissipation and Dispersion: 
Artificial Viscosity 


In Chapters 11 and 12 the numerical methods for solving the Euler and Navier— 
Stokes equations will be discussed. The basis for this discussion will be the 
numerical methods described in Sections 5.1, 5.2, 5.3, 5.4 and 5.6 for model 
equations. Since the solutions of these equations are being obtained within an 
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accuracy determined by the truncation and round-off errors, it is useful to dis- 
cuss the numerical dissipation and dispersion errors these equations have. The 
numerical dissipation arises as a result of the even derivative term that appears 
in the truncation error and the numerical dispersion arises as a result of the odd 
derivative term that appears in the truncation error. The numerical solutions 
can be distorted by either (or both) of these errors. With the concept of artificial 
viscosity, however, the stability of the numerical solutions can be improved, as 
will be discussed in Chapters 10 and 12. 
Consider the one-dimensional wave equation given by Eq. (5.1.1), that is 


Ou Ou 

at “Oz 
Using a first-order forward difference in time and a first-order backward differ- 
ence in space, this equation can be written as 


=0 en (5-1.1) 


Ta =a ur —ur 
Be eaten tS M = () 5.8.1 
At ee Ax ( ) 


This is a first-order accurate method with truncation error of 0(At, Az). 
We use Taylor’s series expansion, see Eq. (4.3.1), and write 


du\” Pu) (At)? [Pu (Aty3 
n+1 _. n mi i= | 
u; u; + (Z ) At + 8), 5 + 7B 6 jee: (0.8.24) 
a P Ou \" 2u \ (Az)? 63u\" (Ar)? 
Substituting the above relations into Eq. (5.8.1) and rearranging, we get 
(mY (mY u) At [Puy (At)? (u) (Az) 
ma ela SS eee Sar ee 2 a eee ee 
Ot J; Ox /; ə j, 2 Ot? } $ Ou? 2 


BaN ene 
= 3) (Aa) (5.8.3) 























The left-hand side of this equation corresponds to Eq. (5.1.1) and the right- 
hand side is the truncation error associated with Eq. (5.8.1). The importance of 
terms in the truncation error can be better appreciated if we first differentiate 
Eq. (5.8.3) with respect to t; multiply Eq. (5.8.3) with c after differentiating 
with respect to x and subtracting the resulting equation from the equation 
differentiated with respect to t, we obtain 


8 u 8u Atl u Pu 
= =e ns = eG 

Ot 622 2 | 08 OROT 

Pu „20 u 

Oo or 


' olan) 





+ — 





a o(a) (5.8.4) 
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Here, for simplicity, we have dropped the subscript 7 and superscript n, with the 
understanding that all derivatives are being evaluated at point ¿į and at time n. 
Using a similar procedure, the following expressions can be obtained, 


3 
2 S oo = + O(At, Az) (5.8.5a) 
Pu Pu 
ape = OLE + O[At, Az) (5.8.5b) 
Ou Pu 
rae -e773 + O(At, Ax) (5.8.5c) 
Substituting Eqs. (5.8.5) into Eq. (5.8.4), we get 
o?u 0u At| ,0u 46u 
oe ae Fle aaa + ° Fei + O14 Ao) 
Ax Pu: Ou 
4 Sa reas aaa + O(At, a) (5.8.6) 





Substituting Eqs. (5.8.6) and (5.8.5a) into Eq. (5.8.3), and after rearranging, 
we obtain 








Ou Ou cAr u c(Ax)? 9 o?u 
rae (48)? (At) TADAN A (Ax)*| (5.8.7) 
where ø is the Courant number defined by Eq. (5.2.2), 
At 


The above equation known as the modified equation, is the partial-differential 
equation that is actually solved when a finite-difference method is applied to 
Eq. (5.1.1). It is important to note that when Eq. (5.8.1) is being used to obtain 
a numerical solution of Eq. (5.1.1), actually the difference equation is solving 
Eq. (5.8.7) rather than Eq. (5.1.1). 

The modified equation (5.8.7) can provide useful information on the behavior 
of the numerical solution of the difference equation. To discuss this point further, 
consider the viscous term in the one-dimensional incompressible Navier-Stokes 
equation. 

O _ A 07u 
re (Ozz) = 3h 572 
Here the coefficient of 07u/Ox? represents the dissipative aspect of the phys- 
ical viscosity on the flow. The term 07u/Ox? in Eq. (5.8.7) also acts as a 
dissipative term, much like the viscous terms in the Navier-Stokes equations. 
Unlike the viscous terms in the Navier-Stokes equations, however, this term is 


(5.8.9) 
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a b c 


Fig. 5.6. Effects of dissipation and dispersion. (a) Exact solution (b) numerical solution 
distorted primarily by dissipation errors (typical of first-order methods). (c) Numerical 
solution distorted primarily by dispersion errors (typical of second-order methods) [1]. 


of purely numerical origin and has no physical significance. ‘The appearance of 
this term in the numerical solution is called numerical dissipation. The coeffi- 
cient of 8?u/ðx?, namely, cAr/2(1 — o) and those like it, which act like the 
physical viscosity, are called the artificial viscosity. 

Numerical dispersion is another effect also observed in numerical schemes. 
It arises as a result of the odd derivative terms that appear in the truncation er- 
ror. It creates a numerical behavior different from that of numerical dissipation. 
Dispersion results in a distortion of the different phases of a wave which shows 
up as “wiggles” in front of and behind the wave. The combined effect of dissi- 
pation and dispersion is sometimes referred to as diffusion. Diffusion tends to 
spread-out sharp dividing lines which may appear in the computational domain. 
Figure 5.6 illustrates the effects of dissipation and dispersion on the computa- 
tion of a discontinuity taken from [1]. In general, if the lowest-order term in 
the truncation error contains an even derivative, the resulting solution will pre- 
dominately exhibit dissipative errors. On the other hand, if the leading term is 
an odd derivative, the resulting solution will predominately exhibit dispersive 
errors. 

In Chapters 10 and 12 we will discuss the incorporation of additional terms 
to the Euler and Navier-Stokes equations in order to reduce or eliminate the 
dissipation and dispersion errors and have stable numerical solutions. 
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Problems 


5-1. Solve Eq. (5.1.1) subject to the following boundary and initial conditions 
PO, w= 
+=0 _ jJsin2rzr O0<zr<i 
E 1<z<5 
by the two-step Lax-Wendroff method for Az = 0.1 at t = 4 for At = 0.01, 0.1 
and 0.2. Take c = 1. Compare your solutions with the analytical solution 
a size t) toes td 
= 0 otherwise 


and determine the percentage error. To implement the numerical boundary 
condition, use the first-order backward difference formula (4.3.5), uo — u1 = 0. 


5-2. Repeat Problem 5.1 using the Crank—Nicolson method. 


5-3. Solve the inviscid Burger’s equation, Eq. (4.2.8), subject to the boundary 


and initial conditions 
u(0,t) = 0, t>0 


Ue); =e... eel 


by the McCormack method. Take Ax = 0.02 and At = 0.01 and perform the 
calculations for 200 time steps. 


5-4. Repeat Problem 5.3 using the Beam—Warming method (trapezoidal scheme 
= 5 € = 0) and the Euler implicit scheme. Experiment with different CFL 
numbers. 


5-5. Show that for one-dimensional flow, the Jacobian matrix A of the flux 
vector & can be written in the form given by Eq. (5.1.5c). 


Hint: Eliminate p in Eq. (5.1.3b) with the expression given by Eq. (P2.16.1) for 
one-dimensional flow. 
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5-6. For two-dimensional inviscid flows, Eq. (2.2.30) can be written as 


OQ OE OF 
Se ee P5.6.1 
at’ Ox Oy nee) 
where Q, E and F are given by Eq. (2.2.32a). It can also be written in the form 
o o O 
2 + A F Ble = 0 (P5.6.2) 


Ot Ox Oy 
with the Jacobian matrices A and B of the flux vectors E and F defined by 


OE OF 
A= i = ——— P5.6. 
50 5Q (P5.6.3) 
Show that for a perfect gas, A and B can be written as 
0 1 0 0 
| ete (B-yu  (1-yv 7-1 
—Uv v u 0 
mae + (y — L)u(u? +v?) a + 5 (3u? +v?) (l—-y)uv yu 
(P5.6.4) 
0 0 1 0 
— uv v u 
B= 
Ižu + tw? (1 — y)u (3— yw y-1 
— 1 + (y— Lv(u? + 0?) (1— yun % + 497 (80? +u?) yw 
(P5.6.5) 


5-7. Apply the von Neumann stability analysis to show that the Euler explicit 
method, Eq. (5.7.17), is unstable. 


5-8. Show that the implicit method 


a a! yn 
ui u; JE Z (untl TS TEA — 0 
Ât 2 a+] į— İ — 


for Eq. (5.1.1) is unconditionally stable. 
5-9. Show that the explicit upwind method, Eq. (5.5.1) is stable 0 < ø < 1. 


5-10. Show that 
u(x,t) = f(x — ct) (P5.10.1) 


satisfies the linear convection Eq. (5.1.1) and the initial condition 


u(x, 0) = f(x) (P5.10.2) 
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5-11. Solve Eq. (5.1.1) subject to the initial and boundary conditions 


l 2«<10 
u(x, 0) = (P5.11.1) 
0 2x>10 
and 
uo p= (P5.11.2) 


by using the Lax—Wendroff method for At/Ax = 1.0, 0.6 and 0.3. Take c = 1, 
choose a 41 grid point mesh with Ax = 1 and compute up to t = 18. Compare 
your solutions with the exact solution (P5.10.1) graphically. 


5-12. Repeat Problem 5.11 with the MacCormack method. 

5-13. Repeat Problem 5.11 with the Beam-Warming method. 
5-14. Repeat Problem 5.11 with the upwind method Eq. (5.5.3). 
5-15. Repeat Problem 5.11 with the upwind method Eq. (5.5.26). 


5-16. Show that 
u(x,t) = exp(—k°vt) sinf[k(x — ct)| (P5.16.1) 


is a solution of the linearized Burger’s equation. 

Ut + CUr = VUrr (P5.16.2) 
for the initial condition 

u(z,0) =sin(kr) O<a2< 27 (P5.16.3) 

and the periodic boundary condition. 

u(0,t) = u(27z, t) (P5.16.4) 
5-17. Use the Lax—Wendroff method to solve Eq. (P5.16.2—4) with k = 2,c = 5 
for values of v = 107}, 1072, 1078 and 1074. Take At/Ax = 1.0 and At = 0.02. 
Compare your solution graphically with the exact solution. 
5-18. Repeat Problem 5.17 with the MacCormack method. 
5-19. Repeat Problem 5.17 with the Beam—Warming method. 


5-20. Repeat Problem 5.17 with the upwind method Eq. (5.5.3). 


5-21. Repeat Problem 5.17 with the upwind method Eq. (5.5.26). 
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5-22. Find the accuracy of the following approximations to uy, at i, 


a 3 +4 
—oui—1 Ui — Ui+1 
y= — P5.22.1 
(b) 
(uz); = Vii “i-l (P5.22.2) 
Arigi pi AT; 
(c) 
(uz)i+1 = ja a G a (P5.22.3) 
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Inviscid Flow Equations 
for Incompressible Flows 


6.1 Introduction 


In this chapter we address the solution of the inviscid flow equations for incom- 
pressible flows and postpone the discussion on compressible flows to Chapter 
10. For incompressible irrotational flows the Euler equations of subsection 2.4.1 
simplify further and, in terms of either velocity potential, ¢, or stream func- 
tion, w, they reduce to the Laplace equation in ¢ or w, as discussed in Section 
6.2. This equation can be solved by finite-difference methods discussed in Sec- 
tion 6.3. It can also be solved by superposition of flows, called panel methods, 
rather than finite-difference methods. In Section 6.4, a popular and useful panel 
method, developed by Hess and Smith, is described for two-dimensional flows. 
Section 6.5 presents and describes a computer program based on this method. 
Applications of the panel method to several problems are discussed in Section 
6.6. 


6.2 Laplace Equation and Its Fundamental Solutions 


For an incompressible irrotational flow, the inviscid flow equations of subsec- 
tion 2.4.1 can be expressed in forms usually more convenient for mathematical 
treatment. For example, in terms of the velocity potential œ, which for a two- 
dimensional flow is, 

_ Og _ Og 


= = — PA 
u= a, Y By (6.2.1) 
the continuity equation becomes Laplace’s equation in ¢, 
V7¢=0 (6.2.2) 


where the operator V? is defined by 
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g? a 
2 —— Á 
V Dx Sa py? (6.2.3) 
The use of the stream function W, 
Ow Ow 
Z Se 2.4 
u By v Da (6.2.4) 
allows the equation resulting from the irrotationality condition, 
ðu Ov 
— => 6.2.5 
Oy Oz ( ) 
to be written as Laplace’s equation in wy, 
Vy =0 (6.2.6) 


The assumption of an irrotational flow is a useful one in that it removes the 
nonlinearity in the momentum equations and allows them to be replaced by 
the Bernoulli equation (2.4.16), which provides an algebraic relation between 
velocity and pressure. For a two-dimensional flow, it is given by 


1 
p+ zeu + v?) = const. (6.2.7) 


Equations (6.2.2) and (6.2.6) apply to any incompressible irrotational flow 
and can be used to compute the velocity field about a given body. What dis- 
tinguishes one flow from another are the boundary conditions. For example, to 
predict the flowfield about a body at rest in an onset flow, Væ, moving in the 
increasing x-direction (an onset flow is the flow that would exist if the body 
is not present), it is necessary to impose the condition that the surface of the 
body is a streamline of the flow, that is, 


yw = constant or oe = 0) (6.2.8) 


at the surface on which n is the direction of the normal, and that far away from 
the body. The velocity components are 


_ 96 OY V, 9 
(© @) (6.2.9 ) 
_ 96 v 
0 (6.2.9b) 


since the onset flow is irrotational. 

The requirement of an irrotational flow and the conditions imposed by Eq. 
(6.2.9) are independent of the body shape. The relation given by Eq. (6.2.8), 
which does not allow any flow through the body surface, brings in the body 
shape about which a given circulation exists; in other words, the uniqueness of 
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the irrotational flow about a given body is established if the boundary conditions 
on the body and at infinity are satisfied and, in addition, if the magnitude of 
the circulation around the body is specified. Thus, the problem of determining 
the flowfield of an incompressible inviscid flow about a body is reduced to a 
purely mathematical one of finding a suitable solution of Laplace’s equation in 
either ¢ or w. 

The solution of the Laplace equation for the potential function, Eq. (6.2.2), 
or for the stream function, Eq. (6.2.6), subject to the boundary conditions that 
the resultant velocity is equal to the freestream value at points far from the 
surface and that the component of the velocity normal to the surface is zero, 
can be obtained by the finite-difference methods discussed in Section 4.5. In this 
case, for a given transformation, the Laplace equation in the physical plane can 
be written in the form shown in Problem 2.18. With the metrics determined 
from the transformation, the transformed Laplace equation can then be solved 
in the computational plane subject to its boundary conditions. In the following 
section we shall describe this choice to compute the external flow over a circular 
cylinder. 

A more efficient choice for external flows, however, is to use a panel method 
which takes account of the linearity of the Laplace equation and avoids the 
need to generate the grid in both physical and computational planes. The panel 
method is based on the superposition of flows: functions that individually satisfy 
the Laplace equation may be added together to describe the desired flowfield. 
A popular approach is to express the flowfield in terms of the velocity potential 
based on two or more elemental flows in the presence of an onset flow. The 
two elemental flows (sometimes called singularities) often used in this approach, 
referred to as the surface-singularity method, include a source, sink and a vortex. 
The first is the radially symmetric solution of the Laplace equation, and the 
second is its complement, the solution independent of radius. A source flows 
radially outward (see Fig. 6.1) such that the continuity equation is satisfied 
everywhere but at the singularity that exists at the source’s center. The potential 
function for a two-dimensional source centered at the origin is 


q 
= —Ilnr 6.2.10 
where r is the radial coordinate from the center of the source and q is the source 


strength. 

A sink is a negative source, that is, fluid flows into a sink along radial 
streamlines. The potential function for a sink centered at the origin is the same 
as Eq. (6.2.10) except for the minus sign (—) on the right-hand side. 

A potential vortex is defined as a singularity about which fluid flows along 
concentric streamlines (see Fig. 6.2). The potential function for a vortex centered 


at the origin is 
= —— 0 .2.11 
Qu 9 (6 ) 
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equipotential 
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Fig. 6.1. Equipotential lines and streamlines for a source flow. 


Equipotential 
lines 


Streamline 





Fig. 6.2. Equipotential and streamlines for a potential vortex flow. 


where I" is the strength of the vortex. The minus sign on the right-hand side of 
Eq. (6.2.11) represents a vortex with clockwise circulation. 

In Section 6.4 we shall use one form of this approach (due to Hess and Smith 
[1]), which is called a panel method, to solve the Laplace equation to describe 
the flowfield around an airfoil at an angle of attack a. 


6.3 Finite-Difference Method 


To illustrate the finite-difference solution of the Laplace equation for an external 
flow, consider the flow over a circular cylinder and, for convenience, use a polar 
coordinate system (r,0) rather than a Cartesian coordinate system (x,y). In 


6.3 Finite-Difference Method 183 


this case, the solution of the Laplace equation expressed in polar coordinates, 
Eq. (P2.19.2), which can be written as 


3p 106 18$ 
Br de Sees 3.1 
ðr? © Or r? 00 j Pa 
is well known, see for example, Anderson [2]. For a cylinder radius of rọ and 


freestream velocity of Vo. (Fig. 6.3) it is given by 


$ = Vær cos O + Vooré id 





(6.3.2) 


V; Vo 


R 


NS 
2 SMA 
Fig. 6.3. Flow over a circular cylinder. 


The total velocity V is composed of radial V, and circumferential Vg velocity 
components related to the velocity potential @ by 


_ Of _ 10¢ 
= ve op 


The solution in Eq. (6.3.2) obeys the boundary conditions at the body surface 
and at infinity, see Eqs. (6.2.8) and (6.2.9), which in our case can be written as 


oe 
Or 
r>o, @—Vorcosé (6.3.4b) 


(6.3.3) 


r= To, 


=0 (6.3.4a) 


Before we discuss the numerical solution of the Laplace equation expressed 
in polar coordinates, Eq. (6.3.1), it is useful to express this equation and its 
boundary conditions in dimensionless forms. For this purpose, define 

r 


r=—, o= % 


ro ro Voo 





(6.3.5) 
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and write Eqs. (6.3.1) and (6.3.4) as 
3 106 1 Od © 


por oe 
ae 
r= l ee Se oe 
at ae 


T= œ, @-Trcosé 


(6.3.6) 


(6.3.7a) 


(6.3.7b) 


Since the solution of an elliptic equation requires the specification of bound- 
ary conditions along the entire boundary of the domain, additional boundary 
conditions are needed other than those given by Eq. (6.3.7). Since the flow is 
symmetric about a horizontal line through the center of the circle, it is sufficient 


to compute the flow only in the upper half of the physical plane and set 


Op 
ag 7? 
Or - 
Od _ 
G7 0 


qo p a DO a 
-A a, 


-2° infinity a hs mca 
r ~ re - 
Væ we ‘SN, Ø =rcosé 
— he Pid ‘N 
y ai 
/ h 
/ = ` 
/ ag r N 
/ ` 
i d o @ l 






symmetric line 





symmetric line 


Fig. 6.4. Physical plane for flow over a circular cylinder. 


(6.3.8) 


The boundary condition in Eq. (6.3.7b) requires that the velocity be uniform 
at infinity. While this requirement presents no difficulties for the analytical 
solution in Eq. (6.3.2), it can cause problems for the numerical solutions since 
the numerical solution must be carried out in a finite computational plane. To 
partially resolve this dilemna, we introduce a transformation which transforms 


infinity into zero; we define a new independent variable n by 


Rl Re 


n = 


(6.3.9a) 
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Fig. 6.5. Computational plane for flow over a circular cylinder. 


and with 
f= (6.3.9b) 


perform numerical calculations in the computational plane (€,7) (Fig. 6.5). 
Here the upper boundary line, 7 = 1, represents the body surface and the lower 
boundary line, 7 = 0, represents the freestream at infinity. The left and right 
symmetry lines at €(= 0) =0 and € =7 become boundary conditions repre- 
sented by AB and DC, respectively. 

To express Eq. (6.3.6) and its boundary conditions given by Eqs. (6.3.7) and 
(6.3.8) in the computational plane, we use the transformation in Eq. (6.3.9) and 
write the Laplace equation as (see Problem 2.20) 


20°6 ð$ P 





F it n>, a Je = 0 (6.3.10) 
and its boundary conditions as 
a =0 along AD (6.3.11a) 
pa ~ done BC (6.3.11b) 
A = along AB and DC (6.3.11c) 


We now use the procedure in Section 4.5 to write the finite-difference ap- 
proximations to Eqs. (6.3.10) and (6.3.11). For convenience, we drop the tilde 
on $. Replacing each second derivative in Eq. (6.3.10) by Eq. (4.3.10) and the 
first derivative by Eq. (4.3.7), all at (i,j), we obtain 
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? 


n2 [ets = 2Qi j + iai] i 





Pi41,j — mot] 


(An)? 2An 
Pij+1 — 29i j + Mat] 
+ |__| = 0 6.3.12a 
| (Ag)? Ce 
or with 8 = AE/An 
aj ij + aodigi + a3¢i—1,5 + Gij41 + Pij- = 0 (6.3.12b) 


where 
ai = —2(n?87+1), a2 = n26? sm(AE)B a3 = ne? — ni A€) (6.3.13) 


The boundary conditions are 


t= 0, do,j = cos £j /no (6.3.14a) 

en ee (6.3.14b) 
ön 

Od _ 

j = 9, BE = 0 (6.3.14c) 

, Op 

= 1 — = .3.14 
j=J+1, n (6.3.14d) 


Using Eq. (6.3.14a), Eq. (6.3.12b) at i = 1 can be written as 


aidi j + azz; + o1,541 + 1,j-1 = —a3b0,; = —&3 cos E; /no (6.3.15a) 
Using Eq. (4.5.14) in Eq. (6.3.14b), Eq. (6.3.12b) at i = J can be written as 


(a: a 502) PI, j + (as = 502) o1-1j + Orj41+¢1j-1=9 — (6.3.15b) 
Using Eq. (4.5.14) in Eq. (6.3.14c), Eq. (6.3.12b) at 7 = 1 can be written as 
(a: + 3 Qi + a2¢i41,1 + &3Qi—1,1 + =i. =0 (6.3.15c) 
Using Eq. (4.5.14) in Eq. (6.3.14d), Eq. (6.3.12b) at 7 = J can be written as 
(or + =) iJ + a2bi4i + 036i-1,7 + bis-1 = 0 (6.3.15d) 
Using Eq. (4.5.6), with U now equal to @, U; = $; 


$ P1,; 
a (2,3 
Cae ls Qe bes (6.3.16a) 


7 ; PIJ 
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and with fi; =0 














By —Q3 P0, j 
Fə 0 
bs 
ee 7 ae 
F= pp E o (6.3.16b) 
E | 0 | 


the A;, B; and C; matrices of the coefficient matrix A in Eq. (4.5.7) are given 
by 





ay a2 
Q3 ar Q? 
a3 a; a2 
At = soe (6.3.17a) 
a3 a; a2 
a3 a3 
ay, Q? 
OZ 1 OD 
a3 Q1 a2 
A; = soe (6.3.17b) 
Q3 A, ag 
a3 a4 
| aï ag 
a3 Q] Q2 
| a3 aj ag 
ApS i oo (6.3.17c) 
| a3 ay Q2 
a3 a3 
B; = Cj =I 2<łj<J-l1 (6.3.17d) 
2 
Cı = By = gil (6.3.17e) 


where 


4 1 4 z 4 
aj = Qi + 3° a5 = a3 — 322 a3 = aj + 322 a4 =01 + 302 (6.3.18) 

Table 6.1 and Fig. 6.6 show the results obtained for a grid composed of 91 
points in the €-direction and 46 points in the 7-direction with no = 0.1. Several 
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Table 6.1. Numerical and analytical dimensionless velocity potential results 


E= € = 90° E = 178° 
7) Pain Pan Onan Oan Daum Ozn 
0.12 8.38 8.45 0.00 0.00 —8.38 ~8.45 
0.2 5.16 5.20 0.00 0.00 —5.16 —5.20 
0.3 3.61 3.63 0.00 0.00 —3.61 —3.63 
0.4 2.88 2.90 0.00 0.00 —2.88 —2.90 
0.5 2.48 2.50 0.00 0.00 —2.48 —~2.50 
0.6 2.25 2.26 0.00 0.00 —2.25 —2.26 
0.7 212 2.13 0.00 0.00 —2.12 —2.13 
0.8 2.04 2.05 0.00 0.00 —2.04 —2.05 
0.9 2.00 2.01 0.00 0.00 —2.00 —2.01 


0.98 1.99 2.00 0.00 0.00 —1.99 ~—2.00 


— V, (numerical) 
--- Cy, (numerical) 


k O Vz (analytical) 4 
— Ve A Cp (analytical) —C, 
3 Ad 3 

A 
a^ Ma 
aN 
2 Fio9gS0S8C Gg a4 2 
1 a? 46 A Sy 1 
F g ye. 
of as a So 
A 
1+ A AAi 1 
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Fig. 6.6. Comparison of numerical and analytical results for the circular cylinder. 


calculations for different values of 7 (i-e., 0.01, 0.05, 0.1) showed that in com- 
parison with the analytical results given by Eq. (6.3.2), best results are obtained 
for no = 0.1, which clearly showed the importance of 9 in the calculations. 

Table 6.1 shows a comparison between the computed and analytical values 
of the dimensionless velocity potential db as a function of 7 at € (= @) locations 
corresponding to 2°, 90° and 178°. The analytical values of ¢ follow from Eq. 
(6.3.2), which, in terms of dimensionless variables, can be written as 


b= (n + =) cos é (6.3.19) 


Figure 6.6 shows the variation of the dimensionless circumferential veloc- 
ity Va (= Vo/Voo) and pressure coefficient Cp along the surface of the circular 
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cylinder. The solid and dashed lines correspond to the numerical results and the 
symbols denote the analytical results. For example, from the definition of Vg in 
Eq. (6.3.3) and from the exact solution given by Eq. (6.3.2), it follows that 


Vo = —2sin0 (6.3.20a) 
and the pressure coefficient Cp is 
Op = 1- Vf = 1—4sin* 6 (6.3.20b) 


Since the numerical solutions are obtained in terms of the dimensionless velocity 
potential, the circumferential velocity component Vg is computed by a second- 
order central difference, 


= h J E $ J> 
(Volria = ae (6.3.21) 


Overall, the numerical results are in good agreement with the analytical results. 
An error of less than one percent is largely due to the accuracy of the numerical 
scheme. 


6.4 Hess—Smith Panel Method 


We consider an airfoil at rest in an onset flow of velocity Vo. We assume that 
the airfoil is at an angle of attack, a (the angle between its chord line and the 
onset velocity), and that the upper and lower surfaces are given by functions 
Yu(x) and Y}(x), respectively. These functions can be defined analytically, or (as 
often is the case) by a set of (x,y) values of the airfoil coordinates. We denote 
the distance of any field point (x,y) measured from an arbitrary point, b, on 
the airfoil surface by r, as shown in Fig. 6.7. Let 7 also denote the unit vector 
normal to the airfoil surface and directed from the body into the fluid and ft, 
a unit vector tangential to the surface, and assume that its inclination to the 
z-axis is given by 8. It follows from Fig. 6.7 that with 7 and 7 denoting unit 
vectors in the z- and y-directions, respectively, 


ï= -— sinbi + cosh? 
f : (6.4.1) 


= cos fi + sin67 


If the airfoil contour is divided into a large number of small segments, ds, then 


we can write 
dx = cos6ds 


(6.4.2) 

dy = sin@ ds 
We next assume that the airfoil geometry is represented by a finite number (N) 
of short straight-line elements called panels, defined by (N + 1)(%j,y;) pairs 
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\ ; (x,y) 
eo EO source and vorticity distributions 


j y = Yyx) 


trailing edge 





i << 


control points 


y = Ye(x) 
boundary 


Fig. 6.7. Panel representation of airfoil surface and notation for an airfoil at incidence a. 


called boundary points. It is customary to input the (x,y) coordinates starting 
at the lower surface trailing edge, proceeding clockwise around the airfoil, and 
ending back at the upper surface trailing edge. If we denote the boundary points 
by 

(21,41); (22; y2),---,(@N YN), (Cn41, N41) (6.4.3) 


then the pairs (2, y1) and (ty 41, yn4+1) are identical and represent the trailing 
edge. It is customary to refer to the element between (æj, yj) and (£j+1, Yj+1) 
as the j-th panel, and to the midpoints of the panels as the control points. Note 
from Fig. 6.7 that as one traverses from the i-th boundary point to the (i+ 1)- 
th boundary point, the airfoil body is on the right-hand side. This numbering 
sequence is consistent with the common definition of the unit normal vector 
ñ; and unit tangential vector t; for all panel surfaces, i.e., 7i; is directed from 
the body into the fluid and t; from the i-th boundary point to the (i + 1)-th 
boundary point with its inclination to the x-axis given by 0;. 
In the Hess-Smith panel method, the velocity V at any point (x,y) is rep- 
resented by 
V=Ü0+7 (6.4.4) 


where U is the velocity of the uniform flow at infinity 
U = Vx.(cosai+ sina) (6.4.5) 


and v is the disturbance field due to the body which is represented by two 
elementary flows corresponding to source and vortex flows. A source or vortex 
on the j-th panel causes an induced source velocity ys at (x,y) or an induced 
vortex velocity vy at (x, y), respectively, which are obtained by taking gradients 
of corresponding potentials given by Eq. (6.2.10) and (6.2.11) so that, with 
integrals applied to the airfoil surface, 
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HD.) = | tai(s)as, + J eori(s)as; (6.4.6) 


Here qjds; is the source strength for the element ds; on the j-th panel. Similarly, 
Tijds; is the vorticity strength for the element ds; on the same panel. 

Each of the N panels are represented by similar sources and vortices dis- 
tributed on the airfoil surface. The induced velocities in Eq. (6.4.6) satisfy the 
irrotationality condition and the boundary condition at infinity, Eq. (6.2.9). For 
uniqueness of the solutions, it is also necessary to specify the magnitude of the 
circulation around the body. To satisfy the boundary conditions on the body, 
which correspond to the requirement that the surface of the body is a stream- 
line of the flow given by Eq. (6.2.8). It is customary to choose the control points 
to numerically satisfy the requirement that the resultant flow is tangent to the 
surface. If the tangential and normal components of the total velocity at the 
control point of the i-th panel are denoted by (V*); and (V™),, respectively, the 
flow tangency conditions are then satisfied at panel control points by requiring 
that the resultant velocity at each control point has only (V*);, and 


(V"),;=0 i=1,2,...,N (6.4.7) 


Thus, to solve the Laplace equation with this approach, at the i-th panel con- 
trol point we compute the normal (V”); and tangential (V‘);, (i = 1,2,...,N) 
velocity components induced by the source and vorticity distributions on all 
panels, j (j = 1,2,..., N), including the i-th panel itself, and separately sum all 
the induced velocities for the normal and tangential components together with 
the freestream velocity components. The resulting expressions, which satisfy the 
irrotationality condition, must also satisfy the boundary conditions discussed 
above. Before discussing this aspect of the problem, it is convenient to write 
Eq. (6.4.6) expressed in terms of its velocity components (V"); and (Vt); by 


N N 
(V"); = X Apa + XO BiTi + Voosin(a — 8;) (6.4.8a) 
j=l j=1 
N N 
(Viji = X_ Aia +X BiTi + Voo cos(a — 0;) (6.4.8b) 
jäl J=l 





where Ai Bi» Ak, 
locities induced at a control point (£m;,Ym;); more specifically, A and Aj, 
denote the normal and tangential velocity components, respectively, induced at 
the i-th panel control point by a unit strength source distribution on the j-th 
panel, and B; and Bi. are those induced by unit strength vorticity distribution 
on the j-th panel. The influence coefficients are related to the airfoil geometry 


and the panel arrangement; they are given by the following expressions: 


By are known as influence coefficients defined as the ve- 
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1 
r Isin, — ĝ;) ln oiL y cos(0; - 65835 Lag 
An = “i Tij (6.4.9) 
2 = 
1 Ti j+1 oot 
2n A. 200.) ln 
At = 4 On sin(@, — ep) ea Oe ee) rij | iF (6.4.10) 
0 t= J 
By = -Ai Bi = 4i (6.4.11) 
Here 1/2 
Tij+l = (2m, 7 tji) (Ome visi)? 
1/2 
1 1 
Im; = 5 (ti + 2i41), Ym; = 5 Vi + yi+1) (6.4.12) 
6, = tan”! (= =) Fie (#2 s) 
Ti+ — Ti Tj+1 — Tj 





— Y; — 4; 
Bij = fant! ( ae | spel (2m 3 


lm, — &j+1 Lm, — Tj 

Regardless of the nature of q;(s) and 7;(s), Eq. (6.4.8) satisfies the irrota- 
tionality condition and the infinity boundary condition, Eq. (6.2.9). To satisfy 
the requirements given by Eq. (6.4.7) and the condition related to the circu- 
lation, it is necessary to adjust these functions. In the approach adopted by 
Hess and Smith [1], the source strength q;(s) is assumed to be constant over 
the 7-th panel and is adjusted to give zero normal velocity over the airfoil, and 
the vorticity strength 7; is taken to be constant on all panels (7; = 7) and its 
single value is adjusted to satisfy the condition associated with the specification 
of circulation. Since the specification of the circulation renders the solution to 
be unique, a rational way to determine the solution is required. 

The best approach is to adjust the circulation to give the correct force on the 
body as determined by experiment. However, this requires advance knowledge 
of that force, and one of the principal aims of a flow calculation method is 
to calculate the force and not to take it as given. Thus, another criterion for 
determining circulation is needed. 

For smooth bodies such as ellipses, the problem of rationally determining 
the circulation has yet to be solved. Such bodies have circulation associated 
with them and resulting lift forces, but there is no rule for calculating these 
forces. If, on the other hand, we deal with an airfoil having a sharp trailing 
edge, we can apply the Kutta condition (2, 4]. It turns out that for every value 
of circulation except one, the inviscid velocity is infinite at the trailing edge. The 
Kutta condition states that the particular value of circulation that gives a finite 
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velocity at the trailing edge is the proper one to choose. This condition does not 
include bodies with nonsharp trailing edges and bodies on which the viscous 
effects have been simulated by, for example, surface blowing, as discussed in 
detail in [4]. Thus, the classical Kutta condition is of strictly limited validity. It is 
customary to apply a “Kutta condition” to bodies outside its narrow definition, 
but this is an approximation; nevertheless the calculations are often in close 
accord with experiment. 

In the panel method, the Kutta condition is indirectly applied by deducing 
another property of the flow at the trailing edge that is a direct consequence 
of the finiteness of velocity; this property is used as “the Kutta condition.” 
Properties that have been used in lieu of “the Kutta condition” in panel methods 
include the following: 


(a) A streamline of the flow leaves the trailing edge along the bisector of the 
trailing-edge angle. 

(b) Upper and lower surface total velocities approach a common limit at the 
trailing edge. The limiting value is zero if the trailing-edge angle is nonzero. 

(c) Source and/or vorticity strengths at the trailing edge must satisfy conditions 
to allow finite velocity. 


Of the above, property (b) is more widely used. At first it may be thought 
that this property requires setting both the upper and lower surface velocities 
equal to zero. This gives two conditions, which cannot be satisfied by adjusting 
a single parameter. The most reasonable choice is to make these two total veloc- 
ities in the downstream direction at the lst and N-th panel control points equal 
so that the flow leaves the trailing edge smoothly. Since the normal velocity on 
the surface is zero according to Eq. (6.4.7), the magnitude of the two tangential 
velocities at the trailing edge must be equal to each other, that is, 


(Vn =-=’) (6.4.13) 


Introducing the flow tangency condition, Eq. (6.4.7), into Eq. (6.4.8a) and 
noting that 7; = T, we get 


N N 
X Apaj +7 > BE +Voosin(a-—6)=0, i=1,2,...,N (6.4.14) 
j=l j=1 


In terms of the unknowns, q; (j = 1,2,...,.N) and 7, the Kutta condition of Eq. 
(6.4.13) and Eq. (6.4.14) form a system of algebraic equations whose solution 
can be obtained by the Gaussian elimination method discussed in Section 4.5. 
The details of the solution procedure and the computer program are given in 
the following section. 


194 6. Inviscid Flow Equations for Incompressible Flows 


6.5 A Panel Program for Airfoils 


In this section a computer program is described for calculating the inviscid flow- 
field over an airfoil with the Hess—Smith panel method that was discussed in the 
previous section (see also Appendix B). Before reviewing the four subroutines 
and MAIN of this program, it is useful to examine the solution of Eqs. (6.4.13) 


and (6.4.14), which can be written in the form given by Eq. (4.5.23), that is, 
Ax =b (4.5.23) 


~ 


Here A is a square matrix of order (N + 1) 


ali Q12 coe Qij s. AIN Q1,N+1 
a21 A22 «+. 2j  .-- Gan a2 N+1 
A=| ay QiQ -oe Qij ... QIN Qi N+1 (6.5.1) 
aN] aN? SENE aNj we QNN aN,N+1 
Q@N41,1 4N+41,2 +--+ @N4+1,j +--+ @N+1,N @N+4+1,N41 


and Z= (q1,.--,4j,---,9N,T)/ and b= (b),...,b;,...,bN,bn41)’ with T de- 
noting the transpose. The elements of the coefficient matrix A follow from Eq. 
(6.4.14) 


i=1,2,...,N 
Qij = Åj, j=1,2,... N (6.5.2a) 
N 
SB wE NaN (6.5.2b) 
j=l 


Av, are given by Eq. (6.4.9) and Bi. by Eq. (6.4.11). The relation in Eq. (6.5.1) 
follows from the definition of x where 7 is essentially xy +1. 

To find an 41; (J = 1,...,N) and ay41,141 in the coefficient matrix A, we 
use the Kutta condition and apply Eq. (6.4.13) to Eq. (6.4.8b) and, with 7 as 
a constant, we write the resulting expression as 


N N 
` At 54 +7 Dp Bi, + Væ cos(a — 41) 
g=] j=l 
N N 
j=1 j=l 
or as 
N N 
t t t t 
DAL; + a a + By) (6.5.3) 
j=l j=l 


== Ve cos(a — 01) — Væ cos(a@ 7 On) 
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so that, 
an4i1j = Aj; + Anz, J =1,2,...,N (6.5.4a) 
N 
an+1,N41 = > (Bij + Biy) (6.5.4b) 
j=1 


where now A‘ j and Ay j are computed from Eq. (6.4.10) and Bi j and By j from 
Eq. (6.4.11). 
The components of b again follow from Eqs. (6.4.14) and (6.5.2). From Eq. 
(6.4.14), 
bi = -Væ sin(a — ĝ;), t1=1,...,N (6.5.5a) 
and from Eq. (6.5.3), 
bN+1 = —Voo cos(a — 01) — Væ cos(a — Oy) (6.5.5b) 


With all the elements of a;; determined from Eqs. (6.5.2) and (6.5.4) and 
the elements of 6 from Eq. (6.5.5), the solution of Eq. (4.5.23) can be obtained 
with subroutine GAUSS in Table 4.2. The elements of Z are given by 


1 a N+] ; 
lii j=i+1 
where 
Ea kade N 
k—1 ; 
(k) (k—1) Qik (k—1) j=k+1,..., N +1 
C S S D PSE Tis, N eye) 
“kk (0) 
Qij = Qij 
ho k= eee ky 
ptM = pY = E okD, t=k+1,..., N+1 (6.5.7b) 
Akk pt0 = b; 


6.5.1 MAIN Program 


MAIN contains the input information which comprises (1) the number of panels, 
N, along the surface of the airfoil, NODTOT, (2) airfoil coordinates normal- 
ized with respect to its chord c, r/c, y/c, [X{I) and Y(I)], and (3) angle of 
attack a (ALPHA) in degrees. The panel slopes are calculated from Eq. (6.4.2). 
The subroutine COEF is called to compute A and b in Eq. (4.5.23), subroutine 
GAUSS to compute z, subroutine VPDIS to compute the velocity and pres- 
sure distributions, and subroutine CLCM to compute the airfoil characteristics 
corresponding to lift (CL) and pitching moment (CM) coefficients. (The drag 
coefficient CD for irrotational, incompressible flows is always zero, as stated by 
D’Alembert Paradox). 
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6.5.2 Subroutine COEF 


This subroutine calculates the elements a;; of the coefficient matrix A from Eqs. 
(6.5.1) and (6.5.4) and the elements of b from Eq. (6.5.5). We note that N +1 
corresponds to KUTTA, N to NODTOT and 


cos(9; — @;) = cos 6; cos 8; + sin 6; sin 0; = CTIMTJ 
sin(@; — 6;) = sin@; cos @; — cos 6; sin6; = STIMTJ 


6.5.3 Subroutine GAUSS 


The solution of Eq. (4.5.23) is obtained with the Gauss elimination method 
described in Section 4.5. 


6.5.4 Subroutine VPDIS 


Once gz is determined by subroutine GAUSS so that source strengths q; (i = 
1,2,...,N) and vorticity 7 on the airfoil surface are known, the tangential 
velocity component (V“) at each control point can be calculated. Denoting q; 
with Q(I) and 7 with GAMMA, the tangential velocities (V°); are obtained 
with the help of Eq. (6.4.8b). This subroutine also determines the distributions 
of the dimensionless pressure coefficient Cp (= CP) defined by 


P ~ Poo 





Crs (6.5.8a) 
P dovè 
which in terms of velocities can be written as 
ve 
Ga (=) (6.5.8b) 
OO 


The output of this subroutine includes the distribution of source strength qi 
(= Q), Cp (= CP), Vt/Væ (= UE) and vorticity strength 7 (GAMMA). 


6.5.5 Subroutine CLCM 


The dimensionless pressure in the appropriate directions is integrated to com- 
pute the aerodynamic force and the coefficients for lift (CL) and pitching mo- 
ment (CM) about the leading edge of the airfoil. 
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6.6 Applications of the Panel Method 


To demonstrate the use of the computer program of Section 6.5, subsection 6.6.1 
presents the calculation of the lift and pitching moment coefficients of an airfoil 
for a range of angles of attack. To demonstrate the application of the panel 
method to geometries other than an airfoil, in subsection 6.6.2, the calculation 
of the surface pressure and external velocity distributions on a circular cylinder 
discussed in Section 6.2 with a finite-difference method is presented and the 
modifications required to the panel program are described. 

The extension of the panel program to multielement airfoils is described in 
subsection 6.6.3. The modifications for this case are discussed in detail and 
the resulting program is applied to two-element and three-element airfoils to 
compute their pressure distributions and lift and pitching moment coefficients. 


6.6.1 Flowfield and Section Characteristics of a NACA 0012 Airfoil 


Consider a NACA 0012 airfoil that is symmetrical with a maximum thickness 
of 0.12c¢ [3]; the pressure distribution and external velocity distribution on its 
upper and lower surface is computed and its section characteristics determined 
with the panel program. Sometimes the airfoil coordinates are given analytically 
but often in tabular form similar to those given in Appendix B, Chapter 6. 

The calculations for this airfoil are performed for angles of attack from 0° 
to 20° with ĝa increments of 4°. The z/c and y/c values are read in starting 
on the lower surface trailing edge (TE), traversing clockwise around the nose to 
the upper surface TE. 

In identifying the upper and lower surfaces of the airfoil, it is necessary to 
determine the x/c-location where V'/V,, = 0. This location, called the stag- 
nation point, is easy to determine since the V’/V., values are positive for the 
upper surface and negative for the lower surface. In general it is sufficient to 
take the stagnation point to be the x/c-location where the change of sign in 
Vt/V> occurs. For higher accuracy, if desired, the stagnation point can be de- 
termined by interpolation between the negative and positive values of V'/Vo, 
as a function of the surface distance along the airfoil. 

Figures 6.8 and 6.9 show the computed pressure coefficients, Cp, on the lower 
and upper surfaces and dimensionless external velocity distributions, V/V, on 
the upper surface of the airfoil at three angles of attack starting from 0°. As 
expected, the results show that the pressure and external velocity distributions 
on both surfaces are identical to each other at œ = 0°. With increasing incidence 
angle, the pressure peak moves upstream on the upper surface and downstream 
on the lower surface. In the former case, with the pressure peak increasing in 
magnitude with a, the extent of the flow deceleration increases on the upper 
surface and, as shall be shown later in Chapter 7, it increases the regions of flow 
separation on the airfoil and in the wake. On the lower surface, on the other 
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Fig. 6.8. Distribution of pressure coefficients on the NACA 0012 airfoil at three angles of 
attack. 


hand, the region of accelerated flow increases with incidence angle which leads 
to regions of more laminar flow than turbulent flow. 

These results indicate that the use of inviscid flow theory becomes increas- 
ingly less accurate at higher angles of attack since, due to flow separation, the 
viscous effects neglected in the panel method become increasingly more im- 
portant. This is indicated in Fig. 6.10, which shows the calculated inviscid lift 
coefficients for this airfoil together with the experimental data reported in [3] 
for chord Reynolds numbers, Re (= Vooc/v), of 3 x 10° and 9 x 10°. As can 
be seen, the calculated results agree reasonably well with the measured values 
at low and modest angles of attack. With increasing angle of attack, the lift 
coefficient reaches a maximum, called the maximum lift coefficient, (c;)max, at 
an angle of attack, a, called the stall angle. After this angle of attack, while the 
experimental lift coefficients begin to decrease with increasing angle of attack, 
the calculated lift coefficient, independent of Reynolds number, continuously 
increases with increasing a. The inviscid lift slope is not influenced by Re, but 
Cl max 1S dependent upon Re. 

Figure 6.11 shows the moment coefficient c,, about the aerodynamic center. 
In general, moments on an airfoil are a function of angle of attack. However, 
there is one point on the airfoil about which the moment is independent of a; 
this point is referred to as the aerodynamic center. As illustrated by Fig. 6.11, 
the moment coefficient is insensitive to Re except at higher angles of attack. 


6.6.2 Flow Over a Circular Cylinder 


The computer program of Section 6.5 can also be used for two-dimensional 
geometries other than airfoils. To demonstrate this, consider flow over a cir- 
cular cylinder of radius rg and compute its external velocity distribution with 
the panel program. The Kutta-Joukowski theorem states that the lift per unit 
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Fig. 6.9. Distribution of dimensionless external velocity distribution V*/Və on the upper 
surface of a NACA 0012 airfoil at three angles of attack. 
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Fig. 6.10. Comparison of calculated and experimental lift coefficients for the NACA 0012 
airfoil. 


span of an isolated two-dimensional body in an incompressible inviscid flow is 
proportional to the net circulation I’ around the body, that is 


L = 0Vo.0 (6.6.1) 


Since for smooth bodies such as circular cylinders, the Kutta condition does not 
apply as discussed in Section 6.4, one must specify the circulation instead of 
determining it by the Kutta condition. For this reason, values of net circulation 
I (equal to 27ro7 in the panel method) are specified and Eq (6.4.14) is written 
as 


N N 
X Aba =—7t >) BR -Voosinfa-@) 1=1,2,...,N (6.6.2) 
N algebraic equations containing N unknowns, q; (j = 1,2,...,N), must be 


solved, again with the Gauss elimination method. Appendix B presents the 
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Fig. 6.11. Variation of the moment coefficient cm with angle of attack, a for the NACA 
0012 airfoil. 
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Fig. 6.12. Distribution of the pressure coefficients around a circular cylinder for four 
values of y. 


revised computer program and contains the modifications required to each sub- 
routine (except GAUSS and CLCM) of the panel program and to its MAIN 
program. 

Figure 6.12 shows the computed pressure coefficients around the circular 
cylinder for values of rT (GAMMA) equal to 0, 1, 2 and 3. These results are in 
excellent agreement with the analytical solution with 


V T 
F = 2 sin 0 + 2n Varo (6.6.3) 


obtained from inviscid flow theory as described, for example, in Anderson [2]. 
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6.6.3 Multielement Airfoils 


As was discussed in Section 1.3, the maximum lift coefficient, (c;)max, has an 
important impact on the performance of an airplane. For a complete flight 
vehicle, the maximum lift coefficient determines the stalling speed of the aircraft. 
To show this, consider a steady equilibrium flight where the lift L equals the 
aircraft weight, w. Thus, 


l 
Laes 5 VSC (6.6.4) 


This means that the lowest possible speed of the aircraft, the stalling speed, 
Vstal, occurs when the lift coefficient is maximum, that is, 


2W 


oS (C1)max eee 


Vstall = 
Thus, it is very important to increase the maximum lift coefficient of an airfoil 
in order to obtain either a lower stalling speed or a higher payload weight at 
the same speed. 

Since for an airfoil (c;)max is a function of its shape at a specified Reynolds 
number, it is necessary to resort to some special measures in order to increase 
its (¢;)max beyond its value fixed by the airfoil shape and Reynolds number. 
Such special measures include the use of flaps and/or leading-edge slats; these 
are referred to as high-lift devices or multielement airfoils. Their flowfields and 
section lift and moment coefficients can be calculated with modifications to the 
panel program, as discussed in some detail below. 

For a multielement airfoil configuration at an angle of attack a, each element 
is represented by a finite number of panels separately. Assuming that the total 
number of elements is N, and the number of panels for the l-th element is nı, 
the source strength q; is taken to be constant over the j-th panel of the /-th 
element and the vorticity strength 7; to be constant on all panels of the l-th 
element. The flow tangency condition, similar to Eq. (6.4.14), can be written 
(OP E = LZ ceed AS 


N ny 
“S >D AGT 3 T] 3 Bik jt + Voo sin(a — bik) = 0 (6.6.6) 
mel j=1 J= 
The Kutta conditions for each element are similar to that given by Eq. (6.5.3) 
and can be written for k = 1,2,..., N with m =n, as 
N ny N nı 
>D (Abe st F Amk jl Ql T >a TI X (Birji F Baka (6.6.7) 
l=1 j=1 i=1 j=l Bá 


= —V,, cos(a — bik) — Voo cos(a — Omk) 


Again, the Gaussian elimination method is used to solve for the M (= 
yr nı + N) unknowns qji, 7 from the M equations given above. 
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Fig. 6.13. Effect of flap deflection on the lift coefficient of a NACA 0012 airfoil. 


The modifications to the computer program of Section 6.5 are relatively mi- 
nor as indicated in the revised program given in Appendix B, where subroutine 
GAUSS remains unchanged. 

To demonstrate the application of the multielement airfoil program, we con- 
sider a simple trailing-edge flap which is a portion of the trailing-edge section 
of an airfoil that is hinged and which can be deflected upward and downward. 
We assume that the airfoil section is again the NACA 0012 airfoil and compute 
its lift coefficients for flap deflection angles of +10°. 

Figure 6.13 shows the calculated lift curves as a function of angle of attack 
for different flap deflections. Results show that flap deflection has no effect on 
the calculated lift curve slope and the curves are simply shifted up or down 
depending on the direction of the flap deflection. Results also show that the 
zero lift angle is shifted away from a = 0 with flap deflection. Thus, the airfoil 
experiences a lifting force although the nominal angle of attack remains at zero. 
Flap deflection can be viewed as effectively changing the mean line, or the 
camber of the airfoil. 


Appendix 6A Finite Difference Program 
for a Circular Cylinder 


The finite difference program for the circular cylinder (Appendix B) consists 
of MAIN and two subroutines GAUSS and POISSON discussed in subsection 
4.5.1 and given by Tables 4.2 and 4.3, respectively. While subroutine GAUSS 
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remains unchanged, subroutine POISSON (modified subroutine POISSON) has 
some minor changes as discussed below. 
The statements in the beginning of this subroutine starting from 


ELEMENTS OF DIAGONAL VECTORS IN THE BLOCK MATRICES A, B AND C 
require changes, as indicated below, up to the statement 
ELEMENTS OF W-VECTOR, SEE EQ. (4.5.2) 


The remaining statements stay unchanged. The listing is given in Appendix B, 
Chapter 6. 


Appendix 6B Panel Program for an Airfoil 


6B.1 MAIN Program 


In the revised MAIN program given below, we read the value of r (= GAMMA), 
the total number of grid points (NODTOT) in the interval 0 < 6 < 27. The 
listing is given in Appendix B, Chapter 6. 


6B.2 Subroutine COEF 


Since the Kutta condition is not used, the statements regarding this condition 
are removed as shown in Appendix B, Chapter 6. 

The index KUTTA, which represents the total number of equations, is re- 
placed by NEQNS = NODTOT, and Eq. (6.5.2) is incorporated in the statement 
under “ELEMENTS OF VECTOR B for I = 1 to N.” 


6B.3 Subroutine VPDIS 


With values of GAMMA given as the input and passed from the MAIN program, 
the revised subroutine is given in Appendix B, Chapter 6. 


Appendix 6C Panel Program for Multielement Airfoils 


6C.1 MAIN Program 


The number of elements (NBODY) the number of panels for the K-th element 
(NODT(K)), airfoil coordinates (X(I,K), Y(I,K)) for the K-th element, the an- 
gle of attack (ALPHA) and the reference length (CHORD) are input to the 
revised MAIN Program. The listing of MAIN and other subroutines are given 
in Appendix B, Chapter 6. 
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6C.2 Subroutine COEF 


This subroutine is modified according to Eqs. (6.5.2) and (6.5.4). 


6C.3 Subroutine VPDIS 


This subroutine is also modified to take into account the distribution of all the 
sources and vorticities from each element. 


6C.4 Subroutine CLCM 


In this subroutine, the lift CL and pitching moment CM coefficients of each 
element are first determined and then the total lift CLT and total pitching 
moment CMT coefficients are calculated by adding together the coefficients of 
each element. 
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Problems 


6-1. Consider a two-dimensional, steady, fully-developed laminar flow in a chan- 
nel of rectangular cross-section with a width of 2L in the z-direction and the 
distance between upper and lower surfaces zl. Determine the velocity distribu- 
tion by the direct method discussed in subsection 4.5.1 by solving 


1 dp u 8u 
= —— — —~ + — P6.1.1 
+ (z + = (P6.1.1) 


subject to the boundary conditions in one symmetric quadrant of the flow 


Ou(0,2z) z 
a 2i Ul 2) =0 (P6.1.2a) 
a Cah amnis (P6.1.2b) 


Hint: First express the above equations in dimensionless form by defining 











Problems 
» u od _Yy 2 
e 7 ae a a 
TH 
so that Eqs. (P6.1.1) and (P6.1.2) can be written as 
8?u* > 0 u* 
=| 
ðn? E ac? 
= ee Lec S=0 
= wd) 
Ou*(n, 0) 
= O0 ed = 
aC , uw (7,1) 


Compare your results with the analytical solution given by 


1 ~ (-1)" fcoshAnlc/m 
Pe Sia | ` ge A Aa a 
j 3. | < (One)? ( cosh A, é/m SORAM 


where 

z 
9 ? 
Take m = 2, An = AÇ = 0.002 and a convergence criterion of 


Anl = (2n+1)—, n=0,1,2,... 
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(P6.1.3) 


(P6.1.4a) 


(P6.1.4b) 


(P6.1.5) 


(P6.1.6) 


Note that Subroutine GAUSS (Table 4.2) remains unchanged. Note also the 


subroutine POISSON requires changes given below, 


SUBROUTINE POISSON(II,JJ,TX,TY,F,U) 
DIMENSION A(100, 100) ,B(100,100) ,C(100, 100) ,D(100, 100) ,E(100, 100) 
DIMENSION DELTA(100,100,100), DELTT(100,100), BM(100,100) 
DIMENSION DM(100, 100) ,F(100, 100) ,W(100, 100) ,UT(100) ,U(100, 100) 
C ELEMENTS OF DIAGONAL VECTORS IN THE BLOCK MATRICES A,B AND C 
DO 5 I=1,II 
DO 5 J=1,JJ 
A(I,J) 
B(I,J) 
C(I,J) 
D(I,J) 
E(I,J) 
5 CONTINUE 
DO 6 I=l, 
B(I,1) 
E(I,1) 
6 CONTINUE 
DO 7 J=1,JJ 
B(1,J) = B(1,J)-4./3.*TX 
C(1,J) = -2./3.*TX 
7 CONTINUE 


"ool H I iH] 
I 
— > 
< 


iT I} oH 
ee 


1.-4./3.*TY 
-2./3.*TY 


The remaining statements in this subroutine are the same as those in Table 4.3 


starting with 
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C ELEMENTS OF W-VECTOR, SEE EQ. (4.5.21a) 


6-2. Repeat Problem 6.1 by using the accelerated Gauss-Seidel method dis- 
cussed in subsection 4.5.2. Assume that the initial solution is given by 


wea lj his cosh(V/3/1)z 
2 cosh(/3/1)L 

6-3. Repeat Problem 6.1 by using the ADI method of subsection 4.5.2. Take 

w = 0.05. 


6-4. The NACA 0012 airfoil is a conventional airfoil which has a favorable 
pressure distribution on the upper surface up to about a quarter chord point 
at a = 0°; with increasing incidence angle, say a = 8°, the gradient becomes 
unfavorable over practically the entire surface. 

(a) Compute the pressure distribution on this airfoil with the panel program of 
Section 6.5 for angles of attack of a = 0°, 4°, 10° and plot Cp vs z/c and V/Væ 
vs z/c for each a. 


(b) Compute the lift coefficients for angles of attack of a from 0° to 20° at 
4° degree intervals and compare them with the experimental data in Fig. P6.1 
obtained for a chord Reynolds number Re (= Vooc/v) of 6 x 10°. Discuss the 
numerical results with experimental data. 


1.6 


© s 
oo re) 


Section lift coefficient, c, 
= 
Pa 





0 i t t ' 3 1 
0 8 16 24 32 Fig. P6.1. Experimental data for the NACA 0012 
Section angle of attack Qo, deg. airfoil. 


6-5. The NACA 653-018 airfoil (Table P6.1) is an example of a low drag or 
laminar flow airfoil. The subscript 3 indicates that the drag coefficient is a min- 
imum over a range of lift coefficients of 0.3 on either side of the design lift 
coefficient, which for this airfoil section is zero. The performance characteristics 
of this airfoil differ from a conventional airfoil, like the NACA 0012 airfoil, in 
that near the design lift coefficient, the low-drag airfoil has a laminar boundary 


Problems 


Table P6.1. Coordinates of the NACA 653-018 airfoil. 


zje -y/e zje y/e 
0.005 0.01337 0.45 0.08901 
0.0075 0.01608 0.50 0.08568 
0.0125 0.02014 0.55 0.08008 
0.0250 0.02751 0.60 0.07267 
0.050 0.03866 0.65 0.06395 
0.075 0.04733 0.70 0.05426 
0.10 0.05457 0.75 0.04396 
0.15 0.06606 0.80 0.03338 
0.20 0.07476 0.85 0.02295 
0.25 0.08129 0.90 0.01319 
0.30 0.08595 0.95 0.00490 
0.35 0.08886 1.0 0 
0.40 0.08999 

1.6 
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re y 
s 0.4 
o 
S 
= -0.4 
5 
S 08 
A 


9 
-32 -24 -16 


8 





16 24 


Fig. P6.2. Experimental data for the 
NACA 653-018 airfoil. 


Section angle of attack a, deg. 


layer over a considerable portion of its area. ‘The late transition is accomplished 
by designing the airfoil so that the pressure gradient is favorable over a larger 
area. A favorable pressure gradient tends to delay transition. The main geo- 
metrical difference that accounts for the change in the pressure distribution is 
a movement rearward of the point of maximum thickness. 


(a) Repeat Problem 6.4 for this airfoil and compare your calculated results 
with the experimental data (Fig. P6.2) obtained for a chord Reynolds number 
of 6 x 10°. 


(b) Discuss the difference in results for both airfoils. 
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6-6. The NASA GA(W)-2 airfoil (see Table P6.2), which is a general aviation 
airfoil designed by Whitcomb of NASA Langley Research Center, is an example 
of a supercritical airfoil. Supercritical airfoils were originally developed to delay 
the drag rise Mach number in the transonic flow regime. It was later found that 
airfoils of this type were also useful in the lower speed range of the general 
aviation aircraft, and exhibited good high-lift capabilities. Their only drawback 
is their relatively high pitching moment coefficient caused by the maximum 
camber being located far aft along the chord line. With proper design, however, 
this drawback can be avoided. 

Table P6.2 presents the airfoil coordinates and Fig. P6.3 presents experimen- 
tal data for a range of angles of attack at a chord Reynolds number of 4.1 x 10°. 


Table P6.2. Airfoil coordinates for the NASA GA(W)-2 airfoil, c = 61.0 cm. 


z/c (y/c)upper (Y¥/C)lower rye (y/ C)upper  (Y/C)lower 
0.0 0.0 0.0 0.54954 0.08025 —0.03803 
0.00199 0.00922 —0.00486 0.59950 0.07609  —0.03326 
0.01246 0.02365 —0.01385 0.64946 0.01035 —0.02745 
0.03747 0.03957 —0.02196 0.69942 0.06305 —0.02107 
0.07494 0.05230 —0.02904 0.74938 0.05446 —0.01460 
0.12490 0.06323 —Q.03528 0.79933 0.4476 —Q.00851 
0.17485 0.07080 — 0.03769 0.84929 0.3417 —0.00357 
0.24980 0.07857 —0.04353 0.89925 0.02296  —0.00086 
0.34971 0.08357 —0.04508 0.94921 0.01112 —0.00143 
0.39967 0.08441 —Q.04475 0.97419 0.00497  —0.00377 
0.49958 0.08294 —0.04149 0.99917 —Q.00143 —Q.00720 

1.0 —0.00164 0.00732 


a, deg. 
Fig. P6.3. Experimental data for the NACA GA(W)-2 airfoil, Re = 4.1 x 10°. 
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The measurements were made without and with a roughness strip located near 
the leading edge. 

(a) With the panel program of Section 6.5, compute the pressure distribution 
on this airfoil for a = 0°, 4° and 8°, and plot the results Cp vs z/c and V/Væ 
vs z/c for each angle of attack. 


(b) Compute the lift and moment coefficients for œ = —8°, —4°, 0°, 4°, 8°, 12°, 
16° and 20°, and compare then with the experimental data in Fig. P6.3. Discuss 
the calculated results with measurements as well as with those obtained for the 
NACA 0012 airfoil in Problem 6.4. 


Boundary-Layer Equations 


7.1 Introduction 


The solution of the boundary-layer equations of subsection 2.4.3 can be obtained 
for boundary conditions that include a priori specification of the external pres- 
sure or velocity distributions either from experimental data or from inviscid 
flow theory (called the standard problem). The solution of the boundary-layer 
equations can also be obtained for boundary conditions that include a priori 
specification of an alternative boundary condition which may be the longitudi- 
nal variation of the cross-sectional area of a duct or of a displacement thickness 
(called the inverse problem) or the determination of the freestream boundary 
condition by iteration between solutions of inviscid and boundary-layer equa- 
tions (called the interaction problem). 

Section 7.2 describes the standard and inverse problems for two-dimensional 
laminar and turbulent flows. It also discusses a brief description of the interac- 
tion problem. This section is followed by a description of the numerical proce- 
dures used to solve the boundary-layer equations in standard mode. Section 7.4 
presents and describes a computer program for two-dimensional incompressible 
external flows. Applications of this program for boundary conditions of relevance 
to engineering for a sample of flows are discussed in Section 7.5. 

In the solution of the boundary-layer equations for turbulent flows, we make 
use of the eddy-viscosity concept discussed in Section 3.1 so that the momentum 
equation given by Eq. (2.4.34) can be written as 


Ou Ou 1 dp ð (, Ou 
— a — | b— is le 
“Ox “ay o dx F “Dy ( >) (reka) 
where P 
balte 2 (7.1.2) 
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In this way the solution procedure for the momentum equation and continuity 
equation, Eq. (2.4.33), which is renumbered for convenience 

ðu Ov 

a = Flas 

Ox Oy N ) 
is the same for laminar and turbulent flows with an algebraic eddy-viscosity 
formulation. The solution procedure is general and can be used to solve the 
turbulent boundary-layer equations with turbulence models other than those 
based on an algebraic eddy viscosity formulation as discussed in {1, 2]. 


7.2 Standard, Inverse and Interaction Problems 
Equations (7.1.1) and (7.1.3) apply to internal and external flows. In the latter 
case they are often solved for prescribed pressure p(x) or external velocity ue(x) 


(see Section 2.7) that are related to each other by Bernoulli’s equation, 


=u (T21) 





so that a specification of one variable implies the other. This procedure, some- 
times referred to as the standard problem, can be used to solve Eqs. (7.1.1) and 
(7.1.3) subject to the boundary conditions discussed in Section 2.7 provided that 
boundary-layer separation, which corresponds to vanishing wall shear, does not 
occur. If the wall shear vanishes at some z-location, the solutions break down 
and convergence cannot be obtained. This is referred to as the singular behavior 
of the boundary-layer equations at separation. For laminar flows, the behavior 
of the wall shear Tẹ close to the separation point £s, has been shown to be of 


the form 5 
(=) ~ (25 — x)\/? (722) 
by Goldstein [3], who considered a uniformly retarded flow past a semi-infinite 
plate and showed that, with the relation given above, there is no real solution 
downstream of separation; the normal velocity component v becomes infinite at 
xs. Goldstein also pointed out that the pressure distribution around the sepa- 
ration point cannot be taken arbitrarily and must satisfy conditions associated 
with the existence of reverse flow downstream of separation. This is consistent 
with the fact that the standard boundary-layer equations are parabolic in space, 
whereas flow separation introduces the elliptic nature of the flowfield. 

The inviscid-pressure distribution for flow past a circular cylinder leads to 
a velocity maximum at 90° and separation at about 105° from the front stag- 
nation point, whereas viscous flow in the subcritical range of Reynolds number 
leads to a velocity maximum at 70° and separation at 83°. As can be seen from 
Fig. 7.1, viscosity modifies the inviscid flow, which cannot serve even as a first 
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approximation to the actual flow. In the case of streamlined bodies, where sepa- 
ration takes place close to the rear stagnation point, the solution of the inviscid 
flow equations can serve as a good approximation to real flow as discussed in 
detail in [4]. For completeness, it is briefly discussed below. 

The boundary-layer equations are not singular at separation when the ex- 
ternal velocity or pressure is computed as part of the solution. Catherall and 
Mangler [5] were the first to show that in two-dimensional steady laminar flows, 
the modification of the external velocity distribution near the region of flow 
separation leads to solutions free of numerical difficulties. Prescribing the dis- 
placement thickness as a boundary condition at the boundary-layer edge, that is, 


y=6, 6*(x) = given (42253) 


in addition to those given by Eq. (2.7.3) with no mass transfer, they were able 
to integrate the boundary-layer equations through the separation location and 
into a region of reverse flow without any evidence of singularity at the sep- 
aration point. This procedure for solving the boundary-layer equations for a 
prescribed displacement thickness distribution, with the external velocity or 
pressure computed as part of the solution is known as the inverse problem. This 
observation of Catherall and Mangler has led to other studies by various inves- 
tigators of inverse solutions of the boundary-layer equations; these are obtained 
by prescribing distributions of displacement thickness or wall shear. Further- 
more, it has been demonstrated in [6] that for flows with separation bubbles, 
these solutions are in good agreement with the solutions of the Navier-Stokes 
equations. 

A problem associated with the use of these inverse techniques for external 
flows is the lack of a priori knowledge of the required displacement thickness 
or wall shear. The appropriate value must be obtained as part of the overall 
problem from interaction between the boundary layer and the inviscid flow. In 
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the case of internal flows, the problem is somewhat easier because as discussed 
in [4], the conservation of mass in integral form can be used to relate pressure 
p(x) to velocity u(x, y) in terms of mass balance in the duct. 

For two-dimensional external flows, two procedures have been developed to 
couple the solutions of the inviscid and viscous equations for airfoil flows. In the 
first procedure, developed by Le Balleur [7] and Carter and Wornom [8], the 
solution of the boundary-layer equations is obtained by the standard method, 
and a displacement-thickness, 6*°(x), distribution is determined. If this initial 
calculation encounters separation, 6*°(x) is extrapolated to the trailing edge 
of the airfoil. For the given 6*°(x) distribution, the boundary-layer equations 
are then solved in the inverse mode to obtain an external velocity uey({x). An 
updated inviscid velocity distribution, ue;(x), is then obtained from the inviscid 
flow method with the added displacement thickness. A relaxation formula is 
introduced to define an updated displacement-thickness distribution, 


5* (x) = 6°(a) {1 Jg pe = | i (7.2.4) 


where w is a relaxation parameter, and the procedure is repeated with this 
updated mass flux. 

In the second approach, developed by Veldman [9], the external velocity 
ue(x) and the displacement thickness 6*(x) are treated as unknown quantities, 
and the equations are solved in the inverse mode simultaneously in successive 
sweeps over the airfoil surface. For each sweep, the external boundary condition 
for the boundary-layer equation dimensionless form, with ue(x) normalized with 
Ugo, 18 written as 





te(x) = u(x) + Sue(x) (1.2.08) 


Here u2(x) denotes the inviscid velocity and due the perturbation due to the 
displacement thickness, which is calculated from the Hilbert integral 


=o [a T- (ted) ace (7.2.5b) 
— oO 
The term £ (ued*) in the above equation denotes the blowing velocity used to 
simulate the boundary-layer in the region (xq, £). This approach is more general 
and can be used for two- and three-dimensional flows as discussed in [4]. 
Predicting the flowfield by solutions based on inviscid-flow theory is usually 
adequate as long as the viscous effects are negligible. A boundary layer that 
forms on the surface causes the irrotational flow outside it to be on a surface 
displaced into the fluid by a distance equal to the displacement thickness 6”, 
which represents the deficiency of mass within the boundary layer. Thus, a new 
boundary for the inviscid flow, taking the boundary-layer effects into considera- 
tion, can be formed by adding 6* to the body surface. The new surface is called 
the displacement surface and, if its deviation from the original surface is not 
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negligible, the inviscid flow solutions can be improved by incorporating viscous 
effects into the inviscid flow equations [4]. 

A convenient and popular approach is based on the concept that the dis- 
placement surface can also be formed by distributing a blowing or suction ve- 
locity on the body surface. The strength of the blowing or suction velocity vp is 
determined from the boundary-layer solutions according to 


d 
= ay ued) (7.2.6) 


where zx is the surface distance of the body, and the variation of v, on the body 
surface simulates the viscous effects in the potential flow solution. This approach 
can be used for both incompressible and compressible flows as discussed in [4]. 


Panel Inverse Boundary- 
Method Layer Method 


Fig. 7.2. Interactive boundary-layer 
scheme. 





In the application of this interaction problem for an airfoil in subsonic flow 
for a given airfoil geometry and freestream flow conditions, we first obtain the 
inviscid velocity distribution with a panel method such as the one described 
in Chapter 6, we then solve the boundary-layer equations in the inverse mode 
so that the blowing velocity distribution, vp(x), is computed from Eq. (7.2.6) 
and the displacement thickness distribution 6*(x) on the airfoil and in the wake 
are then used in the panel method to obtain an improved inviscid velocity 
distribution with viscous effects as described in detail in [2]. The 6%, is used to 
satisfy the Kutta condition in the panel method at a distance equal to 6;,; this is 
known as the off-body Kutta condition (Fig. 7.2). In the first iteration between 
the inviscid and the inverse boundary-layer methods, v(x) is used to replace 
the zero blowing velocity at the surface. At the next and following iterations, 
a new value of v(x) in each iteration is used as a boundary condition in the 
panel method. ‘This procedure is repeated for several cycles until convergence 
is obtained, which is usually based on the lift and total drag coefficients of the 
airfoil. Studies discussed in [4] show that with three boundary-layer sweeps for 
one cycle, convergence is obtained in less than 10 cycles. 
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7.3 Numerical Method for the Standard Problem 


In this section the momentum and continuity equations are considered and their 
solutions for the standard problem corresponding to an external flow in which 
the boundary conditions are given by Eq. (2.7.3) are discussed; the boundary 
conditions are renumbered for convenience 


y=0, u=0, v=vy(z) (7.3.1a) 
y =ô, u= ue(T) (7.3.1b) 


Since the boundary-layer equations are parabolic, their solution procedure em- 
ploys a marching scheme similar to the unsteady heat conduction equation 
discussed in Section 4.4. It begins with initial conditions, say at x = x9 and 
proceeds in the positive x-direction with dependent variables determined in se- 
quence normal to the flow at each x-station subject to the boundary conditions. 

The continuity and momentum equations given by Eqs. (7.1.3) and (7.1.1) 
can be solved in the form they are expressed. They can also be solved after 
they are expressed as a third order equation by using the definition of stream 
function y(x, y). Noting that 


ae = Ue (7.3.2) 


Eqs. (7.1.3) and (7.1.1), with a prime denoting differentiation with respect to y 


can be written as 

due _ gee. E noy 
“dr ” Ox Ox 
In either form, for given initial conditions, say at x = xo and eddy viscosity 
distribution, these equations are solved subject to their boundary conditions in 
the interval 0 to 6 at each specified z-location greater than xo. The boundary- 
layer thickness 6(x), however, increases with increasing downstream distance x 
for both laminar and turbulent flows; to maintain computational accuracy, it is 
necessary to take small steps in the streamwise direction to maintain computa- 
tional accuracy. 

Transformed coordinates employing similarity variables are advantageous 
in the solution of boundary-layer equations since they can reduce the growth 
of 6(a) and thus allow larger steps to be taken in the streamwise direction. 
Furthermore, and as shown below, for laminar flows they can also be used to 
generate initial conditions. 

There are several transformations that can be used for this purpose, and 
even though most of them have been developed for laminar flows, they can also 
be used for turbulent flows. The Falkner-Skan transformation discussed in [4] is 
a convenient choice. In this transformation, a dimensionless similarity variable 
7 and a dimensionless stream function f(x,7) are defined by 





v[bw"/ +u (7.3.3) 
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N = /uUe/vxy, ylz, y) = J/ueve f(z,n) (7.3.4) 


Noting the chain rule relations (subsection 2.2.4), it can be shown that, with a 
prime denoting differentiation with respect to 7, and with 





x T Ug 
f= 7 te= am (7.3.5) 
Eq. (7.3.3) and its boundary conditions, Eq. (7.3.1), can be written as 
FEINI ff yO 
(opty + THp ma = e (rE - 9°32) (7.3.6) 
/ R w 
n=0, f'=0, FEO) = fol) =- af Pe dg (7.8.70) 
n=Ne, fi =1 (7.3.7b) 


Here Ne corresponds to a transformed boundary-layer thickness, uef vz 6, or 
JuteRy,/€6/L; Ry, is a Reynolds number based on reference velocity uœ and 
length L; m is a dimensionless pressure-gradient parameter defined by 
E due 
~ tig dé 
The velocity components u and v are related to the dimensionless stream func- 
tion f(€,7) by 





(7.3.8) 


i. = al (7.3.9a) 
«Vig + 2 p% (7.3.9b) 
L T dx F an 


For laminar flows with the external velocity of Pe a 


t= Ce (7.3.10) 





U = —\/UeVT 


with C and m constants, and with boundary conditions on f and f’ independent 
of x, the left-hand side of Eq. (7.3.6) reduces to 


m + ma ff” + m[1 — fy =) (7:3:11) 


which is called the a equation. Its solutions, which are limited to 
—0.0904 < m < œ, are independent of € and can be used to generate the initial 
conditions needed for the solution of the boundary-layer equations, as shall be 
shown later. 

There are several numerical methods that can be used to solve the boundary- 
layer equations. Finite-difference methods offer the greatest flexibility, and those 
of Crank-Nicolson and Keller, discussed in Section 4.4, have been widely used. 
The latter method provides significant advantages over the former method and 
will be used to solve the boundary-layer equations in this chapter, as well as 
the stability equation to be discussed in Chapter 8. 

To solve Eqs. (7.3.6) and (7.3.7) with Keller’s box method, we follow the 
four steps discussed in subsection 4.4.3. 


f” 4 
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7.3.1 Numerical Formulation 


In order to express Eqs. (7.3.6) and (7.3.7) as a system of first-order equations, 
we define new variables u(£,7) and v(€, n) by 





f =u (7.3.12a) 
u =v (7.3.12b) 
and write Eqs. (7.3.6) and (7.3.7) as 
; 1 o ð 
(bv) + a futm(1—u’) =€ (a = or) (7.3.12c) 
n=O, Vo, JS Jola) gaa, wel (7.3.13) 


We denote the net points of the net rectangle shown in Fig. 4.6, modified below 
due to a slight change in notation, by 


£g = 0, En = Enei F Kns Ve dN 


i 7 7 (7.3.14) 
no = 0, Ni = Nj—1 + hj, J= 12d 


and write the difference equations that are to approximate Eqs. (7.3.12) by 
considering one mesh rectangle as in Fig. 7.3. We again start by writing the 
finite-difference approximations of the ordinary differential equations (7.3.12a,b) 
for the midpoint (£”,nj—1/2) of the segment Pı P2, using centered-difference 
derivatives (see subsection 4.4.3), 


i E Sut 1p (7.3.15a) 
j 
ur — u? v+u] 
A i n A ay, (7.3.15b) 
j 























Fig. 7.3. Net rectangle for difference approximations. 
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Similarly, the partial differential equation (7.3.12c) is approximated by center- 
ing about the midpoint (€”—1/ ee j2) of the rectangle PP) P3P4. This can 
be done in two steps. In the first step we center it about (E= 2 n) without 
specifying 7. If we denote its left-hand side by L, then the finite-difference ap- 
proximation to Eq. (7.3.12c) is 


I n n—l\ _ ¢gn—1/2 |, n—-1/2 ies ee _ „n—l1/2 Aor Aaa F : 
5 (L +L" “)=€ E Con Vv — 
(7.3.16 








n—1/2 nm 1 
one $ poo = di > +a”, a= m” +a” (7.3.17a) 
Rr SO ae fay a ey oan" (7.3.17b) 
n—l 





1 
L+ = (boy + A fu+m(l-— u?) (7.3.17c) 


Eq. (7.3.16) can be written as 


[(bv)’]™ + a1( fv)” — ag(u?)” + a (ut f” — fly") = R} (7.3.18) 


~! means that the quantity 


The identity sign introduces a useful shorthand: | |” 
in square brackets is evaluated at € = €"~!. 
We next center Eq. (7.3.18) about the point (E72 ns 179), that is, we 


choose 7 = 7;~1/2 and obtain 


aif n T 
hj (bpup — bj-10- pA 1/2 ~ 24 = a (7.3.19) 
Tan (v; ae 1/2 =f UF 12) = Ro 1/2 
where 
R “12> ae Tij ta" (foyer 1/2 ~ (u? Fiya zm" aa) 


n=l = m+ 1 2 ms 

Eia = {h7 jvj = bjw) + E> Goji + mlb = (0); 
(7.3.20b) 

Eqs. (7.3.15) and (7.3.19) are imposed for 7 = 1,2,..., J — 1 at given 7 and 

the transformed boundary-layer thickness, Ne, is to be sufficiently large so that 

u — 1 asymptotically. The latter is usually satished when vu(n-) is less than 

approximately 107°. 

The boundary conditions |Eq. (7.3.13)] yield, at € = £”, 


fo = fw, ug=90, uj=1 (7.3.21) 
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7.3.2 Newton’s Method 


Unlike the unsteady heat conduction equation, Eq. (4.2.4), the boundary-layer 
equations are nonlinear. So after we write the finite-difference approximations, 
we follow the third step (see subsection 4.4.3) and linearize Eqs. (7.3.15), (7.3.19) 
and (7.3.21). 

If we assume f~t, u7—!, and vet to be known for 0 < j < J, then Eas. 
(7.3.15), (7.3.19) and (7.3.21) n a system of 3J + 3 equations for the so- 
lution of 3J + 3 unknowns (fj a us ,U v7), 3 =0,1,...,J. To solve this nonlin- 


ear system, we use Newton’s method; we introduce the iterates | f; wy ul”, wv), 
v =0,1,2,..., with initial value (v = 0) equal to those at the H x-station 
get abid is usually the best initial guess available). For the higher iterates 
we set 


o — i Pe “ihe u = u i bul”), ytd) = yw) + bu”? (7.3.22) 


We then insert the right-hand sides of these expressions in place of ir uj 
and v? in Eqs. (7.3.15) and (7.3.19) and drop the terms that are quadratic in 
6 ee bul”? and bul”), This procedure yields the following linear system (the 


superscript n is dropped from fj, uj, vj and v from 6 quantities for simplicity). 


h; l 
Of; o j= y (bu; + 6uj-1) = (rı); (7.3.23a) 
h; 
ÔU; = Uj] = z (Ovj + dv;_—1) = (73)4-1 (7.3.23b) 
($1) jv; + (82);60j-1 + (83) ;6fj + (84) 76 f)-1 + (85) j6uz + (56) ;6uj_1 = (12); 
(7.3.23c) 
where 
j= HT” Fhe ys (7.3.24a) 
(r3)j— 1 = ue, = ul +h; as (7.3.24b) 
a ny (By? — oY) ul), ) + aa ( fv), ie 
(r2); = R; a 9 (v) n (v) 
a2 (ut) 5 yj. Fah (v E ae T a a 
24c) 


In writing the system given by Eqs. (7.3.23) we have used a certain order 
for them. The reason for this choice, as we shall see later, is to ensure that the 
Ao matrix in Eq. (7.3.28a) is not singular. 

The coefficients of the linearized momentum equation are 

a” 


= v Q V n— 
(s1); = h} 1p! pn SS i ae a (7.3.25a) 
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TET œl Q&Q” n- 
(s2); = =h; aan + ESA, — Ji o (7.3.25b) 
E S a (7.3.25¢) 
ai w) nd 
pa aa (7.3.25d) 
(s5); = -agut (7.3.25e) 
(s6)7 = -azu (7.3.25f) 


The boundary conditions, Eq. (7.3.21) become 
ófo =0, dup =0, buy =0 (7.3.26) 
As discussed in subsection 4.4.3, the linear system given by Eqs. (7.3.23) and 


(7.3.26) again has a block tridiagonal structure and can be written in matrix- 
vector form as given by Eq. (4.4.29) where now 









































| ess (rı); 
6; = bu; rj = (r2); eee | (7.3.27) 
Ov; (r3); 
and A;, Bj, C; are 3 x 3 matrices defined as 
1 0 0 I =hy72 0 
Ag =|0 1 0 Aj = (s3)j (85); (si); l<jy<J-l1 
0 —1 —h,/2 0 —] —hj41/2 
(7.3.28a) 
1 —hj/2 0 si = /2. 0 
Aj == | (s3)J (ss)y (si)z| By =| (sa); (se); (s2;| 1<7<J 
0 1 0 0 0 0 
(7.3.28b) 
00 0 
C= (00 0 O<j7< J-1 (7.3.28c) 
01 =h 2 





Note that the first two rows of Ag and Co and the last row of Ay and By 
correspond to the boundary conditions [Eq. (7.3.26)]. To solve the continuity 
and momentum equations for different boundary conditions, only the matrix 
rows mentioned above need altering. 
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7.4 Computer Program BLP 


This section describes a boundary layer program (BLP) for two-dimensional 
external flows in which the solutions of the continuity and momentum equa- 
tions are obtained in terms of Falkner-Skan variables. The program, given in 
Appendix B, is appropriate to two-dimensional flows without separation and 
mass transfer but, with minor modifications, can be used for flows with mass 
transfer, axisymmetric flows, free shear flows, and flows with heat transfer as 
discussed in [2]. 

In BLP, the calculations start at the leading edge, € = 0, where the flow is 
laminar and becomes turbulent at any €-location by specifying the transition 
location. The solution procedure requires the specification of the dimensionless 
pressure gradient m(£) which can be obtained from the specified dimensionless 
external velocity distribution ue(€). 

BLP consists of a MAIN routine, which contains the logic of the computa- 
tions, and subroutines: INPUT, IVPL, GROWTH, COEF3, SOLV3, OUTPUT 
and EDDY. The following subsections describe the function of each subroutine. 
A listing for each routine is given in Appendix B. 





7.4.1 MAIN 


BLP solves the linearized form of the equations. Thus an iteration procedure 
in which the solution of Eqs. (7.3.19) and (7.3.21) is obtained for successive 
estimates of the velocity profiles is needed with a subsequent need to check the 
convergence of the solutions. A convergence criterion based on vg which corre- 
sponds to f; is usually used and the iterations, which are generally quadratic 
for laminar flows, are stopped when 


\6up(= DELV(1))| < £1 (7.4.1) 


with £1 taken as 107°. For turbulent flows, due to the approximate linearization 
procedure used for the turbulent diffusion term, the rate of convergence is not 
quadratic and solutions are usually acceptable when the ratio of |6vg/vo| is less 
than 0.02. With proper linearization, quadratic convergence of the solutions can 
be obtained as described in [2]. 

After the convergence of the solutions, the OUTPUT subroutine is called 
and the profiles F, U, V and B, which represent the variables fj, uj, vj and bj 
are shifted. 


7.4.2 Subroutine INPUT 


The solution procedure requires the generation of a grid normal to the surface, 
n-grid, and along the surface, €-grid. The latter requirement is usually satisfied 
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by specifying locations with intervals which can be uniform or nonuniform. Its 
distribution depends on the variation of ue with £ so that the pressure gradient 
parameter m(€) can be calculated accurately. To ensure this requirement, it is 
necessary to take small Aé-steps (kn) where there are rapid variations in ue{€) 
and where flow approaches separation. 

For laminar flows, it is often sufficient to use a uniform grid in the 7-direction. 
A choice of transformed boundary-layer thickness e equal to 8 often ensures 
that the dimensionless slope of the velocity profile at the edge, f” (ne), is suf- 
ficiently small (< 107°) and that approximately 41 j-points satisfies numerical 
accuracy requirements. For turbulent flows, however, a uniform grid is not sat- 
isfactory because the boundary-layer thickness ne and dimensionless wall shear 
parameter f% are much larger in turbulent flows than laminar flows. Since short 
steps in 7 must be taken to maintain computational accuracy when f% is large, 
the steps near the wall in a turbulent boundary-layer must be shorter than the 
corresponding steps in a laminar boundary-layer under similar conditions. 

A convenient and useful 7-grid is a geometric progression having the property 
that the ratios of lengths of any two adjacent intervals is a constant; that is, 
h; = Kh;_, [2]. The distance to the j-th line is given by the formula; 


KJ -1 
pO eed 
There are two parameters: h1, the length of the first An-step, and K, the ratio 
of two successive steps. The total number of points, J, can be calculated by the 


j=1,2,...,J A> (7.4.2) 





formula: 
HEK = 1)(e/h1)] 
J = Et Hd 7.4.3 
Ink ss (7.4.3) 
1.24 
1.20 
1.16 
K 
1.12 
1.08 
1.04 
1.00 rAMA y g ae a aii e nO Ce a arl 
0.2 1 10 100 1000 10000 


neh; x 107 


Fig. 7.4. Variation of K with hı for different 7--values. 
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In most problems, calculations are performed by selecting hı and K and 
calculating the transformed boundary-layer thickness ne. An idea about the 
number of points taken across the boundary-layer with the variable 7-grid that 
uses those parameters for different 7--values can be obtained from Fig. 7.4. For 
example, for hy = 0.01, K = 1.10 and ne = 100, the ratio of ne/h, is 104, and the 
number of points across the boundary-layer is approximately 70. For a uniform 
spacing (K = 1) with hı = 0.01 and ne = 100, there would be 10,000 points! 

The calculation of m is achieved from the given external velocity distribution 
ue(€) and from the definition of m (= P2) except for the first NX-station where 
P2(1) is read in. The derivative of due/d& (DUDS) is obtained by using three- 
point Lagrange interpolation formulas given by (n < N): 





due De n 
( 2 ) m -2 — (Ent = En) oie (Ent — 2&, + faci) 
E „ht 2 


(7.4.4) 





T (En 7 En—1) 


A3 
Here N refers to the last €” station and 

Ay = (En — En—1)(n+1 a Casi) 

A2 = (En — &n-1) (Engi — En) (7.4.5) 

Ag = (En+1 — €n)(Enti — Ên-1) 


The derivative of due/d€ at the end point n = N is given by 











due y=? un! 
(‘= ). =— Ay (one ened) oe a (En — En-2) 


i (7.4.6) 
ae J, CEN =EN a =EN) 
3 


where now 
Ai = (En-1 ~ En-2)(En — EN-2) 
A2 = (En-1 — En-2) (EN — En-1) (7.4.7) 
A3 = (En = §N=1) (EN — ÊN -2) 
In this subroutine we generate the 7-grid, calculate the pressure gradient 
parameters m and mı (= P1) and specify Ne at € = 0 and the reference Reynolds 


number Rz (RL). In addition, the following data are read in and the total 
number of j-points J(NP) is computed from Eq. (7.4.3). 





NXT Total number of €-stations, not to exceed 60 

NTR NX-station for transition location Etr 

NPT Total number of 7-grid points. 

DETA(1) An-initial step size of the variable grid system. Use An = 0.01 for 
turbulent flows. If desired, it may be changed. 

ETAE Transformed boundary-layer thickness, ne 


7.4 Computer Program BLP 225 


VGP K is the variable-grid parameter. Use K = 1.0 for laminar flow and 
K = 1.14 for turbulent flow. For a flow consisting of both laminar and 
turbulent flows, use K = 1.14. 


RL Reynolds number, tok 
£ Surface distance, feet or meters, or dimensionless. 
Ue Velocity, feet per second or meter per second, or dimensionless. 


7.4.3 Subroutine IVPL 


At € = 0, Eq. (7.3.6) reduces to the Falkner-Skan equation, Eq. (7.3.11), which 
can be solved subject to the boundary conditions of Eq. (7.3.7). Since the equa- 
tions are solved in linearized form, initial estimates of fj, uj and v; are needed 
in order to obtain the solutions of the nonlinear Falkner-Skan equation. Various 
expressions can be used for this purpose. Since Newton’s method is used, how- 
ever, it is useful to provide as good an estimate as is possible and an expression 


of the form. : 
37 1 (2) 
Qe Se eS E 7.4.8 

2 Ne 2 \ Ne ( ) 


usually satisfies this requirement. The above equation is obtained by assuming 
a third-order polynomial of the form 


fi =a+by+ en? 


and by determining constants a, b, c from the boundary conditions given by 
Eq. (7.3.7) for the zero-mass transfer case and from one of the properties of 
momentum equation which requires that f” = 0 at 7 = ne. 

The other profiles fj, v; follow from Eq. (7.4.8) and can be written as 


2 2 
efi _1(% 
i= & 3-7 a | ce) 
31 ],_ (my 
i 2 he i (2) | (7.4.10) 


7.4.4 Subroutine GROWTH 





For most laminar-boundary-layer flows the transformed boundary-layer thick- 
ness 7¢(x) is almost constant. A value of ne = 8 is sufficient. However, for turbu- 
lent boundary-layers, ne(x) generally increases with increasing x. An estimate 
of ne(x) is determined by the following procedure. 

We always require that ne(x”) > ne(a"—'), and in fact the calculations start 
with (0) = ne(x1). When the computations on x = x” (for any n > 1) have 
been completed, we test to see if |v}| < Ev at je(x”) where, say ey = 5 x 10-4. 
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This test is done in MAIN. If this test is satisfied, we set ne(x"t!) = ne(x”). 
Otherwise, we call GROWTH and set Jnew = Joig + t, where t is a number of 
points, say t = 1. In this case we also specify values of ( UF UF, bY) for the 
new nj points. We take the values of uj = 1, v? = 0, f? = (nj —ne)uy + fF, and 
b7 = b}. This is also done for the values of ime vet, and be. 


7.4.5 Subroutine COEF3 


This is one of the most important subroutines of BLP. It defines the coefficients 
of the linearized momentum equation given by Eqs. (7.3.23) and (7.3.26). 


7.4.6 Subroutine SOLV3 


The solution of Eq. (4.4.29) by the block-elimination method discussed in sub- 
section 4.4.3 can be obtained by using the recursion formulas given by Eqs. 
(4.4.32) and (4.4.34), and determining the expressions such as A,, I}, Wj and 
b;. To describe the procedure let us first consider Eq. (4.4.32). Noting that the 
I; matrix has the same structure as B; and denoting the elements of yj, by Yik 
(i,k = 1,2,3), we can write Ij as 


Ty = | (y21); (y22)5 (y23)3 (7.4.11a) 


Similarly, if the elements of A; are denoted by a;, we can write A; as [note 
that the third row of A; follows from the third row of A; according to Eq. 
(4.4.32c)] 


(a11); (aiz); (a13); 
A; = (a1); (a22); (a3) j 0<j<J-1 (7.4.11b) 
0 1 Shia 2 


and for 7 = J, the first two rows are the same as the first two rows in Eq. 
(4.4.32b), but the elements of the third row, which correspond to the boundary 
conditions at 7 = J, are (0,1,0). 

For j} = 0, Ap = Ag; therefore the values of (a;%)o9 are 





(a1)o=1 (ai2)0=0 (a13)0 = 0 


(7.4.12a 
(a21)0 =0 (a22)o=1 (@23)o = 0 
and the values of (yik)ı are 
1 
(yi1)1 = —1 (y12)1 = ~ 5h (713) =0 
(ai (7.4.12b) 





(yo1)1 = (s4) (%23)1 = —2 | F | (yo2)1 = (s6)1 + (¥23)1 
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The elements of the A; matrices are calculated from Eq. (4.4.32a). Using the 
definitions of A;, l} and Cj_1, we find from Eq. (4.4.32c) that for j = 1,2,..., J, 


(071); =1 (œiz); = e — (y3);  (@13)j = ha); 
(21); = (s3); (a22); = (s5); — (y23);  (@23); = (s1); + PI (908); 


(7.4.13a) 
To find the elements of the T; matrices, we use Eq. (4.4.32b). With A, 
defined by Eq. (4.4.32c) and B; by Eq. (4.4.31b), it follows that for 1 <j < J, 


(y1) = | (a23); F = (2) Coreia (a22);-1] j [40 
(12); = -{ s + (411); [(ar2))- a - (a1);-1] } / 40 
(y3); = (y1); (a3); + (na)lazs);1]/ 2 

(y21); = {( s2);(@21);-1 — (84); (23)5-1 


+2i(s4);(a22)j-1 = (50);(aa1);-1} [Ao 


(722); = { (56); — (s2); + (%21); |(@13)5-1 — (ar); ]} [ai (7.4.13b) 
(723); = (721);(@12)5~-1 + (922); (@22);-1 — (86); 


Ao = (a13);-1(@21);-1 — (@23)j-1(011) 5-1 


- 2 [(a12);- 1(a21)j—1 — (22) j—-1(@11) 5-1) 


As (a22) — (093) 3-1 
To summarize the calculation of T} and A; matrices, we first calculate aj, 
from Eq. (7.4.11b) for j = 0, Yik from Eq. (7.4.12b) for j =1, aj, from Eq. 
(7.4.13a) for 7 = 1, then yik from Eq. (7.4.13b) for j = 2, aj, from Eq. (7.4.13a) 
for j = 2, then yik from Eq. (7.4.13b) for 7 = 3, etc. 
In the second part of the forward sweep we compute wW; from the relations 
given by Eq. (4.4.33). If we denote the components of the vector w; by 








(w1); 
T; = | (w); O<F <I (7.4.14) 
(w3)j 
Then it follows from Eq. (4.4.33a) that for 7 = 0, 
(wi)o=(rijo (w2)o = (r2)o (w3)o = (r3)o (7.4.15a) 


and from Eq. (4.4.33b) for 1 <j < J, 
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(wr); = (r1)5 — (911) 5 (1) 5-1 — (¥12)5 (we) 3-1 i) (ws) 5-1 
(we); = (r2); — (21); (w1)j—-1 — (722)5(we)j—1 — (y23)5(w3)j-1  (7-4.15b) 
(w3); = (r3); 


In the backward sweep, 6; is computed from the formulas given by Eq. (4.4.34). 
With the definitions of 6;, A; and wj, it follows from Eq. (4.4.33a) that 


ÔUJ = (w3) 7 (7.4.16a) 
e2(a11)y ~ e1 (@21)J 
bvr = nM 7.4.16b 
i (a3) 7(11) 7 — (013) 7(@21) J l ) 
fj = e1 — (@13)jôvy (7.4.16c) 
(a41) J 
where 
e1 = (wi)y — (Q12) jôu 
e2 = (we) 7 — (22) sduz 


The components of ô, for j = J — 1,J — 2,...,0, follow from Eq. (4.4.33b) 


(aii)j[(w2); + e3(@z2);j] — (@21);(w1); — €3(21);(@12); 








ÓV; = 7.4.17a 
J Ao ( ) 
Su, — tat 
i du; — €3 (7.4.17b) 
er mE fC (7.4.17¢) 
(aii); 
where 
_ hj+1 
e3 = (ws); — Öuj+1 + 3 ÎVj+1 
h; 
Bj (a21);(a12); 2 — (a21);(a13); (7.4.17d) 


2 
a ZE (az2);lan)j a (23); (Q11); 


To summarize, one iteration of Newton’s method is carried out as follows. 
The vectors 7; defined in Eq. (4.4.30) are computed from Eq. (7.3.24) by using 
the latest iterate. The matrix elements of A;, B; and C} defined in Eq. (7.3.28) 
are next determined by Eq. (7.3.25a) to (7.3.25f). Using the relations in Eqs. 
(4.4.32) and (4.4.33), the matrices J; and A; and vectors w; are calculated. 
The matrix elements for J; defined in Eq. (4.4.32a) are determined from Eq. 
(7.4.12). The components of the vector w; defined in Eq. (7.4.14) are determined 
from Eq. (7.4.15). In the backward sweep, the components of 5; are computed 
from Eqs. (7.4.16) and (7.4.17). A subroutine which makes use of these formulas 
and called SOLV3 is given in Appendix B. 
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7.4.7 Subroutine OUTPUT 


This subroutine prints out the desired profiles such as fj, uj, vj, and bj as 
functions of 7;. It also computes the boundary-layer parameters, cz, 6*, 0 and 
Ry defined by 














a= = . l 
Cf a Re (7.4.18a) 
6 u go. 
5* = j (1 = =) dy = — 7.4.18b 
0 Ue á V Rr ( 
ô u u x8 
é= — | 1 — — j dy = 7.4.18 
0 =( = j V Rr c) 
Bc = (7.4.18d) 
where i 
si = | 0- fdn = ne + f(E, te) (7.4.19a) 
THe 
jis f Fieri (7.4.19b) 
0 


7.4.8 Subroutine EDDY 


For simplicity we use the eddy-viscosity formulation of Cebeci and Smith de- 
scribed in subsection 3.2.1 without the strong pressure gradient effect, that is, 
a = 0.0168 and mass transfer effect. These capabilities, if desired, can easily 
be incorporated into the formulas defined in the subroutine. In terms of trans- 
formed variables defined by Eqs. (7.3.4) and (7.3.5). Eqs. (3.2.1) and (8.2.2) are 
written as 





+ _ Em _ 1/2 fi Ve 
a S 0.16R; 1 exp ( =) | NV Ytr (7.4.20) 
N ’ 

y 2 RUA pt _ mR 4 (vy) 2/2, N == (1—11.8pt) 1/2, R, a Uert 

A 26 V 
(7.4.21) 

Similarly Eq. (3.2.3), with a taken as constant (= 0.0168), is written as 

et = 0.0168R1 ° (ne — fe)yery (7.4.22) 


7.5 Applications of BLP 


In this section we discuss the applications of the computer program (BLP) of the 
previous section to a sample of laminar and turbulent flows without separation. 
These flows deal with momentum transfer in external flows. 
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7.5.1 Similar Laminar Flows 


A certain class of external laminar flows admit similarity solutions, as discussed 
in Section 7.3, for external velocity, ue, of the form given by Eq. (7.3.10) and with 
boundary conditions in transformed variables independent of the downstream 
distance x. The solutions of the continuity and momentum equations can be 
obtained by solving the Falkner—Skan equation (7.3.11) subject to the boundary 
conditions given by Eq. (7.3.7). 

To demonstrate the application of BLP, we first consider the case of flow 
with no mass transfer so that fw = 0, and solve Eq. (7.3.11) for values of m 
of 1, 1/3, 0, —0.075 and —0.0904. The calculations can be carried out at one 
€-station (NX = 1) for each value of m or performed for all the values of m. 
In the former case, it is necessary to set the value of m at € = 0, that is, P2(1) 
in subroutine INPUT. In the latter, P2(NX) is set to require m values at five 
€-stations, including P2(1), rather than calculating them from the input values 
of € and ue. With NXT = 5, X(1), UE(I) and RL can be assigned any value since 
the Falkner-Skan equation is independent of these parameters. The parameter 
Qn (= CEL) [subroutine COEF] is set to zero at all €-stations. 

The second choice is preferable since the results are obtained from a multi- 
step calculation, and better convergence is achieved since initial estimates are 
provided by the results from the previous &-station. 

The calculated velocity profiles f’ (= u/ue) as a function of the similarity 
variable 7 [= (ue/vx)!/?y] are shown in Fig. 7.5. Of particular note are the 
m-values of unity and zero corresponding to stagnation and flat-plate flows, 
m = 1/3 corresponding to the stagnation flow on an axisymmetric body, and 
m = —Q.0904 corresponding to the strongest adverse pressure gradient for which 
the flow remains attached with f”(0) equal to zero. These calculations were 
performed with a uniform grid (K = 1) and hı = 0.10. 

To demonstrate the application of BLP to a similar laminar flow with mass 
transfer, we consider a flat-plate flow with specified values of fy. It is seen 
from Eq. (7.3.7a) that for similarity, the mass transfer velocity vw must vary as 
1/.\/x. To account for the nonzero value of fw, one must make changes in the 
IVPL subroutine since Eqs. (7.4.4) are for zero mass transfer. By rewriting Eq. 


(7.4.4b) as 
eee T ay a = : o (7.5.1) 


the mass transfer effects can be included in the solution of the Falkner-Skan 
equation. As in the case of calculations for different values of m, the calculations 
can also be performed with the two choices described above for flows with m = 0 
for all €-stations without mass transfer and, in this case, it is more convenient 
to perform them with the first choice. 

Figure 7.6 shows the calculated velocity profiles as a function of 7 for sev- 
eral values of mass transfer parameter fw with positive values corresponding to 
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Fig. 7.6. The effect of mass transfer parameter fw on velocity profiles for m = Q. 


suction and negative to blowing for zero pressure gradient. The effect of fw is 
similar to that of the pressure-gradient parameter so that an increase in blowing 
rate, like an increase in a positive (“adverse”) pressure gradient, decreases the 
slope of the velocity profile near the wall until it becomes zero at fw = —1.238. 
With an increase in suction, as with an increase in a “favorable” (negative) pres- 
sure gradient, the slope of the velocity profile increases. It is also seen from the 
calculations that with an increase in suction, the effective transformed boundary 
layer thickness becomes smaller, and with an increase in blowing, it becomes 
bigger. 


7.5.2 Nonsimilar Flows 


To illustrate the calculation of nonsimilar flows with BLP, we consider a laminar 
and turbulent flow over an ellipse and a NACA 0012 airfoil. 


Calculations for an Ellipse 


Consider an ellipse at zero angle of attack with its center at (a, 0), that is, 
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(ea)? p 
a? b2 


Inviscid-flow theory provides the external velocity distribution in the form 


=] (7.5.2a) 


Ue(S) = uœll + t) cos 8 (7.5.2b) 


where s is the surface distance, t the thickness ratio of the ellipse (= b/a) and 
G the angle between the line tangent to the body and the positive x-axis, that 
İS, 

dy 
dx 
Since the computer program requires the specification of the dimensionless ex- 
ternal velocity distribution as a function of dimensionless surface distance s/L, 
the following expression is used to compute the dimensionless distance of a two- 
dimensional body in which the dimensionless coordinates (x/L) and (y/L) are 
given in tabular form 


S S x xX $ y y A 
G) 7 oF j (2), (E) i (2) (2) oe) 
Here (s/ L); denotes the distance at a given surface location, (7/LZ);, (y/L); (i = 
1,2,...,/) with the surface distance calculations starting from the stagnation 
point. 

If we shift the center of the ellipse to x/2a = 0.5 so that the reference length 
L = 2a, then in an interval 0 < 2/2a < 1, we can specify the total number of 
€-stations to be, for example, 81 corresponding to a uniform A£-step length 
of 0.0125. Next y/2a is computed from Eq. (7.5.2a) for each value of x/2a 
specified at 1/8 intervals, and the distance is calculated from Eq. (7.5.4) and 
the dimensionless external velocity ug/Uo. obtained from Eq. (7.5.2b) for a 
specified value of thickness ratio t. 

The computer program also requires the specification of the onset of tran- 
sition, which can be either input or computed. For this flow, it is specified at 
different z/2a locations depending on the Reynolds number, which must also 
be specified in the calculations. 

Figure 7.7 shows the external velocity distribution over the ellipse for a thick- 
ness ratio 1 to 4, and Fig. 7.8 shows the variation of the wall shear parameter 

" (= cf/2/Rz) with x/2a for specified transition locations of (1 /2a)t, = 0.658 
and 0.784 at Reynolds numbers Rog (= Ugo2a/v) of 10° and 10°, respectively. 
It is seen from Fig. 7.7 that the flow starts as a stagnation point flow (m = 1) 
with f% = 1.23259 and is relatively constant in the region where the flow ac- 
celerates. If the slope of the ue and s curve in Fig. 7.7 were constant, then the 
wall shear parameter f% would have been constant and equal to its value at 
m = 1. Thus, as m decreases from its value at the stagnation point, it reflects 
the decrease in flow acceleration whic occurs around x/2a = 0.20 (see Fig. 7.7). 


B = tan`! (7.5.3) 
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Fig. 7.7. (a) Inviscid velocity distribution about (b) an ellipse of thickness ratio 0.25. 
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Fig. 7.8. Variation of the wall shear parameter f% over the ellipse at two Reynolds num- 


bers. 


With flow deceleration, f% begins to decrease, which can lead to flow separa- 
tion at some €-location if transition does not occur. The calculations in Fig. 7.8 
show that for Rag = 10°, laminar separation takes place at «/2a = 0.784. If the 
flow calculations were not performed for turbulent flow at this location, they 
would have been terminated due to the singular nature of the boundary-layer 
equations for a specified external velocity distribution. With transition speci- 
fied at the location of laminar separation, calculations can then be performed 
with wall shear parameter increasing with increasing x/2a, reaching a maximum 
around x/2a = 0.90 and then beginning to decrease quickly with turbulent-flow 
separation taking place at x/2a = 0.91. 
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Fig. 7.9. Effect of transition on all shear parameter f%#. (a) Rza = 10° and (b) Rea = 10’. 


The flow with Ro, = 10’, which would otherwise separate at x /2a = 0.784 
(because laminar separation location is independent of Reynolds number for a 
given pressure distribution), becomes turbulent at 7/2a = 0.658. The wall shear 
parameter increases sharply with x/2a, reaching a maximum at x/2a = 0.85, 
and then begins to decrease, becoming zero and thus indicating turbulent-flow 
separation at x/2a = 0.98. Note that the flow separation at the lower Reynolds 
number takes place early because the boundary layer is thicker, principally due 
to the greater growth rate in the laminar region. 

From these calculations we see that increasing Reynolds numbers moves the 
transition location forward and delays the turbulent-flow separation. 

Figure 7.9 shows the effect of transition on f# for two Reynolds numbers. 
We see from Fig. 7.9a that for Rog = 10°, /’ increases with decreases in the 
x-location of transition in the range of x/2a from 0.784 to 0.40. The separation 
location is, however, nearly unaffected. The results in Fig. 7.9b indicate similar 
increases in wall shear for Rog = 10’ as the transition location is moved from 
0.784 to 0.40. However, this also shows that the flow separation is delayed with 
the increase in Reynolds number. 


Calculations for a NACA 0012 Airfoil 


The calculations for a NACA 0012 airfoil are performed at several angles of 
attack. As in subsection 6.6.1, the inviscid velocity distribution for each a is 
obtained from the panel program of Section 6.4 with the z/c and y/c coordinates 
of the airfoil given in Appendix B, Chapter 6. 

For this flow, the onset of transition on the airfoil is also calculated. While the 
e”-method discussed in Chapter 8 is an accurate method for this, a correlation 
formula from Michel [4] is used due to its simplicity and ease of use. This 
formula, which is given by 


22.4 
Ro,, = 1.174 (1 + oT) Re (7.5.5) 


Ttr 
Ttr 
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Fig. 7.10. Prediction of transition from Eq. (7.5.5) on the NACA 0012 airfoil; a = 0°, 
Re = 3 x 10°. Solid line denotes Rọ obtained from boundary-layer calculations. 


is valid for unseparated flows with chord Reynolds numbers. Re, greater than 
around 1 x 10°. According to this equation, the development of Rg (= ueO/v) 
is computed as a function of Ry (= uex/v), and transition is determined from 
the values of Rg and Ry that satisfy Eq. (7.5.5). 

With increasing incidence angle, the location of onset of transition moves 
upstream on the upper surface of the airfoil and moves downstream on the 
lower surface. At higher angles of attack, the transition location on the upper 
surface generally occurs almost at the pressure peak (maximum velocity) and 
close to the trailing edge on the lower surface. In the former case, it is sufficient 
to take the pressure peak to be the transition location rather than compute it 
since the Reynolds number is rather low. In the latter case, the pressure gradient 
is favorable (accelerating flow) and it is sufficient to take transition to be either 
at the trailing edge or close to it. 

Sometimes, before the onset of transition is computed with Eq. (7.5.5), lam- 
inar separation may occur. In that case, it is sufficient to take the laminar 
separation point to be the transition point, since in high Reynolds number 
flows transition takes place before laminar separation. This, however, is not the 
case for low Reynolds number flows when transition can occur after the laminar 
separation. Its calculation is not appropriate with Eq. (7.5.5), as discussed in 
detail in [4]. 

Figures 7.10 and 7.11 show the results from the boundary-layer calculations 
performed for a total number of approximately 50 €-stations on each surface at 
two Reynolds numbers. At first calculations were carried out for laminar flow in 
order to determine the onset of transition from Eq. (7.5.5). Figure 7.10 shows the 
development of Rg as a function of Ry at a = 0° for a chord Reynolds number 
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Fig. 7.11. Effect of Reynolds number and angle of attack on the location of transition on 
the (a) upper, and (b) lower surfaces of the NACA 0012 airfoil. 


of 3 x 10°, indicating that the computed values intersect the curve represented 
by Eq. (7.5.5) at Ry, = 1.20 x 10°. Note that before transition, the (Rg, Rz) 
values are under the curve given by Eq. (7.5.5). 

Figure 7.1la shows the variation of the onset of transition, (s/c), with 
incidence angle a on the upper surface for both Reynolds numbers. For values 
of a up to 6°, the onset of transition was calculated from Eq. (7.5.5): at higher 
incidence angles, transition location was assumed to be at the pressure peak. 
On the lower surface, Fig. 7.11b, the onset of transition occurs at (s/c)tr = 0.28 
at a = 0° for Re = 3 x 10°, moves downstream with increasing œ and can be 
calculated with Eq. (7.5.5) for values of a up to 9°. At higher angles, the onset 
of transition was assumed to be at the trailing edge. 

The computed transition locations in Fig. 7.11 confirm the influence of 
Reynolds number: at the higher Reynolds number, the onset of transition occurs 
earlier than that computed at the lower Reynolds number. 

Figure 7.12 shows the variation of the local skin-friction coefficient, cf, and 
displacement thickness, 6*, for both laminar and turbulent flows as a function of 
angle of attack on the upper surface of the airfoil for Re = 3x 10°. Whereas there 
is no flow separation at lower angles of attack, turbulent trailing-edge separation 
takes place at a = 6° and moves upstream. Since the solution procedure employs 
the standard method, the calculations are terminated at the location of flow 
separation. 
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Fig. 7.12. Variation of (a) local skin-friction coefficient cy and (b) displacement thickness 
6* with angle of incidence on the upper surface of the NACA 0012 airfoil for Re = 3 x 10°. 
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Problems 


7-1. Using the computer program of Section 7.4, study the numerical accuracy 
of the box method for Falkner-Skan flows m = 1 and 0. Compare the wall 
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shear stress parameter f” with those given by Smith [10] which are accurate to 
six decimal places. Use four uniform spacings of (h = 0.8, 0.4, 0.2, 0.1) which 
correspond, respectively, to 11, 21, 41 and 81 points for a transformed boundary- 
layer thickness of 8. 


Wall shear values of Smith [10] 


if 


m w 
1 1.232588 
0.332000 


7-2. The accuracy of the Box scheme, which is of second-order, can be improved 
by using Richardson extrapolation as discussed, for example, in [10]. The pur- 
pose of attempting to improve accuracy is to get reasonable answers from a 
coarse mesh of net points rather than to acquire more significant digits in the 
solution. With few net point, the iterations converge more rapidly and the com- 
putations are generally more efficient. 

To describe the application of the Richardson extrapolation, consider the 
numerical solution of the momentum equation (7.3.6) subject to boundary con- 
ditions given by Eqs. (7.3.7) and denote the solution [fF (r), uj (r), v7 (r)] on a 
net of spacings h) and k. Now let two independent computations be made 
on net with spacings (h, k) = (bh), k] and (h, k) = [h® , k]. Then we form 


AO)? fe (A); k] — hO? FeAl; ki] 


nih RO): kl = 
J; |R „h ; k] _ h(0)2 — h) 


(P7.2.1a) 
to obtain solutions that are of fourth-order accuracy in h, O(h*). Similar results 
also hold for u7, v;. An even more accurate approximation can be obtained, re- 
garding the order of errors in h, if calculations are made by a third admissible 
net with (h, k) = [h\?), k]. We now also compute PI nh’) k] in obvious ana- 
log with Eq. (P7.2.la) and form 


ales i (AY), A); k) = h2 prin), A). kl 


n 0 l 2). = 
i [ai ) hD pi z] — (02. AO 


(P7.2.1b) 
to obtain solutions that are of sixth-order accuracy in h, O(h®). 

Clearly, the procedure could be reversed and only the € spacing defined in 
an admissible way. More important, the Richardson extrapolation can be used 


to get, say, O(h + kê) accuracy, because then 
p12 p(1)2 
„O2 pRO pO gaj? +- (P7.2.2) 


Even higher-order accuracy can be obtained by additional computations and 
extrapolations. 
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To demonstrate the power of Richardson extrapolation, consider the solu- 
tions of Eq. (7.3.11) and compare the computed f% values with h = 0.1 with 
those obtained by Richardson extrapolation. Use three different uniform spac- 
ings, A) = 0.8, RO) = 0.4, and h@) = 0.2. Perform extrapolation with f”[hO| 
and fl” [A] to get the results for f/ [AO , AY]: with fL[h®] and f”[hA@] for 
fEIR® , hr); and with f? (AO, AM] and f(A, hO) for f" (An, AD, hC). Ex- 
plicitly, in order to determine f% (A), h], use Eq. (P7.2.1a) to get 


ele a Ee 


“rp (0) pO = 
fy [Ree A) 7 (02 r02 (P7.2.3a) 
Since hil) = £p(0) in this case, Eq. (P7.2.3a) can also be written as 
fof, AD] = = peta] E HAO) (PT.2.3b) 


7-3. Compute the boundary-layer development of a laminar flow over a circular 
cylinder of radius rọ placed normal to the freestream velocity uso. Take the 
inviscid velocity distribution with € = x/ro as 


Us = 265 Sie 


with 2, 4, 6, 8 degree intervals in £. Plot 7,/ou2,(ucoro/v)!/2 as a function of 
€. Identify the location of flow separation. Note that from the definition of m, 


Ecos€ 
m = 


sin Ê 





which indicates that the flow starts as a stagnation point flow (why?). 
Take h = 0.2. 


7-4. Apply the Richardson extrapolation to compute f% values obtained in 
Problem 7.3 for streamwise spacings, k0) = 8°, kO) = 6° and k? = 4° and 
compare the results with those corresponding to kn = 2°. Take h = 0.2 in all 
cases. 


7-5. Consider a laminar flow past a flat plate with uniform suction. The bound- 
ary conditions follow from Eq. (7.3.1) and can be written as 


y=0, u=0, v= Vw = const (P7.5.1a) 
y= 6, U= Ue = Uo (P7.5.1b) 
At a certain distance from the leading edge, the boundary-layer thickness 6, 


which in general is a function of x, becomes constant and stays constant with 
increasing x. As a result the streamwise velocity component u varies only with 
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y, that is, Ou/Ox = 0. The momentum equation becomes an ordinary differential 
equation and can be written as 


— = V (P7.5:2) 


since from the continuity equation v(x, y) = vy = const. 


(a) Show that the solution of Eq. (7.5.2) is 


E (P7.5.3) 


Uoo 
This velocity profile is known as the asymptotic suction profile. 
(b) Using Eq. (7.5.3), show that 


I 
ó = -—, 0= -57> TO) = Tu = = OUy (P7.5.4) 


7-6. The idealized flow discussed in P7.5, does not exist close to the leading 
edge of the plate, even though uniform suction starts at the leading edge. After 
a certain distance, x downstream, however, the asymptotic suction will materi- 
alize. 

The distance x from the leading edge necessary to have the asymptotic- 
suction flow has been determined by Iglisch [11] to be 





tosty 1/2 v 
s ( o0 ) a Ue ee (P7.6.1) 
V toa 
(a) Use the computer program of Section 7.4 and with appropriate changes ex- 

amine the way in which the boundary-layer solutions approach the asymp- 


totic values of 
H=2, Ty / our, = Sa (P7.6.2) 
Uco 
(b) Compare the calculated wall-shear parameter f% with those given by Iglisch 
for the region before the asymptotic suction profile is reached at the £- 
stations shown in ‘Table P7.1. 
Hint: Since the boundary-layer equations are being solved in the transformed 
plane (€,7), from Eq. (7.3.4) 


u ee (RLE)? (P7.6.3) 


From Eqs. (P7.6.1) and (P7.6.3), we see that when fw = 2, we have the 
asymptotic suction profile according to Iglisch’s expression (P7.6.1). 


Figure P7.1 shows the computed values of H for a flat plate with uniform suction 
and Table P7.2 shows the computed f% values at the desired €-stations. 


Problems 241 


Table P7.1. Wall-shear parameter f% for a laminar flat-plate with uniform suction. 


it 
wW 


E Iglisch 
0 0.332 
0.020 0.422 
0.080 0.519 
0.180 0.622 
0.405 0.787 
0.720 0.963 
1.280 1.208 
2.6 
ASYMPTOTIC 
H 2.2 VALUE 





Fig. P7.1. Computed values of H for a flat-plate flow with uniform suction. 


Table P7.2. Computed f% values for a laminar flat plate with uniform suction. 


3 w 

0 0.332 
0.020 0.419 
0.080 0.523 
0.180 0.626 
0.405 0.790 
0.720 0.963 


1.280 1.208 


Stability and Transition 


8.1 Introduction 


The current methods for predicting transition from laminar to turbulent flow 
are based on the solution of the unsteady Navier-Stokes equations (DNS) dis- 
cussed in [1], on the solutions of the parabolized stability equations (PSE) dis- 
cussed in [2,3] and on the solutions of the linear stability equations discussed 
in Section 2.5. While DNS approach offers exciting possibilities, it is currently 
limited to some simple flows. Its computer requirements are large for transition 
calculations on complex bodies. The only engineering calculation method for 
predicting transition at this time is the e”-method based on the solutions of the 
Orr-Sommerfeld (OS) equation given by Eq. (2.5.13) 


p” — og" + ad = iR(au — w)($" — a$) — iRau"g (pada) 


subject to boundary conditions, which for wall boundary-layer flows are given 
by Eqs. (P2.10.1) and (P2.10.2), or 


ğ=0, =% =0 (8.1.1a) 
g=6, (D*-€&)¢4+(&+&)(D+4)¢ =0 (8.1.1b) 


(D + £2)(D* — &[)¢ =0 


Before we discuss the solution procedure it is useful to review the properties 
of the OS equation by rewriting Eq. (2.5.13) as 


p” — 207¢" + ato = iaR(u — c)(¢" — a7) — iRau"¢ (8.1.2) 


where c is the dimensionless complex propagation velocity of the disturbance 
related to its dimensional value c* by 
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x 1 * 
e=- (2) 4-2 (8.1.3) 
Q uo UO 


The solution of the Orr-Sommerfeld equation and its boundary conditions 
may be obtained by temporal or spatial amplification theories. The former takes 
w to be complex (= wr + iwi) so that the amplitude of the disturbance varies 
with time as exp(w,t), in contrast to the spatial amplification theory which takes 
w to be real and a to be complex [Eq. (2.5.13)], or w to be real and c to be 
complex (Eq. (8.1.2)], so that the amplitude varies with x as exp(—a;x). Note 
that for w; = 0 and given a,;,, a complex value of c implies values of the real 
frequency, wr, and the spatial amplification rate (—a;). Also, if a and w are 
both real, then the disturbance propagates through the parallel mean flow with 
constant amplitude |é(y)|; if a and w are complex, the disturbance amplitude 
will vary in both time and space. 

While both procedures have advantages, it is more convenient to use the 
spatial amplification theory since the amplitude change of disturbance with 
distance can be measured in a steady mean flow. The amplitude at a fixed 
point is independent of time and spatial theory gives the amplitude change in 
a more direct manner than does the temporal theory. 

The solution of the system given by Eqs. (2.5.13) and (8.1.1), with the real 
parts of £1, £2 strictly positive, exists only for certain combinations of Reynolds 
number R and the parameters of the disturbance a and w since all the boundary 
conditions are homogeneous. Thus the problem is an eigenvalue problem in 
which values of R, œ and w are the eigenvalues and the corresponding amplitude 
functions are eigenfunctions. Hence, in general, no nontrivial solution of this 
system exists. Only if a, w, R satisfy one or more relations of the form 


F(a,w, R)=0 (8.1.4) 


can such a solution be found. 

The eigenvalues of the OS equation for the spatial amplification case are 
often presented in (a, R) and (w, R) diagrams that describe the three states 
of a disturbance at a given Reynolds number R as damped, neutral or ampli- 
fied. For two-dimensional flows the locus a; = 0, or c; = 0, called the curve of 
neutral stability, separates the damped (stable) region from the amplified (un- 
stable) region. The point on this curve at which R has its smallest value is of 
special interest, because at values of R less than this value, all disturbances 
are stable. This smallest Reynolds number is known as the critical Reynolds 
number, Rer. The neutral curve is the same in both temporal and spatial am- 
plification theories. It is defined by a characteristic length L, velocity uo and 
kinematic viscosity v, that is 

Rea (8.1.5) 


YV 
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(b) 
Fig. 8.1. Stability diagrams for Blasius flow. (a) a, vs R. (b) w vs R. 


Figure 8.1 shows typical (a, R) and (w, R) stability diagrams for Blasius 
flow obtained with the computer program of Section 8.4 using the eigenvalue 
procedure described in subsection 8.2.1. The length scale L used in Eq. (8.1.5) 
is chosen to correspond to that used in the definition of the similarity parameter 


in Eq. (7.3.4), that is, 
ey s (8.1.6) 
Ue 


and the velocity scale u is taken to correspond to the external velocity ue. 
As a result, the Reynolds number in the Orr-Sommerfeld equation is defined 
by 





Rsg en (8.1.7) 


= eK —— 
Figure 8.2 and Table 8.1 show the variation of the critical Reynolds number, 
Rs» , with dimensionless pressure gradient parameter @ and shape factor H for 





2.0 22 3.0 Ja 4.0 4.5 Fig. 8.2. Variation of critical Reynolds 
H number, Rss with H. 
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Table 8.1. Critical Reynolds number 
for Falkner-Skan flows [3]. 


Ros. B H 
12490 1.0 2.216 
10920 0.8 2.240 
8890 0.6 2.274 
7680 0.5 2.297 
6230 0.4 2.325 
4550 0.3 2.362 
2830 0.2 2.411 
1380 0.1 2.481 
865 0.05 2.529 
520 0.0 2.591 
318 —0.05 2.676 
199 —0.10 2.801 
138 —0.14 2.963 


67 —0.1988 4.029 


Falkner-Skan flows given by Eq. (7.3.11). Note that in this figure the critical 
Reynolds number is based on displacement thickness 6*, and local velocity ue. 
In terms of Falkner-Skan variables it can be expressed as 


Rg» = V Ry 6; (8.1.8) 
with 6; denoting a dimensionless displacement thickness parameter expressed 
in terms of Falkner-Skan variables by 


The 
si = | O- Pan = ne- fe (8.1.9) 


From Fig. 8.2 it is seen that accelerating flows can tolerate larger Reynolds 
numbers than decelerating flows and, as a result, have a higher critical Reynolds 
number. On the other hand, decelerating flows have less tolerance to higher 
Reynolds numbers, indicating that Rsx becomes smaller as H becomes bigger 
which corresponds to smaller values of 8. 


8.2 Solution of the Orr—-Sommerfeld Equation 


There are several numerical methods for obtaining solutions of the stability 
equations for two- and three-dimensional flows. In general, finite-difference 
methods are more efficient and flexible than the initial-value schemes which 
may have problems associated with parasitic error growth as discussed in [3]. 
An efficient and accurate finite-difference method is the box-scheme discussed 
in subsection 4.4.3 for the unsteady heat conduction equation and in Chap- 
ter 7 for the boundary layer equations. Here we discuss its application to the 
Orr-Sommerfeld equation. 
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8.2.1 Numerical Formulation 


To formulate the numerical scheme employing the box method, we consider Eq. 
(2.5.13) and its boundary conditions given by (8.1.1) and reduce them to an 
equivalent first-order system. We define 


p af (8.2.1a) 
fi =s+0o (8.2.1b) 
S =g (8.2.1c) 
and write Eq. (2.5.13) as 

g' = &s — &3¢ (8.2.1d) 

With these variables, the boundary conditions become 
y=0, ọ=0, f=0 (8.2.2a) 

y =8; s+ (it a)f + Elé + €2)o = 0; 

gt+fos=0 (8.2.2b) 


where £9, defined in Eq. (P2.7.6b) attains its value at y = 6. 

We now consider a nonuniform mesh with y = 0 represented by yo and y = 6 
by yy and approximate the quantities (f,s,g,@) at points y; by (f;,5;,9;,0;)- 
As in subsection 4.4.3, we write the finite-difference approximations of Eqs. 


(8.2.1) for the midpoint Yj—i using centered-difference derivatives to obtain 
2 


b; — 3-1 — e3(fj + fj-1) = (rı); = 0 (8.2.3a) 
fi — fy-1 — c3(s; + 83-1) — c1 ($; + $j-1) = (r3)j-1 = 0 (8.2.3b) 
Sj — 83-1 — €3(9; + 9;-1) = (r2); =0 (8.2.3¢) 
gj — 93-1 — ca(83 + 83-1) — c2(ġ; + Gj-1) = (ra)j-1 = 0 (8.2.3d) 
Here, with hj_1 denoting y; — y;-1, 
c3 = A cı =¢1cs, c2 = —(€3);_1¢3, c4 = (€2);_1¢3 (8.2.4) 


As in the procedure for solving the boundary-layer equations, Eqs. (8.2.3) are 
again written in a sequence which ensures that the A-matrix in Eq. (4.4.30) is 
not singular. 

Equations (8.2.3) are imposed for j = 1,2,..., J and additional conditions at 
j =Q and 7 = J are obtained from the appropriate boundary conditions which, 
for an external flow, follow from Eqs. (8.2.2) and can be written as 


go = (riJo=0, fo=(r2)o=0 (8.2.5a) 


fai +egs7 + Gig; = (r3)7 =0, gJ +Casy = (ra) zy =0 (8.2.5b) 
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where now 


` i 
3 & + 
The difference equations (8.2.3) and (8.2.5) have trivial solutions fj = sj = ġj = 
gj = 0 for all 7 and we shall use the iteration procedure described below to find 
the special parameter values for which nontrivial solutions exist. 

Since the Orr-Sommerfeld equation and the boundary conditions are ho- 
mogenous, the trivial solution ¢(y) = 0 is valid for all values of a, 3, w and R. For 
this reason to compute the eigenvalues and the eigenfunctions we first replace 
the boundary condition ¢’(0) = 0 (that is fo = 0) of Eq. (8.2.5) by $”(0) = 1, 
that is so = 1. Now the difference equations have a non-trivial solution since 
¢"(0) Æ 0 and we seek to adjust or to determine parameter values so that the 
original boundary condition is satisfied. ‘This is achieved by an iteration scheme 
based on Newton’s method. Specifically, we first write the wall boundary con- 
ditions 


či = 4 = &% (8.2.6) 


o =(r1)o=9, $0 =(rT2)o =1 (8.2.7) 


and the edge boundary conditions in Eq. (8.2.5b) and Eq. (8.2.3) in matrix- 
vector form as in Eq. (4.4.29), with 6; and r; defined by 


Pj (r1)5 
i= |2) a= [Ry (8.2.8) 
Jj (ra)j 


and the A;, Bj, Cj denote 4 x 4 matrices given by 


1 0 00 1 i ae 6 
0 1 00 0 1 0 Sa) , 
Ao = eS eee ee 
: (c1)1 (c3)4 10 4 (Giyer (c3) 541 1 0 n 
(c2)1 (ca) 01 araa Oc 4 
I. 0: ley 20 
Heel. 0: s=(3)7 
“| (@1) (č) 1 0 |? 
0 (č) 0 1 
=l 0 —(c3)j 0 
0 —1 0 =(€3); 
73 0 0 0 0 Lage 
0 0 0 0 
0 0 0 0 
Cy=| 0). feoleas 1 9 | OS9S471 (8.2.9) 


8.2 Solution of the Orr-Sommerfeld Equation 249 


We note from the difference equations defined by Eqs. (8.2.3) and (8.2.5) 
that the solution of Eq. (4.4.29) depends upon the three parameters a, w and 
R and we can denote this dependence by writing 


ó = 6(a,w, R) (8.2.10) 


Recalling that œ is complex, and that w is real in spatial-amplification theory, 
the above relation implies that the solution of Eq. (4.4.29) depends upon four 
scalars. With any two of these scalars fixed, the remaining scalars can be com- 
puted in such a way that the missing boundary condition ¢/(0) = 0 is satisfied. 
In our finite-difference notation, this corresponds to the condition 


fo(a,w, R) =0 (8.2.11) 


8.2.2 Eigenvalue Procedure 


To discuss the solution procedure for Eq. (8.2.11), let us consider the computa- 
tion of ay, w and R for a specified value of a;. In this case since w is real, the 
solution of Eq. (8.2.11) can be obtained by fixing one parameter and solving 
for the remaining two. The choice of the fixed parameter depends on the slope 
of da,/dR so that, for example, it is more convenient to fix R and solve for a; 
and w away from the critical Reynolds number where da,/dR is small. In the 
region of critical Reynolds number, da,/dR is large and increases as R —> Rer 
and it is necessary to specify a, and solve for w and R. To explain these points 
further, consider the eigenvalue problem corresponding to small da, /dR. Since 
fo is complex, a; is given and R is fixed, Eq. (8.2.11) represents two equa- 
tions with two unknowns (a,;,w) and the equations can be solved by Newton’s 
method. Specifically, if (@”,w”) are the v-th iterates, the (v + 1)-th iterates are 
determined by using 

alt! = aË + bak (8.2.12a) 

wth = uw + bu” (8.2.12b) 


in Eq. (8.2.11), expanding fo about a¥ and w” and retaining only linear terms 
in the expansion. This gives the linear system by taking f’t! = 0 and AR = 








eae oley gea T OA ee ie 

J + (2) Qy T (25) ów = 0 (8.2.13a) 
V Of; j V Of; ý VY __ 

Íi + (54) 6a, F ($2) dw = 0 (8.2.13b) 


Here, for convenience, we have dropped the subscript 0 on f and used r and 2 
to denote the real and imaginary parts of f at the wall. The solution of Eqs. 


(8.2.13) is, ; 
oe x lf (25) _ fv (25) (8.2.14a) 
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Lg ( OF” av ( OF)” 
wr [ye (28) (2)] eaw 
= (Y (88V - (YF (2) 
a= (3E) (Ss) a — ane 


To evaluate the derivatives of fp and f; with respect to a, and w, we need only 
to differentiate Eq. (4.4.29) and, since the vector 7 is independent of a, and w, 








where 




















we get: 
06 @A\"“3, = 
A = — LF ek 
& (2) OET (8.2.15a) 
06 í OA 33 z 


We shall refer to the above equations as the variational equations of Eq. (4.4.29) 
with respect to ay and w, respectively. Thus, to obtain the required derivatives, 
we need to solve only two linear systems with the same coefficient matrix A 
already computed and factored for Eq. (4.4.29). The vectors on the right-hand 
side of Eqs. (8.2.15a) are determined from Eqs. (8.2.3), (8.2.5b) and (8.2.7). For 
Eq. (8.2.15a) (rı); = (r2); = 0 for 0 < j < J, but (r3); and (r4); for 1 <j <J 
are given by 











Cameos: (=) $j: (8.2.16a) 
Ga (5) s142 (5 | $j: (8.2.16b) 
oraz (52) 8 — (52) e (8.2.16c) 
Giese (5 i" (8.2.16d) 


For Eq. (8.2.15b), again (71); = (r2); = 0 for 0 < j < J, but with c1, cg and 
c3 being independent of w for j < J — 1, the coefficients (r3); and (r4); for 
1<j< J are given by 


(r3)j-1 = 0 (8.2.17a) 
(r4)j-1 =2 ($) sj] (8.2.17b) 
(r3)7 = — (E) SJ (8.2.17c) 
(ra) = — (Ge) 8 (8.2.17d) 
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To summarize one part of the iteration process for a fixed value of R and 
for assumed values of a, and w, we solve Eq. (4.4.29). If the initial estimates 
of a, and w satisfy Eq. (8.2.11) and that fp =0, then of course there is no 
need to compute new values of a, and w. On the other hand, if fo Æ 0, then 
new estimates of a, and w are obtained by Newton’s method. With the right- 
hand side of Eqs. (8.2.15a,b) given by Eqs. (8.2.16) and (8.2.17), we solve Eqs. 
(8.2.15a,b) to compute Of /Oa, and Of /Ow. Then we compute ar and ów from 
Eqs. (8.2.14) and insert them in Eqs. (8.2.12) so that we can solve Eq. (4.4.29) 
with new estimates of a, and w and satisfy Eq. (8.2.11). This process is repeated 
until the increments |6w| and |6a;,| are less than a specified tolerance parameter. 

Once a solution to Eq. (8.2.11) is obtained at a specified Reynolds number 
Ro, we can determine (a, /ƏR)o and (ðw/ƏR)o at R = Ro and decide whether 
we are going to solve the eigenvalue problem in which we compute (a,,w) for a 
fixed R, as we did above, or compute (f,w) for a fixed a,. For this purpose we 
take the total derivative of Eq. (8.2.11) with respect to R and after separating 
the real and imaginary parts of the resulting expression, we get: 


DOEDE ea 
DEL G8), 


It follows from Eqs. (8.2.18) that É 

(ar), = Zo (BR), (a0),~ (or) as) 6% 

(a7), = o (Can), (sac), (Git) (Ba) 62% 
l o a a ON 


To evaluate the derivatives of fr and f; with respect to R, this time we differ- 
entiate Eq. (4.4.29) to obtain the variational equations with respect to R, 


a6 . OAN” 3, = 


The right hand side vectors of the above equation with (r1); = (r2); = 0 for 
0< j < J, and with (r3); and (r4); for 1 < j < J are: 









































where 














Mhi = 0 (8.2.21a) 


Oc Oc 
(ra)j-1 = 2 (sa) Sei? (SB) $ji (8.2.21b) 
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B o3 
(r3)J = — (SB) s (8.2.21c) 
fale 
(r4)J = — E (8.2.21d) 


As before, with the coefficient matrix A already known, we now compute the 
relations in Eqs. (8.2.21) so that Of /OR can be obtained from the solution of 
Eq. (8.2.20). Since Of /Oa, and Of /Ow are already known from the solutions 
of Eqs. (8.2.15), 0a,-/OR and 0w/OR can be computed from Eqs. (8.2.19) to 
decide on the choice of the eigenvalue procedure. 

It should be mentioned that the values of 0a;/OR and 0w/OR can also be 
very useful in estimating the initial values of a, and w at a different Reynolds 
number where new sets of a, and w are to be obtained. ‘To discuss this point 
further, we expand a, and w by Taylor’s series and by retaining only the first 
term, we write 





Oa, 
Qar = (ar)o + (3 ) oR (8.2.22a) 
wW = wo + (3z) SR (8.2.22b) 
= Ww aR) 2. 


where 6R = R — Ro and subscript 0 denotes the values of a, and w at R= Ro. 

If the slope Ga,/OR is greater than a specified quantity, then the strategy 
of computing the eigenvalues for the specified value of a; needs to be changed. 
This can be done by incrementing a, by small specified values and, for each 
value, w and R that satisfies Eq. (8.2.11) are computed. As in the procedure 
that led to Eqs. (8.2.13), we now expand f in Eq. (8.2.11) about w” and R” 
and retain only linear terms in the expansion, 








ec, FOIEN amet OIE eae 

fe + (22) ów” + (35) 6R° =0 (8.2.23a) 
V Of; d v Of; É vo 

fy + ($4) dw + ($5) oh: = 0 (8.2.23b) 


Solving for ów” and 6R”, we obtain essentially the same equations as those 
given by Eqs. (8.2.14) if we replace a, by R, 


SRY = =. lf (se) f (+) | (8.2.24a) 
TE | f BEN -p (SE) | (8.2.24b) 


a= (SE) ($4) - (38) (4) (8.2.24¢) 








where now 
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To find the eigenvalues at a new chosen value of œp, we may again obtain 
better estimates of w and R by writing 








OR 
= Sai, 2. 
R Rot (5). Q (8.2.25a) 
EE. ( E 5a, (8.2.25b) 


However, the additional work required to compute Ow /Oa, may not justify this 
advantage since the calculations are being performed near the critical Reynolds 
number region for small increments in a, which make the initial guess and the 
eigenvalue problem easier. 

The calculation of w and R for a specified value of a, is very similar to the 
one in which w and a, are computed for a specified R. With initial estimates of 
w and R, Eq. (4.4.29) can be solved to see whether Eq. (8.2.11) is satisfied. If 
not, new estimates are computed by using Newton’s method. Equations similar 
to (8.2.15b) and (8.2.20) are solved to get Of /Ow and Of /OR, respectively, and 
then new increments in R and w are obtained from the solution of Eqs. (8.2.24). 
The procedure is repeated until convergence, when, for example, [ów] and |R] 
become less than a specified tolerance parameter. 


8.3 e”-Method 


The e”-method, which utilizes linear stability theory, was first used by Smith [4] 
and van Ingen [5] and is discussed in detail in [3]. The basic assumption is that 
transition starts when a small disturbance is introduced at a critical Reynolds 
number and is amplified by a factor of e” which, for a typical value of n equal to 
9, is about 8000. The calculation of transition with this procedure is relatively 
straight-forward in two-dimensional (and in axisymmetric) flows, requiring the 
calculation of the amplification rates (—a,;) as a function of x (or R) for a 
range of dimensional frequencies w*. The stability calculations are preceded 
by boundary-layer calculations and, for a given external velocity distribution 
ue(x) and freestream Reynolds number, the laminar boundary-layer equations 
are solved to obtain the streamwise velocity profile u and its second derivative 
u”. The stability calculations begin at a Reynolds number, Rs», slightly larger 
than the critical Reynolds number, Rg», on the lower branch of the neutral 
stability curve at an x-location, say © = £1 (see Fig. 8.3). At this point, since u, 
u” and R are known, a, and w can be computed by the procedure of subsection 
8.2.2 and the dimensional frequency w* determined from Eq. (2.5.10), that is, 


* uo 
= Ww 8.3.1 
wW Ù T ( ) 
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Oy line3 











Fig. 8.3. Strategy of calculating transition with the e"-method. 


and kept constant along line 1 defined by this constant dimensional frequency. 
At the next x-location, v2, two separate calculations are performed for the newly 
computed boundary-layer profiles u and u” and Reynolds number R. In one set 
of calculations (point 2 in Fig. 8.3), a, and w are computed on the neutral curve 
with the procedure used to obtain a, and w at point 1 so that a new dimensional 
frequency can be defined on line 2. In the second set of calculations, point la, the 
dimensionless frequency w is first determined from the dimensional frequency 
w* on line 1, and its characteristic velocity and length scales at point 2, that is, 


w = w* — (8.3.2) 


With w known from Eq. (8.3.2) and R defined at point 2, œ can be determined 
by the eigenvalue procedure for transition described below. The procedure at 
point la is then repeated at points 2b and 1b, and a dimensional frequency is 
computed for line 3. For example, at point 1b, values of (ar, œ;) are computed 
with the known dimensional frequency on line 1 and the specified Reynolds 
number at point 3; at point 2b, they are computed with the known dimensional 
frequency on line 2 and the specified Reynolds number at point 3. This procedure 
is repeated for several lines and the variation of the integrated amplification rate, 


defined by 





r= -{ aidz (8.3.3) 
£ 


0 


with xo corresponding to each value of x on the neutral stability curve, is com- 
puted for each line. This procedure leads to the curves of constant frequency, 
Fig. 8.4, and their envelope corresponds to the maximum amplification fac- 
tors from which transition is computed with a value for n, commonly assumed 
between 8 and 9. 
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12.0 


10.0 


Fig. 8.4. Variation of the inte- 
grated amplification factors with 
0.0 . . . . ' distance and frequency for Blasius 
flow. 





The eigenvalue procedure for computing a needed to predict transition with 
the e”-method for specified values of w and R is analogous to that described in 
the previous subsection. In this case, Eq. (8.2.11) is expanded with the Taylor 
series rather than Eqs. (8.2.13), and linear terms are retained to give 


























V Ofr j V O fr á Vo __ 
JeF (2) dQ, + ($=) óa; = 0 (8.3.4a) 
v Of; E V Of; á V 
J F (35) 6a, + (54) da; = 0 (8.3.4b) 
The solution of these equations is similar to those given by Eq. (8.2.14), 
i ee Cie . a OI 
al Ao J a fr a | P 
pa k bet Ol) \ al Oley, Z 
am G to Th t= | e 
where 
Ofr\" (Ofi\” (ƏLAN eN 
Ars — EF 
Í (a) Ga, (sa) es oe 


Differentiation of Eq. (4.4.29) with respect to a, and a; leads to the derivatives 
of fr and fi with respect to a, and a;, and an equation identical to Eq. (8.2.15) 
with w replaced by a; is obtained. Again the vectors on the right-hand side of 
Eq. (8.2.15) are determined from Eqs. (8.2.3), (8.2.5) and (8.2.7), and (rı); = 
(r2); =0 for O< j < J, and (r3); and (r4); for 0< j < J are given by Eqs. 
(8.2.16) with cy, ce, c3 and c4 now differentiated with respect to a, and aj, 
respectively. 
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8.4 Computer Program STP 


We now describe a stability-transition program (STP) for calculating the neu- 
tral stability curves and transition of two-dimensional flows based on spatial 
amplification theory and the numerical method discussed in Sections 8.2 and 
8.3. The program (Appendix B) requires that the boundary-layer velocity pro- 
files be calculated with the boundary-layer program of Chapter 7 so that u 
and u” can be used at each €-station as a function of 7. For convenience, the 
velocity ug and length L scales in the Orr-Sommerfeld equation are chosen to 


correspond to 
VI £ 
ote Vue E i 


with Reynolds number R now given by 


L 
R= =~ =a Fe (8.4.2) 


With this choice, the boundary-layer grid of the velocity profiles can be used 
in the solution of the Orr-Sommerfeld equation. This means, that u and u” in 
the stability-transition program are related to the output of the boundary-layer 
program by 





u = f u” _ J~ (8.4.3) 


and that the output of the boundary-layer program can be arranged to calculate 
u” once the solutions of the boundary-layer equations are known. The parameter 
f” can be obtained either by differentiating f” with respect to 7 or from the 
finite-differenced momentum equation, Eq. (7.3.18), which for laminar flow can 
be written as 

fs WIN n 2\n n=l pn n—-lion n—l 

=f, ) = Oise), On) —Gaw, J) = 0; EE, (8.4.4) 
where R= is given by Eq. (7.3.20a). 

With boundary-layer profiles known at each x-station, the stability calcula- 
tions can be started at any z-station where the critical Reynolds number Rer 
is less than the local Reynolds number used in the boundary-layer calculations. 
For external flows, an estimate of Rg» can be obtained from Fig. 8.2 with Rẹ» 
known from the boundary-layer calculations and included in the output sub- 
routine. 

The calculations for transition are first performed for a neutral stability 
curve at the specified z-location where R (= /R,) is known. The calculation 
of w and a requires initial estimates. A convenient procedure to achieve this is 
the continuation method discussed in [3] but to retain a comparatively simple 
program, this is not part of the present description. The initial estimates of w 
and a for a given R can be obtained for Blasius flow. 
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To calculate the location of the onset of transition it is usually sufficient 
to perform neutral stability calculations at four x-locations so that four fre- 
quencies can be computed and amplification rates determined on four curves 
with constant dimensional frequencies. While STP is general and can be used 
for external flows with suction and injection as well as free shear flows such as 
jets and wakes, changes are required to accommodate boundary conditions and 
provide better estimates of initial eigenvalues where required. STP can also be 
used for flows with heat transfer as discussed in [3]. 

STP consists of MAIN and four subroutines - VELPRO, CSAVE, NEWTON 
and NEWTONI - and are described in the following subsections. 


8.4.1 MAIN 


In MAIN the total number of zx-stations (NXT) and the z-station where the 
stability calculations begin (NXO) are identified together with the requirement 
of neutral stability (IXT = 0) or transition. In the latter case, it is necessary to 
specify the number of frequencies, and this is done by setting IXT to 1, 2, or 
any number other than zero but less than twenty so that, for example, 1 will 
lead to transition calculations for one frequency and 2 for two frequencies, etc. 

To calculate the neutral stability curves, the dimensionless external velocity 
UE(I) (= ue/too) is required as a function of surface distance S(I) (= s/L), to- 
gether with Reynolds number Ry (= ual /v), a reference length L and velocity 
UINF (= ua). The stability Reynolds number REY (I) (= R) is then calculated 
from Eq. (8.1.7) with Ry given by 


r = te (=) Rr (8.4.5) 


The calculation of the eigenvalues a and w at NX = NXO (s = sọ) also requires 
the specification of their initial estimates at the Reynolds number corresponding 
to its value at sọ. For Blasius flow, they can be obtained from the already 
constructed stability diagrams, such as those given by Fig. 8.1. When other 
figures are used, care should be taken to ensure that the estimated eigenvalues 
have the same length and velocity scales as those used in STP. 

The velocity profiles u and u” needed in the stability equation are obtained 
by calling VELPRO, and the calculations for neutral stability are performed 
by caling NEWTON and for amplification rates a; and n-factor by calling 
NEWTONI. 


8.4.2 Subroutine VELPRO 


The velocity profiles for STP can be generated by any boundary-layer method. 
Here we assume that they are provided by BLP of Section 7.4. The read-in 
values of KX and NP in this subroutine refer to the NX-station and the j-points 
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(J) where the profiles are computed. With the specification of U(J) (= f’) and 
V(J) (= f”) as a function of ETA(J) (= nj), UUDP(J) (= uj) are calculated, 
by differentiating V(J) with respect to 7. 


8.4.3 Subroutine CSAVE 


This subroutine is used to obtain the solutions of the Orr-Sommerfeld equation 
for a given set of œ and w when the neutral stability curve is required or a, and 
a; for the determination of the location of the onset of transition. The standard 
problem refers to the solution of Eq. (4.4.29) subject to the boundary condition 
that $"(0) (= so) is equal to 1. The definitions of (c1); to (c4); in the Orr- 
Sommerfeld equation, as well as the edge definitions, are given by Eqs. (8.2.4) 
and (8.2.6), respectively, and the r} terms by Eqs. (8.2.3) and (8.2.7). All values 
of rj are zero except for (r2)> which is equal to 1 because of the requirement 
that so = 1. 

This subroutine also contains the coefficients of the variational equations of 
the standard problem, Eq. (4.4.29), with respect to a, w and R, together with 
the right-hand sides of these equations as given by Eq. (8.2.16) for those with 
respect to a, Eq. (8.2.17) for w, and Eq. (8.2.21) for R. 

The variational equations are written with respect to a, w and R, but the 
coefficient matrix A in Eq. (4.4.29) is the same. For this reason, it is only 
necessary to define those (rj) terms that are not zero. 

This subroutine also contains the block-elimination algorithm to solve Eq. 
(4.4.29) with the procedure described in subsection 4.4.3. Note that AA(1,1,1) 
and AA(2,2,1) denote (a@11)9 and (a@22), and correspond to the “wall” boundary 
conditions. 


8.4.4 Subroutine NEWTON 


For initial estimates of ALFA(= ar) and OMEGA(= w), this subroutine com- 
putes the eigenvalues œa and w according to the procedure described in Sec- 
tion 8.2. The perturbation quantities DALFA(= ar) and DOMEGA(= ôw) are 
computed according to Eq. (8.2.14). Upon convergence of the iterations, the di- 
mensional frequencies WSO(IX)(= w*) are calculated and printed for that NX- 
station, and for each corresponding frequency, IX, together with the values of a 
and w which serve as initial estimates for the next NX-station (or R), are stored. 
Also stored are the values of UM(= fo), UMA(= Of, /da), UMO(= Of,/dw), 
UMR(= Of, /OR), UE and REY. 


8.4.5 Subroutine NEWTONI 


In the calculation of transition, the amplification factor n is computed for a 
dimensional frequency w* according to Eq. (8.3.3) which in terms of the dimen- 
sionless quantities used in the solution of the Orr-Sommerfeld equation with 
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CLOGA corresponding to the exponent n in the e”-method, can be written as 
£ 
ras f (=5) dé (8.4.6) 


8.5 Applications of STP 


8.5.1 Stability Diagrams for Blasius Flow 


The stability diagrams for Falkner-Skan flows, similar to those given in Fig. 
8.1, can be constructed by using BLP and STP. For a given external velocity 
distribution (constant for Blasius flow), BLP generates the laminar velocity pro- 
files so that ETA(J), U(J,2) and V(J,2), J =1,...,NP, can be printed from the 
MAIN program in a format compatible with the READ statement of subroutine 
VELPRO. 

For the neutral stability diagrams, the calculations can be performed at a 
sufficiently high Reynolds number by specifying initial estimates of a, and w. 
Once a solution is obtained at one Reynolds number, the calculations for other 
Reynolds numbers can be obtained with the procedure of subsection 8.2.2. The 
same procedure can also be used for lower Reynolds numbers provided da,/dR 
is small. When this is not the case, a; is incremented by small specified values 
and w and R are computed to satisfy Eq. (8.2.11). The program of Section 8.4 
is written for the case of small da,/dR and needs to be changed when da, /dR 
becomes large. 

To demonstrate the use of STP, in this section we consider the Blasius 
flow and calculate the eigenvalues a, and w at four x-locations. We take ue = 
160 ft/sec, Ry = 5 x 10°, L = 5ft and initiate the calculations at zo = 0.54 ft 
for a; = 0. This corresponds to a Reynolds number of R(= V Rr} = 735 which 
is sufficiently high for da, /dR to be small, see Fig. 8.1a. Initial estimates of a, 
and w follow from Fig. 8.1, and are 0.084 and 0.025 respectively, on the lower 
branch of the neutral stability curve at R = 800. 

Figure 8.5 shows the computed eigenvalues a, and w along the surface dis- 
tance x for values of a; equal to 0 and —0.004. The calculations for a; = —0.004 
are essentially the same as those for the neutral stability curve, a; = 0. The ini- 
tial estimates of a, and w can be obtained from those corresponding to a; = 0 
provided that Aa; is small. If this is not the case, then it is best to divide the 
increment in Aa; to small values and perform the stability calculations for each 
value of a; until the desired value of a; is reached. 


8.5.2 Transition Prediction for Flat Plate Flow 


To demonstrate the prediction of the onset of transition location with the e”- 
method, we first apply STP to a zero-pressure gradient flow which is identical 
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Fig. 8.5. Computed eigenvalues for Blasius flow, (a) a, and (b) wr. 
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Fig. 8.6. Transition calculation for a flat plate flow, (a) origin of the disturbances on 
neutral curve and (b) integrated amplification rates. 


to the one in the previous subsection except that now the stability calculations 
are performed to compute a. With dimensional frequencies known at four x- 
locations, the amplification rate calculations are performed for frequencies of 
902, 753, 641 and 581 Hz, Fig. 8.6a. The n-values are obtained from Eq. (8.3.3) 
with x, corresponding to each value of x in the neutral stability curve. Fig. 8.6b, 
which is the same as Fig. 8.4, shows the envelope of the amplification rates 
(dashed line) and indicates that for a value of n = 8, the onset of transition 
takes place at x = 2.8 ft, or at a Reynolds number of R} = 2.8 x 10°. 
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8.5.3 Transition Prediction for Airfoil Flow 


The procedure for determining the onset of transition location on an airfoil is 
similar to the procedure used for the flat plate flow discussed in the previous 
subsection. To demonstrate this, we consider an NACA 0012 airfoil at two chord 
Reynolds numbers, Re = 10° and 3 x 10°. For the external velocity distribution 
obtained from the HSPM computer program discussed in Section 6.5, the lami- 
nar velocity profiles are computed with BLP for a = 0°, 2° and 4°. The neutral 
stability calculations are then performed for each Reynolds number and angle of 
attack. These calculations were then followed by amplification rate calculations 
for each frequency computed on the neutral stability curve. For each calcula- 
tion, the transition location is determined with respect to the surface distance 
along the perimeter of the airfoil measured from the stagnation point and the 
corresponding x/c location is calculated. 

Table 8.2 presents a summary of the calculated transition locations at three 
angles of attack and two chord Reynolds numbers for n = 8. The results show 
that with increasing angle of attack, since the adverse pressure gradient becomes 
stronger, the transition location moves upstream. The results also show that 
with increasing Reynolds number, the transition location moves upstream. 


Table 8.2. Onset of transition locations on the upper surface of an 
NACA 0012 airfoil at two Reynolds numbers and three angles of 


attack. 

a 0° P 4° 

Re (s/c)tr—(x/c)tr (s/c)ir—(x/C)tr (s/c)ir (2/c)tr 
1 x 10° 0.505--0.49 0.33-0.31 0.16-0.13 

3 x 10° 0.355-0.34 0.21-0.19 0.10—-0.075 


More applications of STP, including its extension to three-dimensional flows 
can be found in [3]. 
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Problems 

8-1. Compute the eigenvalues a, and w on the lower branch of the neutral 
stability curve for Blasius flow at 700 < R < 3000. Take ue = 160fts~!, v = 
1.6 x 1074 ft*s~1. Use BLP to calculate the velocity profiles. 

8-2. Repeat Problem 8-1 for m = —0.01 and —0.005. 


8-3. Calculate the location of transition for n = 9 for the above two problems 
and discuss the effect of pressure gradient on the results. 


Grid Generation 


9.1 Introduction 


The solution of the conservation equations, described in Chapter 2, requires an 
arrangement of a discrete set of grids or cells in the flow field; their determination 
for a given body is known as grid generation and is discussed in this chapter. 

While the finite-volume methods can be applied to uniform and non-uniform 
meshes, the finite-difference methods require a uniform rectangular grid. In prac- 
tically all real-life problems, a uniform rectangular grid is not possible in the 
physical plane. As a result, it is necessary to use a coordinate transformation 
and map the irregular region into a regular one in the computational plane. An- 
alytic transformations for this purpose are difficult to construct except for some 
relatively simple geometries; for most multidimensional cases it is impossible to 
find such a transformation. Three major classes of techniques corresponding to 
algebraic methods, differential equation methods and conformal mapping meth- 
ods can be used to overcome these difficulties. For example, in the numerical 
grid generation technique advanced by Thompson [1], the coordinate transfor- 
mation is obtained automatically from the solution of partial-differential equa- 
tions. In what is referred to as the structured grid approach, a curvilinear mesh 
is generated over the physical domain such that one member of each family 
of curvilinear coordinate lines is coincident with the boundary contour of the 
physical domain. For this reason, the scheme is also called the boundary-fitted 
coordinate method. 

While the task of grid generation is an integral part of CFD, it can be sepa- 
rate from the task of numerically calculating the resulting flow field. A numerical 
method (flow solver) can be developed independently to solve the conservation 
equations with the grid generated separately. For methods requiring a solution 
in a computational plane, grid generation amounts to computing the metrics 
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of the transformation and knowing the one-to-one correspondence of the loca- 
tion of each grid point in both computational and physical planes in order to 
transform the solution back to the physical plane. 

In the brief discussion of grid generation methods presented in this chapter, 
the basic concepts of the mapping and development of curvilinear coordinates 
are discussed in Section 9.2. Descriptions of three grid generation techniques, 
starting with the simplest scheme in one dimension (Section 9.3) are given In 
Sections 9.4 to 9.6. Section 9.7 will briefly review basic concepts and techniques 
for generating unstructured grids. 


9.2 Basic Concepts in Grid Generation and Mapping 


To illustrate the basic concepts of the mapping and development of curvilinear 
coordinates, otherwise known as the structured grid approach, consider an ir- 
regular region ABCDA in the physical plane in the (x, y) Cartesian coordinates 
(Fig. 9.1a) and determine its mapping into the computational domain in the 
(£, n) Cartesian coordinates such that the mapped region will have a rectangular 
shape and allow the construction of a square mesh (Fig. 9.1b). In addition, the 
boundaries of the physical domain must be coincident with the (€, n) coordinate 
lines of the boundaries of the transformed region in the computational domain. 
One procedure to accomplish this mapping is to set the values of £,7 along the 
boundaries of the physical region in the following manner: 


1) With 7 = constant, vary € monotonically along the boundary segments AB 
and CD of the physical region, and 

2) With € = constant, vary 7 monotonically along the boundary segments BC 
and DA of the physical region. 


With these requirements on the values of € and 7 along the boundaries of the 
physical region, the segments AB and CD of the physical region are mapped into 
the computational domain as horizontal lines, while the segments BC and DA 
are mapped into the computational domain as vertical lines, as shown in Fig. 
9.1b. Note that each boundary segment of the irregular region in the physical 
domain is mapped into the sides of the rectangular region in the computational 
domain. Furthermore, the following requirements are placed on the mapping: 


The mapping must be one to one. 

Coordinate lines of the same family (i.e., € or 7) must not cross. 

The lines of different families must not cross more than once. 

Grid points should be closely spaced in the physical domain where large 
numerical errors are expected. 


ee a 


To satisfy these requirements, a proper organization of the grid points along 
the boundaries of the physical region is needed. That is, if I-grid points are 
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(a) (b) 
Fig. 9.1. Mapping an irregular simply connected region into the computational domain 
as a rectangle. (a) Physical plane, (b) computational plane. 


placed along the bottom boundary segment AB of the physical domain, I-grid 
points must be placed along the opposing top boundary segment DC of the 
physical domain. Similarly, if J-grid points are placed along the right boundary 
segment BC of the physical domain, J-grid points must also be placed along 
the left segment AD. The actual values of € and 7 in the computational domain 
are immaterial because they do not appear in the final expressions. Thus, the 
coordinates of the grid A in the computational domain can be taken as € = 1 and 
n = 1 and the mesh size as AE = 1 and An = 1. In this way, a square mesh can 
be constructed over the rectangular transformed region in the computational 
plane. 

In the above example of mapping, an irregular region in the physical plane 
is mapped as a rectangular region into the computational plane. Depending on 
the choice of the values of €,7 along the boundary segments of the physical 
region, other configurations can be generated in the computational plane. To 
illustrate this, let us consider an L-shaped irregular region ABCDEFA in the 
physical plane, as shown in Fig. 9.2a. One possibility is to map the region into 
an L-shaped regular region, as shown in Fig. 9.2b. This is accomplished by 
choosing the values of 7 along various boundary segments in the physical plane 
as follows: 


1. With 7 = constant, vary € monotonically along the boundary segments AB, 
DC and FE of the physical region, and 

2. With € = constant, vary 7 monotonically along the boundary segments FA, 
ED and CB of the physical region. 


With these requirements, the L-shaped irregular region can be mapped into the 
computational plane as an L-shaped regular region. The coordinates of the grid 
point A in the computational plane can again be chosen as € = 7 = 1 and the 
mesh size taken as AE = An = 1. 
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(a) 
Fig. 9.2. Mapping the L-shaped irregular region into an L-shaped regular region. (a) 
Physical plane, (b) computational plane. 


Another possibility of mapping the L-shaped irregular region in Fig. 9.3a is 
to map it as a rectangular region, as shown in Fig. 9.3b. This is accomplished 
by choosing the € and 7 values along various boundary segments of the physical 
region as follows: 


1. With 7 = constant, vary € monotonically along the boundary segments FAB 
and CDE of the physical region, and 

2. With € = constant, vary 7 monotonically along the boundary segments BC 
and EF of the physical region 





(b) 
Fig. 9.3. Mapping the L-shaped irregular region into a rectangular region. (a) Physical 
plane, (b) Computational plane. 
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9.3 Stretched Grids 


Let us assume that we are interested in the viscous flow solution of the conser- 
vation equations on a body, where the velocity varies rapidly near the surface 
of the physical plane. To calculate the details of this flow, a non-uniform grid, 
which has fine spacing close to the surface and coarse spacing away from the 
surface, is needed. To overcome the difficulties associated with the use of a non- 
uniform grid, it is desirable to obtain the flow-field solution in the computational 
plane where the grid is uniform (Fig. 9.4b) rather than in the physical plane 
(Fig. 9.4a). We use the following coordinate transformation for this purpose, 


=g (9.3.1a) 
_, _ nA)! 
n=1- TB (9.3.1b) 
Where: 6+(1—y/h) B41 
= TI R e 
A= eae MO ped (9.3.2) 


Here 8 is called the stretching parameter, which assumes values 1 < 8 < oo. 
As 8 approaches unity, more grids are clustered near the wall in the physical 
domain. The inverse transformation is: 


=f (9.3.3a) 
1)—(@-1)Bi- 
YO (9.3.3b) 


The continuity equation for steady flow in the two-dimensional physical plane, 
see Eq. (2.2.12b), is 


o 
— (ou) + By e” =0 















































(a) (b) 
Fig. 9.4. One-dimensional stretching transformation. (a) Physical plane, (b) computa- 
tional plane. 


268 9. Grid Generation 


In the computational plane, this equation can be written as 


Ə olsu + yr) | 9 olsu + nyv) 
oE J On a 


or, noting that the invariants of transformation are equal to zero, 


= 0 


ð 8) o O 
Se gg (ou) ele Ne By (Qu) + Sugg (Oe) T y gg t2) = 0 (9.3.4) 


The metrics in the above equation can be obtained from the transformation 
given by Eq. (9.3.1), 


28 1 


= h. mB 82 —(1-y/h)? A 


EÉr=l , Ey = 0, Ne = 0, 
Therefore, the form of the continuity equation in the computational plane, with 
ny defined in Eq. (9.3.5) and with y in ny, related to 7 by Eq. (9.3.3b) is: 


S (eu) + my (ov) = 0 (9.3.6) 


Note that the transformed continuity equation retains its general form, except 
for the coefficient 7,-term. Therefore, the transformed equation (9.3.6) is slightly 
more complicated than its original form, but it can now be solved for a uniform 
grid. Once the solution is obtained in the computational domain, the results can 
be transformed back to the physical domain with the inverse transformation 
given by Eq. (9.3.3) for each (£, n) location to the corresponding (x, y) location. 


9.4 Algebraic Methods 


The technique of using algebraic relations to cluster grid points close to the 
surface can be extended to generate computational grids in two or three dimen- 
sions, and to map arbitrary physical regions into a rectangular computational 
domain. 

To illustrate the application of algebraic methods to generate a body-fitted 
mesh, consider a flow in a diverging nozzle, shown in Fig. 9.5. Let us represent 


C 





© Fig. 9.5. Nozzle geometry. 
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the centerline by AB and the upper surface by DC, with the ordinate of the 
nozzle upper surface given by 


pea Tee (9.4.1) 


It is clear that for this geometry a rectangular grid in the physical plane is not 
appropriate. A curvilinear coordinate system, shown in Fig. 9.6a, with coordi- 
nates lines corresponding to BC and AB, however, nicely fits the boundaries of 
the nozzle geometry. The transformation of the curvilinear grid in Fig. 9.6a into 
a rectangular grid in the computational plane can be achieved by the following 
transformation: 

=r (9.4.2a) 

y 





H (9.4.2b) 
Ymax 
where Ymax denotes the ordinate of the upper surface BC. 

Figure 9.6b shows the rectangular grid in the computational plane. Note that 
all the grid points in the physical plane of the nozzle upper surface, DC, fall 
along the horizontal line 7 = 1 in the computational plane, and those along the 
centerline AB fall along the horizontal line 7 = 0. The metrics of the transfor- 
mation are easily obtained from Eq. (9.4.2). For the continuity equation given 
by Eq. (9.3.4), 

f= 2, = 0 m= — = w= (9.4.3) 


Very complex algebraic functions can be used to generate appropriate grid sys- 
tems. In the method developed by Smith and Weigel [2], the physical coordinates 
are rectangular and two disconnected boundaries are mapped into the compu- 
tational plane. Representing these two disconnected boundaries in the physical 
plane by 





(a) (b) 
Fig. 9.6. Coordinate system for the nozzle geometry. (a) Physical plane, (b) computational 
plane. 
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zgi = zıl), yBı = yi(€) (9.4.4a) 


and 
Tp2= %2(E), YB2 = y2(€) (9.4.4b) 


The range of € in the computational plane is: 
Se | 
and the transformation is defined so that at 7 = 0, 
tpi = 1(§) = 2(€,0), yar = yi(€) = y(€,0) (9.4.5a) 
and at 7 = 1, 
tpo = 22(€)=2(€,1), yee = ye(f) = yf, 1) (9.4.5b) 


A function defined on 0 < 7 < 1 with parameters on the two boundaries com- 
pletes the algebraic relation. This is chosen to be of the form 


d d 
Beige) a (21, Ft, 0, aias) (9.4.6a) 
dy} dyz ) 
= oe ye uha 9.4.6b 
y = y(,n) (u a Y2 iy ( ) 


Smith and Weigel [2] suggest the use of either linear or cubic polynomials. For 
a linear function, the relations in Eq. (9.4.6) become 


%=21(€)(1— e (9.4.7a) 
y = yi(€)(1 — 9) + yol€)n (9.4.7b) 


To demonstrate this approach, consider the mapping of a trapezoid (Fig. 9.7) 
into the computational plane centered at the origin. The trapezoid is defined 
by the equations 


(9.4.8) 








Fig. 9.7. Trapezoid to rectangle mapping. 
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The upper and lower boundaries may be written as 


rpi = 21(€) = E, yBı = yil€) = 0 


(9.4.9) 
tp = ©2(€) = £, yB2 = yal) =1+6€ 
This produces the mapping required in Eq. (9.4.7) and is of the form 
C= 6 (9.4.10a) 
y= (1 +£) (9.4.10b) 
The metrics of this transformation for the continuity equation (9.3.4) are 
=l, &=0 m=- w= (9.4.11) 


9.4.1 Algebraic Grid Generation Using Transfinite Interpolation 


To generate algebraic grids around more complex configurations, a multi- 
directional interpolation method called “Transfinite Interpolation” is often used. 
This method is implemented as a suite of unidirectional interpolations. 


Unidirectional Interpolation 


In a unidirectional interpolation, the Cartesian coordinate vector r(x, y) of each 
point on a curve is obtained as an interpolation between points that lie on the 
boundary curves (Fig. 9.8). 


I,=I 


= Fig. 9.8. Unidirectional interpolation along a curve 
1,;=0 with end points specified. 


Lagrange Interpolation 


The simplest form of unidirectional interpolation is the Lagrange interpolation, 
which is based on polynomials. Its general form, with 1 < ¿ < J, can be written: 


ri) = » Pn ($) Fn (9.4.12) 


The Lagrange interpolation polynomials n are defined by: 
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Pn ($) = 1 ea (yas (9.4.13) 


k=l ln — tk 


Grid points are defined by evaluating the interpolation formula at successive 
integer values 7. Interior points r,, for n = 2,3,...,N — 1 can be specified to 
serve as additional parameters to control the distribution. In most cases, how- 
ever, interpolations are made solely from the boundaries, eliminating the need 
for additional interior information within the gridded region. The Lagrange in- 
terpolation is then reduced to its simplest, linear form: 


Fi) = (1 = E) ři + (5) Fh 


Therefore 91(7) = 1-— t and yo(+) =F 


rı =r (i = 0) and r =r (i= I) 


Hermite Interpolation 


Lagrange interpolations match only function values. It is possible to match both 
the function r and the first derivative r’ = r; by using Hermite interpolation, 


defined by: 


N N , 
Fi) =Y ð, ($) int ow ($) F, (9.4.14) 
n=l n=l 


These polynomials can be obtained from the Lagrange Polynomials by: 


Py ($) = i =o. (=) (=) oe (+) (9.4.15a) 
Wn ($) = (=>) ye ($) (9.4.15b) 


In the usual case with N = 2, the function matches two boundary values r} and 
ro and the first derivatives r} and r5 at the two boundaries (Fig. 9.9). In this 
case, we have: 
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Fig. 9.9. Unidirectional interpolation along a curve 
1=0 with end points and slopes specified. 


Interpolation by Splines 


Lagrange and Hermite interpolation functions are completely continuous at all 
points. Both forms fit a single polynomial from one boundary to the other 
matching the specified values of the coordinates at the boundaries and, for Her- 
mite interpolation, the first derivatives. As more points are included, oscillations 
may occur. An alternative is to fit a low order polynomial between each of the 
specified interior points with continuity of as many derivatives as possible. The 
interpolation function is then a piecewise-continuous polynomial, called a spline. 
Splines give normally very smooth point distributions. ‘Tension splines can be 
used to obtain stronger localized curvature around interior points [1]. Another 
way is the use piecewise continuous functions such as B-Splines [3], which al- 
low the interpolation to be modified locally without affecting the interpolation 
function outside of a given interval. 


Interpolation by Functions Other than Polynomials 


Interpolation between two points r; and rə can be written in general: 


Fi) = i -9 G) +o ($) Fo (9.4.16) 


ġ can be any function, other than a polynomial, such that ¢(0) = 0 and ġ(1) = 1. 
The function ¢ is chosen to match the slope at the boundary or to match interior 
points and slopes. This interpolation function, used to control the spacing of the 
grid, is also called a “stretching function”. The most used stretching functions 
are the exponential function, the hyperbolic tangent function and the hyperbolic 
sine function. The hyperbolic tangent has a good overall distribution. It can be 
implemented as follows. 


Spacing specified at both ends of the curve 


Let S be the arc length varying from 0 to 1 as i varies from 0 to J: S(0) =0 
and S(I) = 1 and let AS; and AS» be the spacing specified at both ends 7 = 0 
and 7 = I of the curve. 


§;(0)= AS; and ST) = AS» 
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(the subscript ¿ denotes differentiation with respect to i) 
To construct the hyperbolic tangent distribution in this case, first let: 


VASI 1 


E ie 
R TASA 


Then solve the following non-linear equation for 6: 


sinh ó B 


A= 








B AI 
5 (9.4.17) 
The arc length distribution along the curve is then given by: 
, u(i) 
— .4.1 
ea Naa) ete) 
With . 
l 1 tanh[6(+ — 5)] 
u(t) = = 4 1 + —— 9.4.19 
(i) = 5 l a (9.4.19) 


Spacing specified at one end of the curve 


When the spacing AS is specified only at 2 = 0, the distribution is computed 
as follows. First B is computed from: 


li 
B= —— 
TAS 
Equation (9.4.17) is used to compute 6. The arc length distribution is then given 


by: 

tanh[§ (4 — 1) 
tanh($) 

When the spacing AS is specified only at 2 = J, the procedure is the same except 

that equation (9.4.20) is replaced by: 


s(i) = (9.4.20) 


(9.4.21) 


Spacing specified at an interior point of the curve 


If the spacing AS is specified only at an interior point S = p, B is again calcu- 
lated as above but 6 is determined as the solution of: 


1 7? cosh6é—1+ 4 
+l -|—sa 
B.p.6 sinh 6 


2 
(9.4.22) 





The value of 7 at which S = p is obtained by solving the non-linear equation: 
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I sinh 6 
= anh A | ————— 9.4.23 
Ama = —1+ 5 \ 
The arc length distribution is then given by: 
sinh[6‘—* 
Japie = A A, 
s(i) =p l + sinh(6%) (9.4.24) 


Multidirectional and Transfinite Interpolation 


Let P(r) be a unidirectional interpolation function in the 7 direction which 
matches r on the N lines i = in (n = 1,2,... N). Let Pj(r) be a unidirectional 
interpolation function in the 7 direction which matches r on the M lines 7 = jm, 
(m =1,2...M) (Fig. 9.10). 






—— 


is 


Fig. 9.10. Multidirectional interpolation in 2 and 7 directions. 





These interpolations are performed by projectors P; and P;, which may be 
simple linear operators. The product projector P;|P;(x)] matches the function 
P;(x), instead of r, on the N lines i = in. Since P;(r) matches r on the M 
lines 7 = jm, it follows that the product projector matches r at the N x M 
points (in, jm). The same conclusion can be reached with the product projector 
P;|P;(x)| indicating that the projectors P; and P; commute. 

The sum projector P;(r) + P(r) matches r+ P;(r) on the N lines i = in and 
matches r + P;(r) on the M lines j = jm. It follows that the projector P;(r) + 
P;(r)—P[P;(x)} will match r on the N lines 7 = in since P;[P;(r)| matches P;(r) 
on these lines. In the same manner, the projector P;(r) + P(r) — P;[Pi(x)| will 
match r on the M lines 7 = jm. Therefore, since P;P; = Pj Pi, the Boolean sum 
projector 

P; ® P; = P+ P; = P,P; (9.4.25) 


will match r on the N+M lines I = in and 7 = jm including the entire boundary 
of the region. 

In summary, the individual projectors P; and P; interpolate unidirectionally 
between two opposing boundaries, the product projector P;P; interpolates in 
two directions from the four corners and the Boolean sum projector P; ® P; 
interpolates from the entire boundary (Fig. 9.11). 
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Fig. 9.11. Algebraic interpolation; (a) Individual projector P;; (b) Individual projector 
P;; (c) Product projector P;P;; (d) Boolean projector P; ® P;. 


The structure of operators given above allows multidirectional interpolations to 
be constructed systematically from unidirectional interpolations. This interpo- 
lation that matches the function on the entire boundary is called “Transfinite 
Interpolation” . 

In two dimensions, the Transfinite Interpolation can be implemented in the 
following sequence: 


1. Interpolation of r in the z-direction: Fi = Pr 
Evaluation of the discrepancy between r and this result on the j-lines that 
will be used in the 7-interpolation: (r — F 1) 

3. Interpolation of the discrepancy in the 7-direction: Fy = Pjr- Fi) 

4. Addition of the results of this j-interpolation to the results of the 7- 
interpolation: Fli, j) = Fi + Fb 


P; and P; can be any one of the unidirectional operators studied earlier, i.e. 
Lagrange interpolations, Hermite interpolations, splines, or non-polynomial in- 
terpolations such as the hyperbolic tangent function. 

The methodology described above can be used to generate grids from any 
four arbitrary bounding curves [4]. The program can handle any grid topology 
(C, O or H, see Section 9.6) since the boundaries can be any arbitrary curve. 
Figure 9.12 shows different grids produced around an ellipse using a C-grid 
topology. Figure 9.12a shows a grid generated using unidirectional interpola- 
tion with linear Lagrange polynomials. The input to the program is a sequence 
of inner, outer, left and right boundaries. The inner (j = 1) boundary is the 
contour of the ellipse plus the branch cut of the C-grid. The outer (j = JMAX) 
boundary is the far field contour around the grid excluding the right hand ver- 
tical boundary. The left (i = 1) and right (¢ = IMAX) boundaries are the lower 
and upper halves of the downstream vertical boundary. Figure 9.12b shows the 
grid obtained by unidirectional interpolation using Hermite polynomials. Her- 
mite interpolations allow the slopes of the grid lines at the boundaries to be 
specified. In this case, they are set to correspond to near-orthogonality at the 
boundaries. Using Hyperbolic Tangent spacing to concentrate the grid lines near 
the inner boundary results in grids shown in Fig. 9.12c for Lagrange interpola- 
tion and in Fig. 9.12d for Hermite interpolation. 
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Fig. 9.12. (a) C-grid around ellipse: Unidirectional Lagrange Interpolation, (b) C-grid 
around ellipse: Unidirectional Hermite Interpolation, (c) C-grid around ellipse: Unidirec- 
tional Lagrange Interpolation with Hyperbolic Tangent Spacing, (d) C-grid around ellipse: 
Unidirectional Hermite Interpolation with Hyperbolic Tangent Spacing. 





One problem with algebraic grid generation is that the mapping propagates 
boundary singularities such as corners into the interior of the domain. Also, if 
the mapping is not carefully done, situations can occur where grid lines overlap. 
This can be corrected by refining the parameters defining the boundaries or by 
adding constraint lines inside the domain. ‘The main advantage of algebraic 
grid generation is that it is very fast and is the only competitive method in 
three dimensions. The grids produced by Transfinite Interpolation are usually 
smoothed using a grid generator solving partial differential equations. 

In Appendix B we present a computer program based on algebraic methods 
for generating grids. ‘The options in this program include transfinite interpola- 
tion and Hermite interpolation. 


9.5 Differential Equation Methods 


Thompson /|1] has proposed grid generation and mapping techniques using the 
solution of differential equations. These methods differ from the algebraic and 
complex variable methods in that the transformation relations are determined 
automatically by the finite-difference solution of a set of partial differential equa- 
tions. For two-dimensional mapping, two elliptic partial-differential equations 
are solved. The Cartesian coordinate system is usually used with the (x, y} in- 
dependent variables in the physical plane and the (€,7) independent variables 
in the computational plane. However, the mapping is not limited to Cartesian 
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coordinates only. For example, mapping can be done from the (r, 0) cylindrical 
coordinates in the physical plane to the (n, £) cylindrical coordinates (i.e., 7 rep- 
resenting the radial variables and € the polar coordinate) in the computational 
domain. 

As discussed in Section 9.2, to map an irregularly shaped region from the 
physical plane to the computational plane, the values of € and 7) were specified at 
every boundary segment of the physical region as 7 = constant, varying mono- 
tonically and vice versa. As a result, the correspondence between the boundary 
coordinates of the physical and computational regions is known. Then the prob- 
lem becomes one of determining the correspondence between the coordinates 
(x,y) and (€,7) at the interior points of the physical and computational re- 
gions. The distribution of the points on the interior is determined by solving 
the following two Poisson equations: 


0? 82 
a f sa = Pies) (9.5.1a) 
8? 0? 
52 a om = Q(£,n) (9.5.1b) 


where the non-homogeneous terms P(£,n) and Q(€,7) are called the control 
functions. With proper selection of the P and Q terms, the coordinate lines £ 
and ņ can be concentrated towards a specified coordinate line or about a specific 
grid point. In the absence of these functions, the coordinate lines will tend to 
be equally spaced in the regions away from the boundaries regardless of the 
concentration of the grid points along the boundaries. ‘The boundary conditions 
needed to solve Eqs (9.5.1) are determined from the requirement that the values 
of € and 77 are specified at every boundary segment of the physical domain. 

While Eqs. (9.5.1) describe the basic coordinate transformation between the 
(x,y) and (€,7) coordinate systems, all numerical calculations for the physical 
problem are performed in the computational plane which has a simple regu- 
lar geometry. Then, the problem becomes one of seeking the (x,y) values of 
the physical plane corresponding to the (€,7) grid locations in the computa- 
tional plane. For this reason Eqs. (9.5.1) are transformed to the computational 
plane and the unknowns (2, y) are determined from the following two elliptic 
equations: 


8r 8x 8x Ox Ox 

an Ae a Pe a yee 5.2 
E Paon ap ( +5 | (9.5.2a) 

y ?y Əy a/p OU. 220Y 


The geometric coefficients a, 8 and y and the Jacobian J are given by 


a ue (9.5.3a) 
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b = Leln + YEYn (9.5.3b) 

y=aity? (9.5.3c) 

J = LEYn + LEYn (9.5.3d) 

The boundary conditions for the above equations are the values of the (x,y) 


positions of the grid points on the boundaries of the physical region in the 
(x,y) plane when they are transformed to the corresponding locations along 
the boundaries of the region in the computational plane. Therefore, once (x, y) 
values are specified along the boundary segments of the region in the computa- 
tional plane, Eqs. (9.5.2) can be solved by finite-difference methods to determine 
the values of (x,y) at each grid point at the interior of the region. For further 
details, the reader is referred to Thompson [1]. 
The Poisson equations (9.5.2) can be written in generalized form as: 


g22(Tee + Pre) + 911 (Fyn + QFn) — 2127 en = 0 (9.5.4) 


where, 7 is the coordinate vector in physical space r = xi + yj and the gj; are 
the covariant metric components: 


gui = £? + Yf = 7.7 ¢ 
Qo == A pg ye = Tn-Th (9.5.5) 
912 = Ely + YEYn = TET 


Two-Dimensional Grid Generation Using the Poisson Equations 


Let us consider the generation of a C-grid around an isolated airfoil. An impor- 
tant feature of grid generation programs is the inclusion of control functions in 
order to optimize grid stretching and orthogonality. This leads to the solution 
of the Poisson equations (9.5.2). There are several types of control functions. 
Some control only the stretching, others only the orthogonality, some others 
both. Some control functions will cluster grid points or lines in a local area, 
without altering the overall grid structure. There are different forms of control 
functions that perform the same task [1]. One example of control functions is 
the form employed by Sorenson [5]: 


P(E, n) = pE) .e7% + r(€).e7?0max—=n) (9.5.6a) 
QIE, n) = gl£) e7% + 8(€).e7 mex) (9.5.6b) 


where a and b are positive constants. The first terms in the above expressions 
control the grid characteristics at the inner boundary (7 = 0), and the second 
terms control the characteristics at the outer boundary (7 = Nmax). The con- 
stants a and b, specified by the user, control the degree of propagation of these 
control functions away from these two boundaries. In all cases, a and b must be 
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such that the values of the inner boundary control functions become vanishingly 
small at the outer boundary, and the outer boundary control functions become 
vanishingly small at the inner boundary. 

Thus, we have: 


P(E,0) = p(€) 
P(E aal ETE (9.5.7) 
Q(E,0) = q(£) n 


Q(€, max) = s (£) 


These components of the control functions are derived as follows. Two conditions 
are imposed at the boundaries, i.e. orthogonality and specified grid spacing. 
Since conditions are imposed at the 7 = 0 and 7 = Nmaz boundaries, the spacing 
is along the 7 coordinate. If S, is the desired spacing along this coordinate, the 
condition can be written as: 


itp Se PU, SO, (9.5.8) 


The orthogonality condition is expressed as follows: 


rely = Lely + YEYn = 0 (9.5.9) 
On the 7 =0 and 7 = maz boundaries, all the derivatives with respect to £ 
are known, since they involve only boundary points. Hence, in the equations 
(9.5.8) and (9.5.9) above, the xg and ye terms are known, and we thus have two 
equations in two unknowns, yielding the following expressions for the x, and y, 
terms: 


En = —Snye/ (az + y)? (9.5.10a) 
Un = Snte/ (a2 + yz)? (9.5.10b) 

and 
Py = Eni + Ynj (9.5.10c) 


Thus, r} is known on the boundary. Furthermore, it can be shown that if equa- 
tions (9.5.5) and (9.5.9) are combined with equation (9.5.4), the latter reduces 
to the following on the boundary: 


(7-7) (Tee + Pre) + eTe) nn + Q7y) boundary = 0 (9.5.11) 


Multiplying the above equation by r¢ or by rh and again using the condition of 
orthogonality, yields the following two equations for the control functions: 


P| boundary = eee) ete) (Te Tm) /(Tn-Tn) boundary (9.5.12a) 
Q boundary = — (ThT) (PnP) = (T-Tee)/(Te-Te) boundary (9.5.12b) 


By evaluating the above equations on the boundaries, the p, q, r, and s terms 
described in equations (5.5.7) can be computed. All quantities in equations 
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(9.5.12) are known on the boundaries, except Thy (On a € = constant boundary, 
the same equations for the control functions result, but with ree as the unknown 
quantity). The rhyn term must be solved for as part of the solution. An iterative 
procedure is set up in order to evaluate fyn as the solution progresses. This 
approach, first introduced by Sorenson [5] is now common, with modifications 
of the basic concept introduced in various codes. 

Once the form of the control functions defined, the iterative procedure for 
the solution of the system (9.5.4) can proceed as follows: 


1. A starting grid is generated by unidirectional linear interpolation from the 
boundary points. However, since the final grid does not, in general, have 
uniform spacing, the starting grid is stretched using appropriate algebraic 
formulas according to input values of the cell spacing at the inner and outer 
boundaries (AS; and AS»). 

2. Once the starting grid is defined, the system (9.5.4) is solved numerically 
using Successive Line Over-Relaxation. For the first iteration, zero values are 
assumed for p, q, r, and s. All the fixed derivatives appearing in equations 
(9.5.12) are computed. 

3. Given the initial conditions or the results from the previous iteration, £yn 
and Yy, at j = 1 and j = Jmax are computed using special one-sided differ- 
ence formulas suggested by Sorenson 15]. The functions p, q, r, and s are then 
evaluated at the boundaries using equations (9.5.7) and (9.5.12). The con- 
trol functions P and Q are then evaluated at all grid points using relations 
(9.5.6). For numerical stability, these contro] functions are under-relaxed to 
a degree specified by the user. 

4. Another step of Successive Line Over Relaxation solution is then performed 
on the system of equations (9.5.4). 

5. Solutions steps 3 and 4 are repeated until convergence is attained. 








A typical C-type algebraic grid is shown in Fig. 9.13a. The outer boundaries for 
this type of grid consist of a semi-circle and a rectangle. The 7 = 0 boundary 
moves forward from the rear boundary to the trailing edge, clockwise around 
the airfoil, and then rearward again. The 7 = constant family of lines form open 
curves resembling the letter C. The € = constant lines join the inner (airfoil) 
boundary to the outer boundary. This grid was used as the starting grid for 
the elliptically generated grid shown in Fig. 9.13b. The grid consists of 70 x 30 
nodes, with a spacing of 0.3 times the airfoil chord c at the outer boundary, 
and 0.015c at the airfoil boundary. Fifty iterations were performed to obtain 
this grid, with an over-relaxation factor of 1.3 applied on the main equations, 
and an under-relaxation factor of 0.05 applied to the control functions. The 
final grid obtained is relatively smooth and exhibits the proper characteristics. 
Figure 9.13c provides as closer view of the grid in the vicinity of the airfoil, 
where the orthogonality of the boundary cells can be observed. 
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Fig. 9.13. (a) Starting algebraic C-grid around an airfoil section; 70 x 30 grid points; 
inner spacing AS; = 0.015c, outer spacing AS2 = 0.3c, (b) Elliptic C-grid obtained after 
smoothing the algebraic grid of (a) by the solution of Poisson equations (50 iterations), 
(c) Close-up of the C-grid showing the application of orthogonality conditions near the 
leading edge region. 


In Appendix B we present a computer program based on the elliptic method 
for generating grids. 


9.6 Conformal Mapping Methods 


The methods based on conformal mapping have the advantage that the transfor- 
mations used are analytical or partially analytical as opposed to the differential 
equation methods, which are entirely numerical. Their main drawback is their- 
restriction to two-dimensional flows, since they are based on complex variables. 
Nevertheless, they are very convenient for two-dimensional flows and will now 
be discussed in some detail. 

There are several useful meshes for airfoils, as illustrated in Fig. 9.14. The 
C-mesh shown in Fig. 9.14a has high density near the leading edge of the airfoil, 
and good wake resolution. ‘The O-mesh shown in Fig. 9.14b has high density near 
both the leading edge and trailing edges of the airfoil, and the H-mesh shown 
in Fig. 9.14c, has two sets of mesh lines similar to the Cartesian mesh and is 
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(a) (b) (c) 
Fig. 9.14. Three common grids for airfoils. (a) C-grid, (b) O-grid, and (c) H-grid. 


the easiest to generate. Its mesh lines are aligned well with the approximate 
streamlines. 


9.6.1 Parabolic Mapping Function 


The C-mesh can be generated by a number of mapping functions, one being the 
parabolic mapping function defined by: 


2(x + iy) = (E+ in)? (9.6.1) 
or 
Qn = —1?, y='n (9.6.2) 


The inverse transformation can be obtained by solving Eq. (9.6.2) for € and 7 
as functions of x and y, 


E? = 4/¢2 +y2 +2, n? = 4/2 + y2- r (9.6.3) 


The set of £? = const and 7? = const curves form an orthogonal curvilinear net 
in the x, y coordinate system consisting of two families of intersecting parabolas 
with common foci at the origin. To facilitate the transformation of coordinate 
points from the physical plane to the computational plane, it is convenient to 
use the polar coordinate system in both planes and define 


E=rcosé, n=rsiné (9.6.4) 


r= \/€2+n?, @=tan’ : (9.6.5) 


Substitution of Eq. (9.6.4) into Eq. (9.6.1) gives 


where 


1 
2x = r? cos? 6 — r? sin? 0 = r*cos26, y= ~ sin 20 (9.6.6) 
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in the x, y coordinate system. Noting that, 
Y 
2 = tano (9.6.7) 
i 
the polar angles in both coordinate systems are related by 
p = 20 (9.6.8) 


It follows from Eq. (9.6.3) and from the definition of r in Eq. (9.6.5) that the 
radius vector in the computational plane is 


r? = y/o? + y? (9.6.9) 


Since the radius vector R in the physical plane is 


R= 4/2? +y? (9.6.10) 


the relation between r? and R is 
r?=2R (9.6.11) 


The (€,7) points in the computational plane given by Eq. (9.6.4) can now be 
written as 


€ = V2Rcos @ , 7 =Vv2Rsin (2) (9.6.12) 


In conformal mapping, the singular point is defined to be the point where the 
mapping function fails. In our case it is at the origin of the coordinate system, 
x = Q0, y = 0. It is usually avoided by choosing it to be at a distance half the 
airfoil nose radius, ro, from the leading edge in the physical plane. If the airfoil 
contour is given analytically the nose radius can be obtained by calculating the 
curvature at the nose. If only tabular values of airfoil coordinates are available, 
the nose radius can be computed by fitting a circle to three points nearest to 
the leading edge. An alternate way is to plot y//Z vs. Vz and extrapolate the 
resulting curve to vz = 0, in which case the nose radius ro is computed from 
the extrapolated y/V/Z value by: 


r= : (+) (9.6.13) 


Once the origin of the (x,y) coordinate system in the physical plane is fixed, 
then the (€,7) points, corresponding to the airfoil surface coordinates (£p, Yp) 
can be computed as follows: 


(a) Determine ¢ from Eq. (9.6.7), that is 


tan@p = Oe 


TP 
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(b) Compute R from Eq. (9.6.10). that is, 


Ray io Ue 


(c) Determine € and 7 at p from Eq. (9.6.12), that is, 


Ep = V2R cos (2) , np = V2Rsin (2) 
The calculation of the (€,7) net for off-body points requires the determination 
of € = const and 7 = const lines. One procedure is to start at 7 = np, where 
Ep is known, and vary 7 in small increments and compute r and 0 from Eq. 
(9.6.5). This procedure is repeated for other values of €p in uniform increments 
in 7 except for the region close to the airfoil surface where the n-increments 
are determined by the body points. Note that in the region behind the airfoil 
YP = 0, Npe = 0 and = 2E p: 

The €p-constant and 7-constant lines determined in this manner produce a 
parabolic grid in the computational plane. The inverse transformation follows 
from Eq. (9.6.2); for each value of € and 7, x and y are determined in the 
physical plane. 


9.6.2 Wind Tunnel Mapping Function 


The C-mesh generated by the parabolic mapping function discussed above is 
essentially a set of confocal, orthogonal parabolas wrapping around the airfoil. 
With this mapping the outer boundary of the grid given by the last parabola ex- 
tends far away from the airfoil surface. This feature may be unnecessary and/or 
undesirable in some practical applications. A different mapping function that 
addresses this problem is the infinite “wind-tunnel” mapping function defined 


by 


Z = In({1 — cosh Ç) (9.6.14) 
Where 
Z=x+ty (9.6.15a) 
C¢=§€+1n (9.6.15b) 
and 
cosh ¢ = 1 — ef (9.6.16) 


In this transformation, the singular point located at half the leading edge radius 
is at (In2,0) and all values of y lie between +7. As shown in Fig. 9.1la, this 
mapping allows the airfoil and its wake, indicated by the contour ABCDE, to 
be transformed into a nearly straight 7 = 7 line in the computational plane. 
The far-field boundaries HI and GF are mapped to the 7 = 0 line. Points on 
the upper surface of the airfoil are mapped to the left of the 7-axis and points 
on the lower surface are mapped to the right of the 7-axis. 
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(c) (d) 

Fig. 9.15. Wind tunnel mapping for an airfoil: (a) physical plane, (b) computational 
plane. C-grid generated around a NACA airfoil using the wind tunnel mapping for an 
airfoil (c) physical plane, (d) physical plane, close-up of the grid near the airfoil. 


To express the variables x and y as functions of € and 7, the real and imag- 
inary parts of (9.6.14) are equated and the expressions solved for x and y: 


1 

pS In(K? + K2) (9.6.17a) 

K 

—1 2 
= = .6.17b 
Ton (2) (9.6.17b) 

Where: 

Kı = e” cosy = 1 — cosh £ cos n (9.6.18a) 
Kə = e” sin y = — sinh ¿sin ņ (9.6.18b) 


The inverse transformation or expressions of € and 7 in terms of x and y can 
be obtained in the form: i 
= ln( D + D7) (9.6.19a) 
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D 
n= tan + (2) (9.6.19b) 
D3 
Where: 
1/2 0 £ 
D3 = R4 cos 5) e cosy Fl (9.6.20a) 
0 
D4 = R!/? sin ($) — e” siny (9.6.20b) 
1/2 
R = e” |D? + D3 (9.6.20c) 
_1 { D2 
0 = tan™t | = .6.20d 
an (2) (9.6.20d) 
Dı = e” cos 2y — 2 cos y (9.6.20e) 
Də = e* sin 2y — 2 sin y (9.6.20f) 


As a test case, consider the NACA 0012 airfoil, the coordinates of which are 
given by: 


y = 0.6 [0.29692 — 0.1267 — 0.35167? + 0.28437? — 0.10152") (9.6.21) 


Here, x is the distance from the leading edge normalized by the chord c and y 
is normalized thickness. To determine the nose radius, write: 


7 = 0.6 [0.2969 — 0.126V# — 0.35162°/? +.. | (9.6.22) 
VT 


In the limit, as Z > 0, y//Z = 0.6 x 0.2969 = 0.17814 and the normalized nose 
radius is: 


1 
Fo = 5 (0.6 x 0.2969)? = 0.015867 (9.6.23) 

The shift in coordinates is obtained by replacing 
F=at+ > (9.6.24) 


Appendix B gives a listing of a program to generate a C-mesh by the wind 
tunnel mapping for the NACA0012 airfoil. In this program XW and YW denote 
E€ and 7 respectively. NX and NY denote the number of stations in x and y 
directions, respectively, and the parameter HTC denotes the height-to-chord 
ratio and is used to control the range of x and €. The large the value of HTC, 
the smaller the airfoil becomes in the physical domain, as shown in Fig. 9.15a. 
In general, HTC varies from 15 to 20 for full potential methods and it varies 
from 50 to 100 for Euler methods. It can also be used to control the grid in 
the 7-direction. As a rule of thumb, the larger the value of HTC, the larger 
the distance from the wall to the outer boundary. Figure 9.15c shows a sample 
mesh generated with HTC of 15 and a singular point at the center of the leading 
edge circle (RLE) of the NACA0012 airfoil. Figure 9.15d shows a close up of 
the mesh near the airfoil. 
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9.7 Unstructured Grids 


The unstructured grids of the previous section are typically quadrilaterals in two 
dimensions. The generation of these grids involves complex iterative smoothing 
techniques that attempt to align elements with the boundaries of physical do- 
mains. This task can become very difficult if the geometry becomes very com- 
plex. It is often necessary to decompose this complex domain into blocks with 
simpler topologies and generate structured grids inside each block in turn, a 
method called the multi-block approach. Unstructured grids can also be used 
to provide a good representation of complex boundaries. Unstructured grids 
are usually made of triangles in two dimensions. Because of the immense scope 
of the field of unstructured mesh generation, this section will simply introduce 
the more fundamental aspects. Figure 9.16 shows a typical unstructured grid 
around a two-dimensional multi-element airfoil. 

There are several algorithms for generating unstructured grids. The De- 
launey triangulation method and the advancing front method are the most pop- 
ular. The field is in rapid expansion, and there are schools of thought whether 
the unstructured approach is better or worse than the structured approach to 
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Fig. 9.16. 2D Unstructured grid for Navier-Stokes computations of a multi-element airfoil 
generated with the hybrid advancing front Delaunay method of Mavriplis [6]. 
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the solution of Partial Differential Equations in fluid dynamics. The advantage 
of structured grids is the simplicity and the straightforward treatment of the 
grid in the solution formulation. The disadvantages are the mesh generation 
constraints for complex configurations. Unstructured grids can be generated 
faster on most complex domains. Mesh refinement can be done without diffi- 
culties, locally and adaptively. Storage of the grid data (it requires information 
on which node is neighbor to which) takes far more memory than that of a 
structured grid, and therefore hinders parallelization of computer codes. 


9.7.1 Delaunay Triangulation 


In structured grids, the connections between points are defined automatically 
given the (7,7, k) ordering. Such ordering does not exist in unstructured grids. 
Therefore, connections between points, in addition to the position of points, have 
to be defined by an unstructured grid method. Delaunay triangulation methods 
use a particularly simple criterion for connecting points to form conforming, 
non-intersecting elements. The geometrical construction has been known for 
many years, but was used only recently for CFD grid generation. The geometri- 
cal criterion provides only a mechanism for connecting points. The task of point 
generation must be considered independently. Grid generation by Delaunay tri- 
angulation involves therefore two distinct problems: point connection and point 
creation. 

In 1850, Dirichlet proposed a method for decomposing systematically a given 
domain, in arbitrary space, into a set of packed convex regions |7]. For a given 
set of points P, the space is subdivided into regions in such a way that each 
region is the space closer to a point P than to any other point. This geometrical 
construction of tiles is known as the Dirichlet tessellation. The tessellation of a 
closed domain results in a set of non-overlapping convex regions called Voronoi 


Fig. 9.17. Voronoi diagram and Delaunay 
triangulation (dashed line triangles) of a 
set of points. 
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(a) (b) 


Fig. 9.18. Example of Delaunay criterion; (a) satisfies the criterion while (b) does not. 


regions V;, defined as the set of points that are closer to a point P; than to any 
other point [8]. Figure 9.17 illustrates that in two dimensions, the sides of the 
Voronoi polygon around point P is made of segments of the bisectors of lines 
joining P to all its neighboring points. If all pairs of points that have a segment 
of a Voronoi polygon in common are joined by straight lines, the result is a 
triangulation within the convex hull of the set of points known as the Delaunay 
triangulation T'(P;) [9]. In three dimensions, the territorial boundaries are faces 
that form Voronoi polyhedra and are equidistant between point pairs. If points 
with a common face are connected, then a set of tetrahedra is formed that covers 
the convex hull of points. 

One interesting property of the Delaunay triangulation is the in-circle cri- 
terion. The circumcircle of a triangle is the circle passing through the three 
vertices of the triangle. It can be seen that each vertex of a Voronoi diagram is 
the circumcenter of the triangle formed by three points. The in-circle criterion 
states that the circumcircle through each triangle of a Delaunay triangulation 
contains no points other than its forming points (Fig. 9.18). This applies to any 
number of dimensions and is the property used to construct algorithms for the 
triangulation. 


Bowyer-Watson Algorithm 


There are several algorithms used to construct the Delaunay triangulation. One 
approach, which is flexible in that it readily applies to two and three dimensions, 
is due to Bowyer and Watson and is explained by Baker in Reference [10]. It 
is an incremental algorithm that exploits the circle criterion of the Delaunay 
triangulation a follows. 

Consider Tn, the Delaunay triangulation of a set of n points, Vn = {P; | i = 
1 to n}. For any simplex S belonging to Tn, let Rs be the radius and Q the center 
of the circumcircle. Now introduce a new point P,+1 inside the convex hull of 
Vn and define B= {S | S € T,,d(Prii,Q) < Rs} where d(P, Q) is the distance 
between points P and Q. B is not empty, since Pa+1 is inside the convex hull of 
Vp and therefore inside some simplex S’ belonging to Tn. It follows that S’ € B. 
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The region C formed when B is removed from T is simply connected, contains 
Py+1 (since P,+1 is inside S$’ € B), and the new point Pa+1 is visible from all 
points on the boundary of C. It is therefore possible to generate a triangulation 
of the set of points Vn+1 = Vn U {Pnii} by connecting P,+1 to all points on 
the boundary of C. This triangulation is precisely the Delaunay triangulation 
Laai: 

The implementation of the Bowyer-Watson algorithm in two dimensions 
starts with a super-triangle, or super-square partitioned into five triangles, 
which contains all the other points. The remaining points, which comprise the 
grid to be triangulated, are introduced one at a time and the Bowyer-Watson 
algorithm is applied to create the Delaunay triangulation after each point in- 
sertion. Two lists are maintained for each triangle in the existing structure: one 
with the forming points of the triangle, the other with the addresses of the 
neighboring triangles that have a common edge. The second list, which pro- 
vides information about the contiguities between triangles, allows all triangles 
belonging to a cavity to be found by means of a tree search, once one such tri- 
angle has been found. Without the contiguity information the algorithm would 
be extremely inefficient. It is also customary to store the radius and the coordi- 
nates of the center of the circumcircle for each triangle. The remaining step in 
the Bowyer-Watson algorithm is the updating of the data structure. Triangles 
belonging to the set B are deleted from the lists, and new triangles, obtained by 
connecting the new point to all edges of the cavity boundary, are added. Finally, 
it is necessary to determine the contiguities that exist among the new triangles, 
and also between the new triangle and the old triangles that have edges on the 
cavity boundary. 

Consider the problem of generating a boundary conforming grid within a 
multiply connected domain defined between two concentric ellipses. The ellipses 
are defined by a set of discrete points. Following the Bowyer-Watson algorithm, 
these points can be contained within an appropriate hull and then connected 
together. The result is shown in Fig. 9.19a. A set of valid triangles has been 
derived that covers the region of the hull. Two issues can be raised immediately. 
First, to derive a triangulation in the specified region, triangles outside this 
region must be deleted. Second, in order for the triangles to provide a boundary 
conforming grid it is necessary that edges in the Delaunay triangulation form 
the given geometrical boundaries of the domain. Unfortunately, given a set 
of points that define pre-specified boundaries there is no guarantee that the 
resulting Delaunay triangulation will contain the edges defining the domain 
boundaries. It is necessary, therefore, to check the integrity of boundaries, and 
if found not to be complete, appropriate steps must be taken. 

A combination of edge swapping can be used to recover boundary edges in 
two dimensions. Once the boundary is complete, it is a simple task to delete 
triangles exterior to the region of interest. Deletion of unwanted triangles in 
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Fig. 9.19. Application of Delaunay triangulation to the generation of unstructured grid 
in the space between two concentric ellipses; (a) construction of the convex hull and initial 
Delaunay triangulation; (b) Construction after removal of convex hull points; (c) Final 
Delaunay triangulation of points from a structured background grid. 
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Fig. 9.19a yields the triangulation shown in Fig. 9.19b. Although Fig. 9.19b 
represents a valid triangulation of the points that define the two concentric 
ellipses, these triangles span the entire region and are inappropriate for any 
form of analysis. It is necessary therefore necessary to create more points inside 
the domain. 

The additional points for connection by the Delaunay algorithm can be cre- 
ated by a variety of different techniques. For example, in the case of the two 
ellipses, a structured background grid can be generated and the set of points then 
connected together to form the grid, as shown in Fig. 9.19c. Another method 
is the creation of points by grid superposition and successive subdivisions. The 
basic idea is to superimpose a regular grid over the domain. The regular grid 
can be generated using a data structure that allows point density in the regular 
grid to be consistent with point spacing at the boundary. In general, this ap- 
proach results in good spatial discretization in the interior of the domain, but 
in the vicinity of boundaries the grid quality can be poor. Many other tech- 
niques for point insertion can be found in the extensive literature available on 
unstructured grids, see [11]. 


9.7.2 Advancing Front Method 


Another very popular family of triangle and tetrahedral grid generation algo- 
rithms is the advancing front, or moving front method. One contributor to this 
method is Rainald Lohner [12]. In this method, the tetrahedra are built progres- 
sively inward from the triangulated surface. An active front is maintained where 
new tetrahedra are formed. Figure 9.20 is a simple two-dimensional example of 
the advancing front, where triangles have been formed at the boundary. As the 
algorithm progresses, the front will advance to fill the remainder of the area 
with triangles. For each triangle edge on the front, an ideal location for a new 
third node is computed. Also determined are any existing nodes on the front 
that may form a well-shaped triangle with the edge. The algorithm selects either 
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Fig. 9.20. Advancing Front technique for unstructured grid generation. 


the new third node or an existing node to form the new triangle based on which 
will form the best triangle. Also required are intersection checks to ensure that 
triangles do not overlap as opposing fronts advance towards each other. A sizing 
function can also be defined in this method to control element sizes. At each 
step, the front is updated. This front is a dynamic data structure that changes 
continuously during the generation process. Any straight line segment available 
to form an element side is termed active. Any segment no longer active is re- 
moved from the front. The grid generation is complete when the front is empty. 
Lohner [12] proposed using a coarse Delaunay mesh of selected boundary nodes 
over which the sizing function could be quickly interpolated. 

In the advancing front method nodes and elements are added simultaneously, 
with smooth mesh point placement. The method is boundary conforming since 
the initial front is the boundary. It can fail when there are large variations in grid 
spacing. The need to search for nearby nodes and edges/faces and the complex 
intersection checking make the advancing front method slow. In addition, it 
is better to add points rather than elements because there are, on average, 
two triangles per point in two dimensions. The Delaunay triangulation method, 
which adds points, has less searching to perform, and has much simpler geometry 
checking. It is much faster than the advancing front method and is the preferred 
method in three-dimensional unstructured grid generation. A more complete 
overview of the “advancing front” method is given in [193]. 
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Inviscid 
Compressible Flow 


10.1 Introduction 


In this chapter we extend the discussion on inviscid flow equations for incom- 
pressible flows to compressible flows. As in incompressible flows, inviscid com- 
pressible flow equations and their solutions have played a central role in the 
development of CFD methods. As discussed in Chapter 6, the incompressible, 
irrotational inviscid flow equation can be solved using the Laplace equation, 
which is elliptic in form. Removing the incompressible flow assumption leads to 
many difficulties. The first is that the panel method of chapter 6 can no longer 
be used, except for compressibility corrections, which are limited to small Mach 
numbers. One major advantage of a panel method is that it requires only the 
generation of a surface mesh. This is no longer the case for compressible flows 
and mesh generation can become more complex since the solution of the gov- 
erning PDE will now require the entire field to be discretized. This is discussed 
in detail in Chapter 9, but some issues pertaining to the discretization of the 
flow equations are discussed here. 

Another difficulty arising from removing the incompressible assumption is 
that the equations are hyperbolic for supersonic flows. Supersonic flows allow 
the solution of discontinuous flows, such as shock wave compressions and, while 
discontinuous expansions are thermodynamically non-physical, the solution of 
the compressible continuity equation has no means to provide the correct phys- 
ical behavior. The relation between the upstream and downstream flow proper- 
ties across a shock wave are derived in Section 10.2 for the Euler, Full-Potential 
and Transonic Small Disturbance equations. Adequate shock capturing methods 
ensuring the proper shock jump relations are discussed in Section 10.3. 

Adding to the complexity, transonic flows, that is flows that contain both 
subsonic and supersonic flow regions, are of mixed elliptic-hyperbolic type and 
require careful computation of the density from the velocity fields so that non- 
linearity of the flow field is retained [1]. The numerical solutions must therefore 
reproduce the properties of the local flow equations and this was a considerable 
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challenge to the CFD community in the 1970’s. The Transonic Small Distur- 
bance (TSD) equation was first solved by Murman and Cole in a landmark 
paper [2], in which they introduce a switch from elliptic to hyperbolic difference 
operators. The theory is discussed in Section 10.4 and numerical results on a 
non-lifting airfoil presented in Section 10.5. This type-differencing scheme was 
extended to solve the full-potential equation by Jameson [3], and Section 10.6 
will describe the added complexity of applying such operators when the flow is 
not aligned with the streamwise coordinates. 

All the previously described difficulties are imbedded in the compressible 
continuity equation, which involves scalar algebra. Solving the equations for 
conservation of mass and momentum simultaneously involves matrix algebra, as 
discussed in Chapter 5. Appropriate boundary conditions must then be imposed, 
especially at the far-field boundaries and a complete theory using the method 
of Characteristics has been developed. These issues, presented in Section 10.7, 
were tackled during the 1980’s and the methods developed have lead directly to 
the solution of the incompressible and compressible Navier-Stokes equations in 
Chapters 11 and 12, respectively. 

Stability analyses of the finite-difference operators discussed in Chapter 5 
indicated that upwinding must be used to achieve a stable numerical algorithm 
but upwinding reduces the accuracy of the discretized equations while being 
unconditionally stable under some circumstances due to the truncation error 
terms. To retain second-order accuracy, central difference operators must be 
coupled to added dissipation operators to obtain converged flow solutions. ‘This 
dissipation can either be added explicitly (artificial dissipation), or implicitly 
by the truncation error of the finite-difference operators (numerical viscosity), 
which are discussed in Section 10.8 

The explicit MacCormack scheme applied to the one-dimensional compress- 
ible Euler equations is presented in Section 10.9. Applications of the scheme to 
the unsteady 1-D Euler equations and the steady 1D Euler equation with the 
addition of a source terms on a nozzle flow computation are found in Sections 
10.10 and 10.11, respectively. 

The implicit method of Beam-Warming with explicit numerical dissipation 
is presented in Section 10.12, with applications on the same model problems as 
discussed above presented in Sections 10.13 and 10.14. 


10.2 Shock Jump Relations 


The compressible flow equations are typically used to solve flow situations that 
contain discontinuous flow regimes such as a shock wave. Shock waves are pro- 
duced when the gas undergoes a sudden compression and the second law of ther- 
modynamics models the entropy jump associated with the compression wave. 
As opposed to elliptic equations, the compressible flow phenomena are non- 
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reversible, that is expansion waves are unphysical as they would violate the 
second law of thermodynamics, which states that entropy must increase. 

Physical shock waves are continuous across a very narrow viscous region, 
and the numerical shock wave computed with an inviscid model is represented 
as a discontinuous jump. Continuous flow solutions are referred as “genuine” 
solutions, whereas discontinuous flow solutions are referred as “weak” solutions. 
Inviscid shock jump relations can be derived for each set of compressible gov- 
erning equations. For the TSD and full-potential equations, they are referred as 
the isentropic jump relations whereas, in the Euler equations, they are called 
the Rankine-Hugoniot relations after their founders. The isentropic relations 
imply that the entropy rise through the shock wave is assumed negligible. This 
has direct consequences on the TSD and full-potential solutions, as they allow 
incorrect expansion shocks as their weak solutions. ‘This is clearly inadmissible 
and means of correcting for this deficiency have been devised over the years. 

The shock jump relations can be derived starting from a generic conservation 
equation for steady state 


ðE OF 
OF, Ge OE, 2G 10.2.1 
Ox z Oy l ) 
where E and F are the fluxes. For the TSD equation, they are [Eq. (P2.6.2)] 
1 M2 
E = (1 — M2 )ps - 2 Say (10.2.2a) 
F = gy (10.2.2b) 
For the full-potential equation, they are [Eqs. (2.1.12b) and (2.3.19)] 
E= 00% (10.2.3a) 
F = oy (10.2.3b) 
where in both cases, V = Ve 
For the Euler equations, the fluxes are [Eq. (2.2.30)| 
ou ov 
2 
Beal SFTP | gag pe] ee (10.2.4) 
ouv ou? +p 
u( E+ P) v(E + P) 


The conservation equation (10.2.1) can be written in divergence form 
V-F=0 (10.2.5) 


Applying the divergence theorem, as in a finite volume representation of the 
discretized equation (10.2.5) over the discontinuous control volume representing 
a shock wave (Fig. 10.1), one obtains 
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X, 1 Fig. 10.1. Control volume around a shock wave. 
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JE R) dS =0 = (ei + fij): Ri dSı + (ezi + f2j) : 2dS2 (10.2.6) 


where e and f are the individual fluxes. With the control volume assumed to 
be infinitely thin, (€ — 0) 


dS; =]=do>=d5 (10.2.7) 
and substituting the geometric relations, i.e. 7-71] = — sin 6 and similar relations 
for 7 into Eq. (10.2.6), leads to 

(eg — ei) tan f = fo — fy (10.2.8) 


This equation describes the jump conditions of the conservative fluxes across the 
shock wave. If the fluxes of Eqs. (10.2.2)—(10.2.4) are substituted into (10.2.8) 
for a one-dimensional flow (@ = 7/2; fo = fı = 0), the following TSD, Full- 
Potential and Euler (or Rankine-Hugoniot) normal shock relations are obtained 


1 M2 1 M2 
(1 — M2 Ju — — = 2 — (1 — Moo)u2 — 1 Fu} (10.2.9) 
CO 
1 .\ V1) Z1 .\WGHD 
(1 + 1?) ul = (1 4 L mg) uz (10.2.10) 
(2 + (y —1)M?)u = (2 + (y — 1)M2)u2 (10.2.11) 
In deriving Eq. (10.2.10), the isentropic flow relation 
yi iq) 
= (1 + 1M?) (10.2.12) 


has been applied across the shock, whereas it already was included in the deriva- 
tion of the TSD equation. 

It should be noted that the shock jump is a function of the freestream Mach 
number for the TSD relation, while it is a function of the local velocity upstream 
and downstream of the shock for the other two models. All possess the depen- 
dence on the ratio of specific heats y. A graph of the relationship given by Eqs. 
(10.2.9) to (10.2.11) is shown in Fig. 10.2. As its name implies, the Transonic 
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Fig. 10.2. Shock jump relations for the TSD, full-potential and Euler equations. 


Small-Disturbance relation is losing accuracy as the freestream Mach number 
gets away from unity, and for near sonic-flow conditions, all relations are in 
agreement with the correct Rankine-Hugoniot jump. For Mach numbers above 
1.3, the TSD and full-potential jumps are in disagreement with the Euler shock 
jump. This stems from the use of the isentropic flow relation (10.2.12) across 
the shock, which results in a momentum imbalance across the shock wave. 


10.3 Shock Capturing 


A numerical method to compute the correct shock jump as part of the solution to 
the TSD, Full-Potential or Euler equations is now discussed. Such algorithms are 
called Shock Capturing schemes. The model equation, Eq. (5.1.1) is considered 
and was derived from the linear wave equation, 


Ou, Ou | 

OL EE c(u) a = 
Here u represents a variable to be conserved across the computational domain, 
including any discontinuities, and c is a function of u. Note that the linear wave 
equation is recovered if c is a constant. For simplicity, Eq. (10.3.1) is discretized 
using a forward time, central space procedure: 


0 (10.3.1) 


n+l n n 
U; ui Ci n n 
ey — A; 10.3.2 


The application of the discretization of Eq. (10.3.2) to the one-dimensional 
domain D (Fig. 10.3) leads to 
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BC BC 


Fig. 10.3. 1-D computational domain 
for the non-linear wave equation. 
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where At = tti — 2", AT = Ti+] — 2; (constant x spacings) and the numeri- 
cal solution is a function of the interior domain values (c2u3, c3u4, etc.). For 
conservation to occur, we must have 


FluXout — Flux;, = 0 (10.3.4) 


which expresses that the flux is conserved. Clearly, Eq. (10.3.3) does not sat- 
isfy the condition Eq. (10.3.4) since the cross-terms inside the computational 
domain show up as source terms. This is inadmissible, and these schemes are 
called non-conservative. It can be shown that a non-conservative equation can 
be transformed into a conservative equation by the following procedure. 

Let us assume that the convective term of Eq. (10.3.1) can be rewritten as 


Ou Owu 
— = — 10.3.5 
“Oa Ox l o) 
where w is new function of u. The non-linear wave equation becomes 
Ou Owu 
— + — = 0 10.3.6 
a" Oe ee 


which now can be discretized using the same forward time, central space algo- 
rithm used on the non-conservative equation, as 


n+l nN 
u; —U; =l 


At = zag (Wei — (wu)i—1) (10.3.7) 


A flux balance over the Domain D now yields 


SG = Sa lww} — (wu)? + (wu) — (wu) + (ww) — (wu) 
+ (wag — (wu) + (wu)? — (wu)8] 
(10.3.8) 
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yor — yr 


=d 

~ — —— |((wu)g + (wu)7) — ((wu)? + (wu)s 10.3.9 
ie a E (10.3.8) 
and the solution is not function of the interior discretization, but only a function 
of the boundary conditions as required by Eq. (10.3.4). Schemes having this 
property are referred to as conservative and preserve the correct shock jump 


relations when discontinuities are present. 


10.4 The Transonic Small Disturbance (TSD) Equation 


The numerical solution of the transonic small disturbance equation has histori- 
cal significance and Murman and Cole [2] were the first to numerically compute 
steady transonic flows using this equation. Their breakthrough was to use cen- 
tral difference operators in subsonic flow regions, and upwind difference opera- 
tors in the supersonic regions. This seemingly simple idea gave rise to extensive 
research in the field during the 1970’s and eventually led to significant advances 
in CFD. The conservative TSD equation, Eq. (10.2.2), is derived by making 
an asymptotic expansion of the perturbation velocity potential. Eq. (10.2.2) is 


rewritten as 
LTA 


(1 — M2 Pz 9 


MZ pal + Pyy =0 (10.4.1) 
£ 

where the perturbation velocity potential has been scaled by U». The non- 

conservative form of Eq. (10.4.1) is 


[1 — Mo a a 1)M5 Yr] Pre + Pyy =0 (10.4.2) 


The non-conservative form is used in the following description since its type 
can be readily determined by evaluating the coefficient of the yyy term. If pos- 
itive, Eq. (10.4.2) is elliptic whereas the equation is hyperbolic if negative. The 
limiting case where the coefficient is zero leads to Eq. (10.4.2) being parabolic. 
Clearly, central difference operators can be used for the elliptic case, while up- 
wind difference operators must be used on the streamwise derivative for the 
hyperbolic case to retain the proper domain of dependence (see Section 2.6). 

Because the body-surface boundary conditions of the TSD equation can 
be shifted onto a mean plane, with the requirement that the flow direction be 
tangential to the surface normal, a Cartesian based mesh is enough to discretize 
the computational domain. One advantage of Cartesian meshes is that they lend 
themselves to automatic mesh generation, a much more difficult task on body 
conforming meshes (see Chapter 9). It is also natural to cluster points around 
the leading and trailing edges of the airfoil, and around the shock region, if any, 
to increase the flow resolution. If this is the case, appropriate terms need to be 
added to the discrete form of Eq. (10.4.2) in the computational space. 
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10.5 Model Problem for the Transonic Small Disturbance 
Equation: Flow Over a Non-Lifting Airfoil 


We consider a non-lifting airfoil placed in a uniform flow (Fig. 10.4). 

Since the flow is symmetrical on the upper and lower surfaces of the airfoil, 
only the upper surface will be considered with a symmetrical boundary condition 
along the dividing streamline to reproduce the physics of the flow field: 


yy = 0 (10.5.1) 


The surface boundary condition on the perturbation velocity potential is 


g 


Py = gz (10.5.2) 


where y = f(x) describes the airfoil coordinates. The upstream, downstream 
and upper boundaries are placed far enough to ensure uniform flow: 


p =0 (10.5.3) 


An alternative boundary condition on the upstream and downstream boundary 
can be used: 
Yr = 0 (10.5.4) 


whereas an alternate boundary condition on the upper boundary can be 
Py =0 (10.5.5) 


The incoming flow field is assumed to be subsonic, but subsonic or supersonic 
(transonic) flow conditions can be attained above the airfoil surface. Most of the 
flowfield will then be subsonic, governed by the theory of elliptic equations, while 
only a small portion of the computational domain will be governed by hyperbolic 
equations. Therefore, the block iteration method described in subsection 4.5.2 
will be used to solve the discretized flow equations, with the hyperbolic terms 
properly discretized. 


ọ=0 


Fig. 10.4. Non-lifting airfoil in a uni- 
form flow. 
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10.5.1 Discretized Equation 


The non-conservative two-dimensional TSD equation [Eq. (10.4.2)] is discretized 
with the boundary conditions given by Eqs. (10.5.1)—(10.5.5) on a Cartesian 
mesh with equal mesh spacings (Az, Ay) in each direction, as shown in Fig. 
10.5. 

To simplify the notation, Eq. (10.4.2) is written as 


with 
T=1-M2,-(7¥41)M2,¢2 (10.5.7) 


All derivatives are discretized with the standard central difference formulas, for 
example 


(i415 Piata) 
a AN Sek See ae 10.5.8 
Pr JA ( ) 


and similarly for the terms yy while the Yyy terms are written as 


(Digri — 2p + Pi 
pyy = Se T Aye got) (10.5.9) 


The yr; term must also be centrally discretized when T > 0, but must be shifted 
to the following backward scheme when T < 0 to retain the physical hyperbolic 
feature of the flow: 

(Pig — 2¢4-1,5 + Yi-2,;) 
Note that the hyperbolic differencing is first order accurate, while the central 
difference elliptic operators are second-order accurate. 
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Fig. 10.5. Computational domain (including Halos) for the 2D TSD equation. 
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10.5.2 Solution Procedure and Sample Calculations 


The computer program is given in Appendix B. First, a 2-D grid with equidistant 
spacing is generated on the computational domain (i = 1 to imax, 7 = 1 to 
jmax). The subroutine also generates the halo cells around the perimeter of 
the computational grid (i = 0, i = imax + 1, j = 0 and j = jmax + 1 lines) for 
reasons which will be discussed below. 

The solution is initialized to a zero perturbation state (y = 0) everywhere 
and the boundary conditions are applied immediately, as will be discussed 
shortly. Applying the ADI method discussed in subsection 4.5.2 in the y- 
direction and sweeping the domain explicitly in the x-direction, the discretized 
Eq. (10.5.4) can be written in the form: 


api j-i + bpr + Cpij+1 = RHS (10.5.11) 


where the right hand side contains the terms swept previously (station (i — 1)) 
or not yet swept (station (i+ 1)) (Fig. 10.6). When the hyperbolic operator is 
activated, the RHS contains terms at station (i — 2) (Fig. 10.7) 

Equation (10.5.11) is solved using the Thomas algorithm of subsection 4.4.2, 
and the updated values are under/over relaxed: 





got! = 6+ w(y" — g) (10.5.12) 


where y” represents the previous value of the perturbation potential, g is the 
intermediate value obtained from Eq. (10.5.11) and w is the relaxation factor 
(O0<w< 2). 

The boundary conditions are applied in terms of first-order backward or for- 
ward differences on the appropriate boundary. This would affect the coefficients 
a, b and c in Eq. (10.5.11) along every boundary. The evaluation of the boundary 


Fig. 10.6. Finite-difference stencil used for SLOR. on elliptic 
TSD equation (e updated, o frozen). 


Fig. 10.7. Finite-difference stencil used for SLOR. on hyperbolic 
TSD equation (e updated, o frozen). 
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coefficients introduces “if” statements in the computer logic that slows down the 
calculations while also making the source code more difficult to read. Another 
method of applying the boundary conditions consists of using halo cells lying 
outside the computational domain (hence their name). Figure 10.5 shows the 
computational space of Fig. 10.4 in the presence of the halo cells. The values of 
the perturbation potential y in the halo cells are determined by the boundary 
conditions, and the algorithm Eq. (10.5.11) remains unaltered throughout the 
computational domain. As an example, for a computational space extending 
from 7 = 1 to 7 = jmax, the symmetry and airfoil surface boundary conditions 
Eqs. (10.5.1) and (10.5.2) are used to update the halo cells located on the 7 = 0 
line. Their values are obtained here with a first-order difference formula: 


Pi 0 = Yi, (10.5.13) 
for the symmetry boundary condition and 
ð 
2,0 = Pil = -Ay (10.5.14) 
x 


for the airfoil surface boundary condition. 
The overall solution procedure is summarized below: 


(a) generate the grid (subroutine generate grid) 

(b) Initialize the perturbation potential y (i.e. y = 0 everywhere, subroutine 
initial conditions) 

(c) apply the boundary conditions (subroutine boundary conditions) 

(d) compute the coefficients a, b, c and the RHS in Eq. (10.5.11). In this step, the 
coefficient of the y” term in Eq. (10.5.1) must be computed at each point in 
order to select appropriate central or upwind differencing. (subroutine slor) 

(e) solve Eq. (10.5.11) using the Thomas algorithm (subroutine tridiagonal). 

(f) update the values of y using under/over relaxation [Eq. (10.5.12)| 

(g) repeat steps (c) through (f) until convergence of the iterative process 


One of the original test case used by Murman and Cole [2], namely the transonic 
flow over a non-lifting circular arc airfoil has been programmed. The airfoil 
coordinates are given by 


y=t(1—2*) for —1<2<1 (10.5.15) 


where the parameter 7 controls the thickness-to-chord ratio. Analysis of the 
TSD equation shows that a transonic similarity parameter relates 7 and the 
freestream Mach number: 


K = (1 — M2,)/7?/8 (10.5.16) 
and that the pressure distribution can be scaled as 


Cp = Cp(t/Moo)*/” (10.5.17) 
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Fig. 10.8. Surface pressure distribution on circular arc airfoil with TSD theory. 


which remains identical for airfoil of a given geometry f(x) (see [2]). Note that 
the pressure is obtained from the isentropic flow relations. 

The scaled pressure distribution is shown in Fig. 10.8 for four different values 
of the transonic similarity parameters (K = 2.5, 2.1, 1.8 and 1.45). It can be 
observed that the subsonic condition (K = 2.5) is symmetrical about the air- 
foil maximum thickness position, which follows the elliptic nature of the TSD 
equations discretized with a central difference formula. As the sonic zone de- 
velops over the airfoil surface with decreasing values of the transonic similarity 
parameters (2.1, 1.8 and 1.45), the shock waves becomes more pronounced and 
the hyperbolic nature of the TSD equations (with upwind differencing) give rise 
to the non-symmetric character of the solution. The agreement with the results 
published by [2] is excellent. 

The convergence of the residual change in the values of the perturbation 
potential for the above test cases are shown in Fig. 10.9 for a fixed relaxation 
parameters. The convergence rate deteriorates with increasing incoming Mach 
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Fig. 10.9. Convergence of the residuals of y on circular arc airfoil with TSD theory. 


Log (potential error) 





0 250 500 750 1000 Fig. 10.10. Effect of relaxation factor w 
Iterations on convergence rate. 


numbers (lower K}. The presence of spikes on the curve is due to the discon- 
tinuous switch from elliptic to hyperbolic difference operators in the supersonic 
region. The convergence rate variation as a function of the relaxation factor w 
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for a fixed value of K is shown in Fig. 10.10. Since the flow is mainly subsonic, 
high values of the relaxation parameters result in better convergence rates. 


10.6 Solution of Full-Potential Equation 


The solution of the full-potential equation is the next step in obtaining more 
accurate flow solutions over an airfoil surface for the following reasons: 


1) the small perturbation assumption is removed, allowing flow solutions on 
blunt leading edge airfoils (including the stagnation point). 

2) the conservative shock relations are no longer a function of the incoming 
freestream Mach number, which deteriorated the flow solutions for the TSD 
equations as the Mach number changed from unity. 

3) It remains valid for irrotational flow only, but the scalar equation is still 
much simpler than the next available mathematical model, namely the Euler 
equations. 


The non-conservative full-potential equation, derived from the conservative form 
Eq. (10.2.3) is 


(a? =a se — 2UVPry + Ca U Puy =0 (10.6.1) 


with u and v as defined as pz and yy, respectively and a is the local speed of 
sound 


(10.6.2) 





The presence of large disturbances, especially at the leading edge of an airfoil, 
presents additional challenges that makes the solution of the full potential equa- 
tion a much more complex problem than solving the TSD equation. Body fitted 
grids are the preferred method for discretizing the computational flow domain 
in order to capture the blunt leading edge of airfoils and this translates into the 
use of a coordinate transformation to solve the equations in the computational 
space rather than in the physical space. 

Another and more complex problem occurs when we apply upwinding in 
the hyperbolic flow region. For the TSD case, upwinding is achieved in the z- 
direction. However, upwinding in the full potential equation could occur in the 
x and/or y direction due to the fact that the equation type is now determined 
by the sign of (u? + v? — a*). The solution to this problem, provided by Prof. 
A. Jameson, is called the rotated difference scheme [3], aligning the differences 
along the streamline by rewritting Eq. (10.6.1) as 


2 2 U Prr + 2UVPry + D Diss 9 TAR ~ 2UVPzry + U Pyri = 
(a — q°) E +a -e p =0 


(10.6.3) 
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where q = Vu? + v*, which can also be written as 


(a° — 9”) pee + 0° Yam = 0 (10.6.4) 

eae U Yee + utp O Pyar 
PES ——— (10.6.5) 

ame U Yor ~ 2UVPry + U7 Pisy 
Ci ————— a (10.6.6) 


When a’ > qg? (subsonic flow) is present, central differences are used just as 
in the elliptic TSD case. However, if a? < q*, then upwinding is more complex 
than in the hyperbolic TSD case. Introducing the forward, backward and central 
differencing operators A, V, 6, respectively, the discretized form of Eq. (10.6.4) 
can be written as 


UVV + 2uuvV2Vy +v VV 
2 2 
Vr Âr + 2UVvóróy + U Vy 
ta C te Tay) ps0 


(10.6.7) 


where the first term represent upwinding, and the second term central differenc- 
ing. When u < 0, then upwinding is achieved with forward-differencing (A;A,). 
The same applies to the y-derivatives if v < 0. 

The solution of the conservative full potential equation requires the introduc- 
tion of explicit artificial dissipation, as discussed by Jameson [4]. Alternatively, 
the lagged density approach developed by Holst [5] provides the necessary up- 
winding in the supersonic region while simplifying the implementation. The 
reader is referred to the original papers for details on the subject. 


10.7 Boundary Conditions for the Euler Equations 


The mathematical formulation of the boundary conditions for the Euler equa- 
tions is more complex than the scalar wave equation or even the TSD or po- 
tential equation, since there are now more than one wave travelling along char- 
acteristics. The eigenvalues A1, A2, A3 of the one-dimensional Euler equations 
are respectively u, u + c and u — c, as discussed in Section 5.1. For super- 
sonic flows (u >), all waves travel in the same direction (u > 0, u+c> 0, 
u — c > 0) whereas for subsonic flows, two waves are travelling in the flow di- 
rection (u > 0, u + c > 0) while the third one travels against the flow direction 
(u — c < 0) (Fig. 10.11) 

Consistent boundary conditions must be imposed for both types of con- 
ditions. If the supersonic waves of Fig. 10.lla travel into the computational 


310 10. Inviscid Compressible Flow 





(a) 


Fig. 10.11. Wave propagation for the 1D Euler equation. (a) supersonic flow u > c, (b) 
subsonic flow u < c. 


domain, it is necessary to specify three boundary conditions, taken from phys- 
ical data such as experimental values. We refer to these as physical boundary 
conditions. If the subsonic waves of Fig. 10.11b travel into the computational 
domain, it is necessary to specify two physical boundary conditions. The re- 
maining boundary condition for the subsonic inflow case must be determined 
numerically by extrapolation of the interior flow domain. We call these nu- 
merical boundary conditions. Now, if the supersonic or subsonic waves travel 
outside the computational domain, it is necessary to specify respectively zero 
and one physical boundary conditions. The remaining boundary condition for 
the supersonic and subsonic outflow case must be determined numerically by 
extrapolation of the interior flow domain. Table 10.1 summarizes the results. 

For example, the supersonic flow conditions entering the computational do- 
main might be the freestream Mach number, the total temperature and to- 
tal pressure. For supersonic outflow conditions, zero-order extrapolation of the 
primitive variables can be specified. For subsonic inflow and outflow conditions, 
it is standard procedure to solve the Riemann variables used in the method of 
characteristics to determine the boundary conditions: 


along u : s = constant 
along u +c: u+2c/(y-—1)= Rı (10.7.1) 
along u— c: u-—?2c/(y-—1)= R2 


were s is the entropy, u the flow velocity normal to the surface, c the speed of 
sound and y the ratio of specific heat. The incoming and outgoing characteristics 
are 


Table 10.1. Physical and numerical boundary conditions for the 1D Euler equations. 


M >11 M<«<il 
Physical conditions Inflow 3 Inflow 2 

Outflow 0 Outflow 1 
Numerical conditions Inflow 0 Inflow 1 

Outflow 3 Outflow 2 
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2655 

y=] 
For a subsonic inflow, we set Rı and s to their freestream values. Rə repre- 
sents the numerical boundary condition extrapolated from the interior of the 
computational domain. The velocity u is found by matching R; and Rez on the 
boundary. For a subsonic outflow, Rə is assigned its freestream value, and s 
and Rı are extrapolated from the interior of the computational domain. The 
velocity is obtained as discussed above. Application of this procedure is given 
in Section 10.11. 

Along a solid wall, the impermeable wall boundary condition is imposed 


(10.7.2) 





Rigo = uoo — 


V-.t#=0 (10.7.3) 


and the density and pressure are extrapolated from the interior. Other choices 
may be made for the specification of boundary conditions and the reader is 
referred to [1] for more information. 


10.8 Stability Analysis of the Euler Equations 


The stability analysis of Section 5.7 indicates that for the scalar wave equa- 
tion, the maximum time step allowable in the explicit Lax method requires the 
CFL condition, CFL < 1. The time step restriction disappears in the implicit 
schemes. In this section, we address the stability of the Euler equations. 

Since the Euler equations can be transformed into a system of three scalar 
equations of the form given by Eq. (5.1.19), the stability bounds for each of the 
three equations are thus, for the explicit Lax scheme 


uAt/Az <1 for =u (10.8.1a) 
(u+c)At/Ax <1 for\=u+c (10.8.1b) 
(u-—c)At/Azr <1 for à= u-ece (10.5.1c) 


It is reasonable, although not mathematically strict, to choose the minimum 
time step of the three equations, that is 


CFL = (|u| + c)At/Ag < 1 (10.5.3) 


Note that this condition must be satisfied at each computational point, and 
the time step must be taken as the smallest one in the computational domain. 
Such a system is referred to as being numerically stiff, as there is a wide spread 
between the smallest and largest eigenvalues as the flow velocity u departs from 
Cc 

The analysis is more complicated for implicit methods. It can be shown that 
implicit schemes have a weak instability at sonic lines, which is damped in the 
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Lax-Wendroff and MacCormack explicit schemes briefly discussed in Sections 
5.2 and 5.3. It then becomes necessary to add explicit artificial dissipation to 
the implicit methods of Section 5.4. The amount of dissipation must be enough 
to damp the instabilities and, in addition, to prevent oscillations around shock 
waves. The model problem of Section 10.13 will show how explicit artificial 
dissipation is introduced into the formulation of implicit schemes. 


10.9 MacCormack Method for Compressible Euler Equations 


In Section 5.3 we discussed the explicit MacCormack method for a one- 
dimensional problem and here we discuss its extension to compressible flows. 
The Euler equations for one-dimensional flow are considered and from Eq. 
(2.1.30), 

OQ OE 

—+——=0 10.9.1 

Ot as Ox ( ) 


with Q and E given by Eqs. (2.2.32a) for one-dimensional flow. 

The discussion of Section 5.3 is followed, the predictor values at (xi, 
is defined by oy 5 (= Q;) and the convective flux term E represented with 
forward differences in the predictor step and backward differences in the cor- 
rector step. Thus 


gral) 


predictor: 
E AEE wg 
Qi = Q? — At (4) (10.9.2) 
£ 
corrector: = 2 
= E- E,- 
, = Q? — At | = 9. 
Q; =Q? -A -— 10.9.3 
T 
updating 
i.  £ 
QP = 5(Q: + Q) (10.9.4) 


Note that the predictor step could have been obtained with backward differ- 
ences, while the corrector step with forward differences as in Eqs. (5.3.3), that 
is 


predictor: 

= n Er T i 

Q; = Q; — At (AS (10.9.5) 
corrector: 7 5 

Q; = Q? — At (=) (10.9.6) 


Updating is as described by Eq. (10.9.4). It can be shown that the two proce- 
dures are identical for linear equations, while for non-linear equations they are 
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not. In fact, it will be shown in Problem P10.4 that the first procedure is best 
suited for discontinuities moving in the —x direction, while the second approach 
is best suited for discontinuities moving in the +2 direction. It can be seen that 
a numerical boundary scheme is necessary on one side of the predictor step, 
while a numerical boundary scheme is necessary on the opposite side on the 
corrector step. This is true for both forward-backward and backward-forward 
procedures described above. 


10.10 Model Problem for the MacCormack Method: 
Unsteady Shock Tube 


To demonstrate the solution of the Euler equation for a one-dimensional com- 
pressible flow with the MacCormack method, the model problem of a unsteady 
shock tube is used as shown in Fig. 10.12. 


Diaphragm 


P | af Pe 


Fig. 10.12. Shock tube model problem: Initial conditions. 


The tube is filled with a gas at different states on the left and right side of 
a diaphragm. The gas states have different densities and pressures and are at 
rest. At time t = 0, the diaphragm is broken and if it is assumed that viscous 
effects are negligible and the tube is of infinite length (reflection waves are zero), 
then the unsteady Euler equations for a one-dimensional flow can be solved 
analytically with a family of characteristics travelling to the left and right of 
the diaphragm. If the left side contains the gas at the highest pressure, the 
right state will expand in the left side region through expansion waves (region 
2), whereas a compression wave will travel in the right direction. This will be 




















rh C 


Fig. 10.13. Shock tube model problem: gas states at time t > 0. 
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a shock wave travelling at speed c and leaving behind a contact discontinuity 
travelling at speed Vc, as shown in Fig. 10.13: 

The problem therefore contains three distinct regions (2, 3, 4) in addition 
to the regions at rest (1 and 5), of which two represents discontinuous regions 
(region 3-4 and 4-5). The closed form solution of this problem is given in [6]. 


10.10.1 Initial Conditions 


The shock tube is of length 1000, and the diaphragm is located at x = 500. The 
initial conditions at t = Q are: 

U0) =O for 0 < x < 1000 

O20) =1, p2,.0:=1 tore 500 

o(z,0)=4, p(x,0)=4 for x > 500 


10.10.22 Boundary Conditions 


The shock tube is considered of infinite length, which avoids waves being re- 
flected at its end. Therefore, extrapolation from the interior of the domain is 
used on both boundaries: 

670.0) = p17) A= N yp = IN Ld) 

CIS) 0) = = dt) uli = N,t) Sat = NS 1,t) 

pien epes) DCA Nt) =p =N 1) 
Note that we make use of halo cells to introduce the boundary conditions, as 
discussed in subsection 10.5.2. 


10.10.3 Solution Procedure and Sample Calculations 


The computer program is given in Appendix B. First, a 1-D grid with equidistant 
spacing is generated (subroutine generate_grid). The flux variables are then 
initialized according to the specified boundary condition of subection 10.9.2 for 
a diatomic gas (subroutine initial_conditions). Then the algorithm marches 
in time, with increments satisfying the stability restrictions of Section 10.8 (sub- 
routine timestep). The MacCormack predictor-corrector steps of Section 10.9 
are computed (subroutine Maccormack) to yield the updated flux values. The 
program ends when the time has reached 250. Note that a subroutine has been 
devised to compute the Euler fluxes f given the primitive variables (subroutine 
flux). This way, the predictor and corrector steps are simply done by calling 
the flux subroutine for each of the steps of Eqs. (10.6.5) and (10.6.6). The nu- 
merical boundary schemes are used in both steps, but at the opposite end of 
the tube. 


10.11 Model Problem for the MacCormack Method: Quasi 1-D Nozzle 315 


MacCormack CFL=0.5 4.5 MacCormack CFL=0.9 








Theory Theory 





250 S00 750 1000 1250 250 500 750 1000 1250 


MacCormack CFL=1.1 
Theory 








250 500 750 1000 1250 


Fig. 10.14. Shock tube model problem: gas states at time t = 250. 


The numerical results may be compared with the theoretical values for sev- 
eral CFL numbers (0.5, 1.0 and 1.1) in Fig. 10.14, which shows dispersion er- 
rors associated with the truncation error acting on third derivatives at every 
CFL number. The scheme is more accurate at higher CFL number, and the 
non-linearities allow solutions to be obtained for a CFL number up to 1.1, as 
opposed to the linear stability analysis, which limits the CFL number to unity. 
However, dispersion errors are unacceptable at CFL values greater than one 
and the code diverges as the MacCormack scheme is unable to damp the high- 
frequency errors at values greater than 1.1. 


10.11 Model Problem for the MacCormack Method: 
Quasi 1-D Nozzle 


This model problem allows the computation of steady state solutions for a wide 
variety of test cases. Since analytical one dimensional nozzle flow solutions can 
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readily be obtained, and the solutions have many branch points, i.e. fully sub- 
sonic, subsonic/supersonic, fully supersonic and lastly subsonic/supersonic and 
subsonic at the exit (underexpanded jets), it provides a useful way to evalu- 
ate the influence of boundary conditions while also yielding information on the 
convergence speed and accuracy of the selected schemes. 

The compressible Euler equations for a quasi 1-D nozzle are 


ðQ OE 
reo ans (10.11.1) 


where the source term is related to the cross-sectional area of the nozzle. In 
this equation, the vectors Q and F are very close to their 1D counterpart [Eqs. 
(2.1.32) and (2.1.33)], but they contain an additional factor, which corresponds 
to the influence of the cross-sectional nozzle area, 


oA ouA A 
Q= | ouA; E =-| (0u FpA| and S= |p (10.11.2) 
eA u(e+p)A ue 


The MacCormack scheme is modified to take into account the source term but 
there are many possibilities, and here the correction will be added at each step: 


predictor step: 


a E? — EP, 
Q; = Q? — At (=a) + AtS? (10.11.3) 
corrector step: 
F n EE an 


Updating is as described by Eq. (10.6.4). Note that S is the source term evalu- 
ated with the predicted value from the predictor step. Since there are only slight 
modifications to the 1D Euler flow equations, the computer program of Section 
10.10 is used here, with the proper modifications for the area and source terms 
made. 


10.11.1 Initial Conditions 


The nozzle is of length 10, with the incoming flow supersonic (M = 1.3) and 
the outgoing flow subsonic (M < 1). The entire flowfield is initialized with the 
incoming flow values. 
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10.11.2 Boundary Conditions 


The incorporation of the source term poses no difficulty but the non-reflecting 
boundary conditions must now be changed to subsonic Riemman type boundary 
conditions when subsonic flow is present and to supersonic boundary conditions 
when supersonic flow is present. The supersonic boundary conditions are (with 
right running characteristics) 


01 = Oinf 
Lj ae (10.11.5) 
P1 = Pinf 
at the inlet, and 
ON = ON-1 
UN = UN} (10.11.6) 
PN = PN-1 


at the outlet. Equations (10.7.1) must be used when subsonic flow is present. 
Since in our model problem the nozzle entrance will be supersonic and the 
nozzle exit subsonic, we will develop the appropriate boundary condition for 
the exit station 7 = N. Referring to Fig. 10.15, the two Riemann invariants 
meeting at the boundary point J are emanating from the point 7 = N — 1 and 
from downstream infinity, where the pressure is given. 

Along the right running characteristic, we have 


OR = ON-1 
PR =PN-1 


from which the entropy sp and the speed of sound cr are computed. It is known 
that entropy in an inviscid subsonic flow is constant so that the far-field entropy 
sy carried by a left running characteristic is thus equal to the entropy carried 
by the right wave: sr, = sp. Since the back pressure py, is given as a boundary 
condition, the density or, and the speed of sound cz, are found at once. 

The right running Riemann invariant Rı meets the left running Riemann 
invariant Rə at point 7 = N and, by substracting the two invariants, 


Ro = Ry — 4c, /(y — 1) 





Fig. 10.15. Far-field boundary conditions using Riemann 
invariants. 
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and by adding them 
ur = (Ri + Re)/2 


from which the energy ezr, can be computed. The flux vector Q is then 


op An 
Q = | ou AN (10.11.7) 
e,ANn 


10.11.3 Solution Procedure and Sample Calculations 


The program is identical to the nozzle flow program, with additional source 
terms and far-field boundary conditions. The computer program is given sep- 
arately from the shock tube program in Appendix B. First, a 1-D grid with 
equidistant spacing is generated (subroutine generate_grid). The flux vari- 
ables are then initialized to their incoming freestream values. Then the algo- 
rithm marches in pseudo-time, with increments satisfying the stability restric- 
tions (subroutine timestep). The MacCormack predictor-corrector steps are 
computed (subroutine Maccormack) to yield the updated flux values. The pro- 
gram ends when the total number of iterations reached a user specified value. 
Moreover, a L2-norm of the residual defined as 


n+l _ u”ljo = ` u = ur)? (10.11.8) 
j 


[u 
is monitored and written in a separate file (file residuals) which allows printing 
of the convergence curve. The residual at the first iteration is stored, and the 
residual at every subsequent iteration is then compared to the initial value. The 
norm is written typically in a logarithmic scale, such that a Newton iteration 
process on a linear equation would reduce the error by two orders of magnitude 
in one iteration. 

The convergence curve and the Mach number distribution are plotted for 
several CFL numbers (0.5, 1, and 1.1) in Fig. 10.16, for a nozzle having an area 
distribution of the form 


A(x) = 1.398 + 0.347 tanh(0.8x — 4) (10.11.9) 


for 0 < x < 10, a back pressure corresponding to 1.931 times the incoming pres- 
sure, and an incoming supersonic flow at Mach 1.3. Some 5500 time steps are 
needed to achieve convergence to 1071? with a CFL number of 1.0, which is half 
of those required for the CFL 0.5 case, since the convective waves scale with 
the time step calculation. As was the case with the shock tube model problem, 
the dispersion errors are more pronounced as the CFL number is reduced below 
1.0. The time marching algorithm diverges for CFL numbers greater than 1.1, 
which is in close agreement with stability analysis of the linear wave equation 
(Section 5.7). 
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Fig. 10.16. Nozzle model problem: Convergence curve (top) and Mach number distribu- 


tions (bottom) as a function of CFL number. 
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10.12 Beam-Warming Method for Compressible Euler 
Equations 


The 1-D compressible Euler equation 


has been discretized with the implicit procedure in Section 5.4. Here, the case 
y = Ẹ = 0 is considered, and Eq. (5.4.9) is rewritten as 


[I + 0Ats,A"|AQ” = —Atô, E (10.12.1) 


I is the identity matrix of Eq. (5.4.10), A” is the jacobian matrix of Eq. (5.4.8) 
and 6, is the central difference operator. 

Explicit artificial dissipation must now be added to stabilize the scheme. 
Although one would intuitively add a second derivative to the right hand side 
of the algorithm to reproduce the artificial viscosity terms of the Lax scheme, 
it has been found that a fourth-derivative term reduces the truncation error 
while still providing enough stability for the implicit scheme. With a constant 
coefficient, 4th derivative term added to Eq. (10.12.3), we obtain 


[I + 0At6, AJ AQ” = ~At6,E — €¢(VA)2Q” (10.12.2) 


where £e is the explicit artificial dissipation constant and where A and V are 
the forward and backward difference operators, respectively. Stability analysis 
of the model scalar equation shows that the bounds on £e are 


Ee < 0.125 


However, in practice this amount of artificial dissipation is too low and a solution 
is found by adding an equivalent damping term on the implicit operator 


|I + 0At A” — Ei(V A)r] AQ” = —At6,E — ee(VA)2Q” (10.12.3) 


where g; is the implicit artificial dissipation constant. Unfortunately, this im- 
plicit matrix is now a block pentadiagonal matrix, which is expensive to invert. 
Thus, a second-order operator is preferred and maintains the block tridiago- 
nal matrix of the original implicit system, while considerably increasing the 
damping effects: 


[I + 0At6, A” — ci(V A)r] AQ” = —At6, E — e¢(VA)2Q” (10.12.4) 


Since the increase in damping is provided on the left hand side of the equation, 
it does not degrade the accuracy of the solution upon reaching steady state 
values since the AQ term is then close to zero. Linear stability analysis shows 
that for stability one must have 


Epes 


In addition, the explicit constants must be scaled by At to retain dimensional 
scaling of the equations. 
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10.13 Model Problem for the Implicit Method: 
Unsteady Shock Tube 


The model problem is the shock tube problem of Section 10.10 and the initial 
conditions (subsection 10.10.1) and boundary conditions (subsection 10.10.2) 
are identical. 


10.13.1 Solution Procedure and Sample Calculations 


The computer program is given in Appendix B and, since the shock tube 
problem was solved using the explicit algorithm of MacCormack in subsection 
10.10.3, the numerical solution of the problem is constructed by borrowing from 
the subroutines already developed. First, a 1-D grid with equidistant spacing is 
generated (subroutine generate grid). The flux variables are then initialized 
according to the specified boundary condition of subsection 10.9.1 for a diatomic 
gas (subroutine initial conditions). Then the algorithm marches in time, 
with increments satisfying the stability restrictions (subroutine timestep). The 
implicit steps are computed (subroutine implicit) to yield the updated flux 
values. The program ends when the time has reached 250. The program uses the 
same subroutine as in subsection 10.10.3 to compute the Euler fluxes F given 
the primitive variables (subroutine flux). 

The Jacobian matrix A is first constructed at all points for the implicit 
steps and, since it operates on a Ist-derivative central difference operator, it is 
computed for the lower and upper band of the block tridiagonal matrix. The 
main band is formed by the identity matrix. The implicit artificial dissipation, 
which is operated on by a 2nd-derivative central difference operator, is added 
on the diagonal of each matrix: lower, upper and main diagonal. The explicit 
artificial dissipation construction is straightforward, and is added to the right 
hand side vector. 

Zero-order extrapolation is applied to the smallest and largest vector element 
of the right hand side as numerical boundary scheme, which effectively let the 
waves escape from the computational domain. Once the left side tridiagonal 
matrix formed, a standard block-tridiagonal subroutine is called to update the 
primitive quantities. 

The numerical results and the theoretical values are presented in Fig. 10.17 
for several CFL number (0.5, 0.9, 2.0, 5.0) with the explicit artificial dissipation 
coefficient held constant at 0.1 and the implicit artificial dissipation coefficient 
set 2.5 times the explicit one. It can be seen that there are no dispersion er- 
rors, but dissipative error remains as expected from the truncation error terms 
operating on second derivatives. The dissipation increases as the CFL number 
increased, and the implicit procedures allows CFL number greater than 1, which 
is consistent with the stability analysis. 
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Fig. 10.17. Shock tube model problem: gas states at time t = 250; CFL variation. 


Another set of calculation was made, but this time the CFL number was kept 
at 1.0 and the explicit artificial viscosity coefficients were varied from .0001 to 
10. The numerical results are be compared with the theoretical values in Fig. 
10.18. It can be seen that the dissipation errors increase with the values of £e, 
and that the shock wave has almost merged with the expansion wave for the 
case when £e = 10. 


10.14 Model Problem for the Implicit Method: 
Quasi-1D Nozzle 


The model problem is the quasi-1D nozzle problem of Section 10.11 and the 
initial conditions (subsection 10.11.1) and boundary conditions (subsection 
10.11.2) are identical. 
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Fig. 10.18. Shock tube model problem: gas states at time t = 250; Explicit artificial 
viscosity variation. 
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Fig. 10.19. Nozzle model problem: Convergence curve (top) and Mach number distribu- 
tions (bottom) as a function of CFL number. 
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Fig. 10.20. Nozzle model problem: Convergence curve (top) and Mach number distribu- 
tions (bottom) for the case £e = 10. 


10.14.1 Solution Procedure and Sample Calculations 


The computer program combines the implicit shock tube subroutines with the 
nozzle flow routines developed for the MacCormack scheme and is given sepa- 
rately in Appendix B. In fact, the artificial dissipation is added to the left-hand 
side (implicit) and right hand side (explicit) of the equations. Moreover, the dis- 
sipation must scale with the ratio of the nozzle area of the corresponding cells, 
to avoid spurious artificial dissipation terms arising from the non-conservative 
operators. Also, the Jacobian of the source term must be computed and included 
in the right hand side evaluation. 

The numerical results are plotted for several CFL number (0.5, 1.0, 3.0) in 
Fig. 10.19 for the same nozzle used in Section 10.11 with the explicit artificial 
dissipation coefficient held constant at 1.0. The implicit artificial dissipation 
coefficient was 2.5 times the explicit one. The convergence reached 10 orders 
magnitude of reduction in approximately 11000 and 5500 times steps for the 
cases CFL = 0.5 and CFL = 1.0, respectively. These numbers are similar to 
those obtained with the explicit MacCormack scheme in subsection 10.11.3. 
Since the computing requirements of the implicit scheme are more than those of 
the explicit scheme, there is no advantage in using the Beam-Warming method 
with small values of the CFL number. Figure 10.19 shows that with a CFL 
number of 3.0 the residuals drop to 1071? in 900 iterations, which corresponds 
to a speedup of 12 compared with the results obtained with the CFL number 
equal to 0.5. 

On another calculation, the explicit artificial parameter was set to 10, and 
the results are shown in Fig. 10.20 for a CFL number of 1.0. The shock wave 
is smeared by excessive dissipation present in the implicit algorithm, with no 
increase in the speedup of the convergence rate compared to the lower explicit 
artificial dissipation cases. 
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Problems 


10-1. Show that, when central difference operators are applied to the TSD 
equation, the discretized equations are of similar form whether the conservative 
Eq. (10.4.1) or non-conservative Eq. (10.4.2) forms are used. 


Hint: write the conservative operator (Spie using the stencil Yr = Yj41/2 7 
Pi—1/2 and compare your result with the non-conservative operator YzYrzx writ- 
ten with the standard central difference operator ór = Yi+1 — Yi-1- 


10-2. Solve the model problem 10.4 by introducing the boundary conditions 
through modification of the constants a,b,c in Eq. (10.5.8), instead of using 
halo cells. 


10-3. Solve the model Problem 10.4 using the non-conservative full-potential 
equation for the case K = 2.5, and compare your results with those obtained 
with the TSD equation. 


10-4. Examine the effect of using the reverse predictor-corrector steps (10.6.5)— 
(10.6.6) on the model Problems 10.11 and 10.14. 


10-5. Repeat the model Problems 10.11 and 10.14 for the following inflow /out- 
flow boundary conditions: Supersonic/Supersonic, Subsonic/Subsonic, Sub- 
sonic /Supersonic. 


Incompressible 
Navier—Stokes Equations 


11.1 Introduction 


The solution of the incompressible Navier-Stokes equations is discussed in this 
chapter and that of the compressible form postponed to Chapter 12. It may 
appear logical to consider the two together and this can be done readily to 
the boundary layer equations, where the equation representing conservation of 
energy has to be added to complete the compressible form. The differences be- 
tween the incompressible and compressible form of the Navier- Stokes equations 
are greater, the continuity equation for the former is elliptic but is hyperbolic 
in space and parabolic in time for the latter. These differences are discussed 
in more detail in Section 11.2, and the influence of the equation type on the 
boundary conditions are discussed in Section 11.3. 

Once the equations and boundary conditions have been formulated, a solu- 
tion algorithm is required. There are several numerical methods with which to 
solve the incompressible Navier-Stokes (INS) equations, and they can be divided 
in two classes. The first class uses the stream function variable to ensure that 
the conservation of mass is satisfied and this approach is well-established with 
two-dimensional equations, but extension to three-dimensions is not straightfor- 
ward since the stream function scalar has to be replaced by a three-dimensional 
vector potential, which typically is the vorticity vector. ‘Thus, the modified sys- 
tem of equations contains six variables as opposed to the four variables in in- 
compressible Navier-Stokes equations expressed in primitive variables, which 
corresponds to the second class of solution methods. 

The Marker and Cell (MAC) algorithm developed by Harlow and Welch [1] 
is an early method with which to solve unsteady equations. It uses a staggered 
grid with the Poisson equation to obtain the pressure at every time step. The 
method is described in [2] and is not discussed here. Another technique, this 
time mainly for steady flows, was developed by Patankar and Spalding [3] and 
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is called SIMPLE (Semi-Implicit Method for Pressure Linked Equations). A 
discussion of the method and its derivatives (SIMPLER, SIMPLEC and PISO) 
can be found in [4]. The pseudo or artificial compressibility method developed 
by Chorin [5] introduces an additional term in the continuity equation which 
transforms it from elliptic in space only to elliptic in space and hyperbolic in 
pseudo-time, hence its name. The artificial waves originating from the additional 
derivative term provide a mechanism for propagating information throughout 
the domain and drive the divergence of velocity towards zero at steady state. 
Since the methods of solving a system of travelling waves have been discussed 
in Chapters 5 and 10 (upwind schemes or central schemes with added artificial 
dissipation), the artificial compressibility method is discussed in Section 11.4. 
The discretization procedure of the time derivatives, convective and diffusive 
fluxes is detailed, and the use of the ADI procedure explained. In Section 11.5, 
its application to a sudden expansion laminar duct flow is discussed and the 
convergence of the solutions as a function of time steps and pseudo compress- 
ibility parameter ( is studied. The application of the method to a laminar and 
turbulent flow over a flat plate is discussed in Section 11.6 and to multi-element 
airfoils in Section 11.7. 


11.2 Analysis of the Incompressible Navier—Stokes Equations 


The incompressible Navier-Stokes equations in tensor notation are given by 
Eqs. (P2.2.1) and (2.2.2), that is, 


Ou; 
Ox; 
Ou; Ou; 1 Op 00%; 





— 0 (P2.2.1) 








where the viscous stresses oj; are given by Eq. (2.2.7). The continuity equation 
which remains the same for unsteady and steady incompressible flows has an 
elliptic character. The conservation of mass appears as a kinematic constraint 
to the solution of the momentum equation. Hence, there is no obvious means to 
couple the velocity and the pressure, which is done in the case of compressible 
flows through the density and an equation of state relating the density and 
the pressure. One way to obtain a relation is to take the divergence of the 
momentum equation while making use of the continuity constraint; this results 
in 


1 => => => => 
ave =~—V(e-V)G+V-f (11.2.1) 


the Poisson equation for the pressure once the velocity field is known. This 
equation forms the basis of the pressure correction methods, which first solve the 
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momentum equations (P2.2.2) to obtain the velocity field for a known pressure, 
and then solve Eq. (11.2.1) to obtain an updated (or corrected) pressure field. 
The MAC and SIMPLE algorithms both use the Poisson equation to couple the 
pressure and velocity fields. 

Another way is to modify the continuity equation so that it becomes hy- 
perbolic in time so that the methods developed for compressible flows can be 
used with only a slight modification accounting for this transformation. The 
hyperbolic character can be obtained by introducing a time derivative 0/0t to 
the continuity equation, which would vanish upon reaching steady state. The 
method can therefore be applicable only to steady flows. The choice of the 
scalar quantity is obtained by elimination. The density cannot be chosen since 
it is constant, and the velocity already appears in the time derivative of the 
momentum equations. The pressure remains the only choice yielding 


Lap , dou 
GB ot Ox; 


where £ is the artificial compressibility parameter introduced by Chorin [5]. This 
parameter can be obtained from dimensional analysis and has the dimensions 
of velocity”. Since this is not a non-dimensional constant, it is not universal and 
its effect on the iterative procedure depends on the problem being considered. 
Its effect is discussed in subsection 11.5.3. 





—0 (11.2.2) 


11.3 Boundary Conditions 


The incompressible Navier-Stokes equations require boundary conditions. The 
system of equations, which contains four variables in three-dimensions (velocity 
field and temperature) needs the specification of three variables along the in- 
flow and outflow boundaries (Table 11.1). In practice, if the far-field boundaries 
are placed far enough from the immerse body, then inviscid incompressible flow 
boundary conditions can be used. Specification of all variables at inflow bound- 
aries is required together with one boundary condition at outflow boundaries. 
This leads to under specification of the mathematical formulation that could 
result in non-unique solutions [6]. Note that, in the case of inviscid flow, the 


Table 11.1. Physical and numerical boundary conditions for the 3D incompressible flow 
equations. 


Navier-Stokes Euler 
Physical conditions Inflow 3 Inflow 3 

Outflow 3 Outflow 1 
Numerical conditions Inflow 1 Inflow 1 

Outflow 1 Outflow 3 
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results are consistent with those of Table 10.1 for the subsonic case since the 
speed of sound is infinite for the incompressible flow equations. 

When the artificial compressibility method is used, the hyperbolic system 
in pseudo-time allows the use of the compressible boundary conditions dis- 
cussed in Section 10.7 for inviscid and Section 12.2 for viscous flows. ‘The one- 
dimensional incompressible Navier-Stokes equations in vector-variable form, 
with the pseudo-time derivative, are obtained from their two-dimensional coun- 
terparts (Eqs. (P2.17.2)-(P2.17.4)), 


O O 
a, + az E T Bo) = (11.3.1) 
where 
pet E=| pu | B= |” | (11.3.2) 
u u +p Trx 


Rewriting Eqs. (11.3.1) and applying the method of characteristics described 
in Chapter 5, we obtain 








O ð OE OD OF, 
ar” T Ta PT) =~ ap ae + Oe 
sA F = (11.3.3) 


If the left-hand side is multiplied by X} l and the matrix moved inside the 
spatial and pseudo-time derivative, 


OX, 'D _ p XP r OXT E, 
OT Ox Ox 

a wave equation with an added viscous term is obtained. The sign of the eigen- 

values in A; determines the direction of the wave and it can be shown (Problem 


11.1) that the eigenvalues are 


Aye = ut u24B (11.3.5) 


These are real and have opposite signs so that the flow remains subsonic 
with respect to the pseudo-sonic speed which depends on the local flow velocity 


and the parameter 8 
c= yu +B (11.3.6) 
Chang and Kwak [7] have shown that a good choice for the parameter ĝ is 


2 L 4 2 
Botta) 1 eas 


where u and 6 are the velocity and length scales of the specific problem to be 
solved. 


(11.3.4) 
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11.4 Artificial Compressibility Method: INS2D 


The artificial compressibility method INS2D*, widely made popular by Roger 
and Kwak [8-10], is described in this section. For simplicity, the numerical 
method is discussed with the equations expressed in Cartesian coordinates for 
steady flows rather than in transformed form (subsection 2.2.4) for steady and 
unsteady flows. In this case, the governing equations are given in Problem 2.17, 


OD Oa ð 
— + -—(E-E —(F — F,) = 0 P272 
ar e EE g Be) ee 
where 
p pu Bu 
D=|ul EB=E,=|uv+p| F=E.=| w (P2.17.2) 
V UU v? TD 
0 0 
Ey = | Ory Py = | Oxy (P2.17.3) 
Ory Oyy 


The viscous normal and shear stresses are given by Eq. (2.2.8) 


ðu ðu Ov Ov 


11.4.1 Discretization of the Artificial Time Derivatives 


INS2D uses an implicit scheme to solve Eq. (P2.17.2) subject to the boundary 
conditions to be described in subsection 11.5.1, and the equation is written as 


OD 
a tR=0 (11.4.1) 
where 
Ra pan ae (11.4.2) 
— Ox “* "Oy á a 


Application of a first order backward Euler formulas to Eq. (11.4.1) in 


pseudo-time 7 yields 
pr+i — pr z 
= +1 
== a =R (11.4.3) 
where the superscript n denotes the pseudo-time iteration count. Application 


of Taylor series expansion, and noting that R is a function of D, leads to 


OR 
OD 


* INS2D and related software can be obtained from NASA Ames by signing a non- 
disclosure agreement. For details, see http://people.nasa.goc/~rogers/home.html 


n 
RH = pry ( ) (D+ _ pr) (11.4.4) 
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Substituting Eq. (11.4.4) into Eq. (11.4.3) and noting that the D’s are vec- 
tors, leads to the following delta form 


= $ (55) | AD" = —R” (11.4.5) 


where AD” = D™+!_D” and Ar = 7"t!_—7” and IJ is the 3x3 identity matrix, 
or in compact form 


BAD” = —R” (11.4.6) 
where 
T OR\” 
B= E -= (sa) | (11.4.7) 


11.4.2 Discretization of the Convective Fluxes 


The analysis in Section 11.2 showed that the system is hyperbolic, and the 
upwind method is applied as discussed in Section 5.5. The Jacobian matrices of 
the convective flux E and F are 


0 8 0 0 0 2 
AS a =) Be O B= al =O. i u (11.4.8) 
0 v u 1 Q 2 











and the eigenvalues A and eigenvectors X of A and B can be written as 





i u 0 0 
HX AX = aP =] 0 ute 0 
yO) 0 0 u — C] 
aP v 0 0 
Ap = Xz "BX: = aP =|0 Pea 0 
aP 0 0 8 Moa 55 (11.4.9) 
, To c1 8 —c1 f 
MR 0 uļat+u)+8 uler-—u)+8 
1 |28 u(c, +u) u(cy — u) 
0 cof —c2f 
j! 
Xs TE —28 ulco+v) u(c2 — v) 
21 0 vlee+v)+8 vle2—-v) +8 
where 
cı = \/u2 +8 (11.4.10a) 
and 
Co = 4/02 + B. (11.4.10b) 
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The inverse matrices X} l and Xo l are given by 


—U —uv u F8 —u —v?—B vu 
= Cj —U B 0 a C2 — V 0 B 
=O =u B 0 =C mU 0 





p 
(11.4.11) 
As described in Section 5.5, A and B can be decomposed as the sum of two 
parts, one part corresponding to positive eigenvalues and the other to negative 
eigenvalues, 


A=At+A and B=B*+B (11.4.12) 
where 
1 1 
ABAN 
1 1 
ae OM 4 “i 
2 
ee 
; A 2 11.4.13 
aP pB a 
(2) (2) 
p= Xo Às =a [ÀS | x 
2 


2 2) 
Ag + LAS” 
2 
Application of the upwind scheme of Section 5.5 to the derivative of the 
convective flux in the x- and y-directions yields, 


OE Pimy- Eiig OF Pijs- Fig-1/2 


re 7 re (11.4.14) 


where, referring to Fig. 11.1, Fis1/2,5 is a numerical flux at j andi+1/2 is the 
discrete spatial index for the x-direction. Similarly Fijt /2 is a numerical flux 
at i and j + 1/2. They are given by 


~ 


1 
Fi41/25 = 5 LE (Di+1,3) FED) i725) (11.4.15a) 
~ 1 
Fi 5341/2 = zE WDij+1) +F (Dig) Oray (11.4.15b) 
When 
Pi41/2,5 =0 and Pi j+1/2 =) (11.4.16) 


the convective flux terms in Eq. (11.4.14) are represented by a second-order ac- 
curate central difference scheme. A first-order accurate upwind difference scheme 
is given by 
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Fig. 11.1. Difference stencil for derivatives 
Ax in the x-direction. 
— apt ~ 
Pi41/2,j = AP 4/2; = AB 4/93 (11.4.17a) 
_ apt - 
GIA OE a5 AP a (11.4.17b) 


where AE*+ and AF* are the flux differences across the positive or negative 
traveling waves. As discussed in [9], they are given by 


+ +/(F 
AE 4/9; = A (Di41/2,5) ADi+1/2,; (11.4.18a) 
+ ty F 
AFi 44/2 = B (Disa ADi (11.4.18b) 
Here 
= 1 
Disijag = 5 Diss + Dig) ADis1/29 = Disig — Dis (11.4.19a) 
= 1 
D; j+1/2 = 5 Pij+ + Dij) ADij+1/2 = Digs — Dig (11.4.19b) 


11.4.3 Discretization of the Viscous Fluxes 


The discretization of the viscous fluxes is much more simple than the discretiza- 
tion of the convective fluxes. Viscous diffusion occurs in all direction, and the 
discretization of the viscous terms is always performed with central formulas 
[11]. Here we approximate the viscous fluxes in Eqs. (P2.17.2) with second- 
order accuracy on a compact stencil 


OBy _ Podisijag — Pudi-ajays 
Or E Ax 





(11.4.20a) 


OFY E (Fo)i j+1/2 7 COTE: 
a E ie (11.4.20b) 
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11.4.4 System of Discretized Equation 


With Eqs. (11.4.14) and (11.4.20), the residual vector R”-term in Eq. (11.4.5) 
can be written as 


Ei+1/2,j ~ i-1/2,3 R Fi j+1/2 — Fi j-1/2 
Ax Ay 


O (Evlia — (Evli; (Fo)ij+1/2 — Eo)ij-1271 4 91) 
Ax Ay 


n t 
Rij ~ 


The calculation of the exact Jacobian matrix of the residual vector ( ga yn 
can be very expensive, particularly when higher order upwind methods are used. 
Therefore, it is more economical to approximate the exact Jacobian from the 
residual R” resulting from the first order upwind method. Applying the first 
order upwind method to the convective terms (Eqs. (11.4.16)—(11.4.19)) and 
maintaining the central differences for the viscous terms (Eq. 11.4.20) yields 
the following residual R”: 


+ - + -— 
a a Ta ba aa Oa OR ar OR iay 
ij 2AT 2A 
+ - + ~ 
p Psa 7 AF; 41/2 E AF, j41/2 7 AF 1/2 ar AF, 5-1/2 
2Ay 2Ay 
(Ey )isijag ~ (Bodi-tjog Poea oly- 

es sat a ease eal) Rp ele (11.4.22) 

Ax Ay 


The exact Jacobian matrix of the residual given by Eq. (11.4.22) forms a 
banded matrix B and can be written in the form 














i pl OR o o ORR ORR) ORG o OR 
OD OD ODay OD OD ag l OD 345 


(11.4.23) 
As discussed in [9], the discrete form of Eq. (11.2.5) can be written as 


BIV,0,...,0, X,Y, Z,0,...,0,W]AD = -R (11.4.24) 


where V, X,Y, Z and W denote vectors of 3 by 3 blocks which lie on the diagonals 
of the banded matrix, with the Y vector lying on the main diagonal. These 
vectors can be approximated as 
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= ðD; 5-1 k 75y tj—1 — =i j—1/2 + i,j—1/2) +H M Əy 
ORF; 1 Ə 
Li ae, ey, eee a = KA 
A ƏDiij DAs | Ai-i — Ay_1jogj + Ai_1jog) + Hm Aa 
ORR; 1 
aoe + -4 _ At An 
oe ODi5 Ar i123 + Ali jag T Aiaj T Aia) 
E (11.4.25) 
E + = 7 
+ aay Piste > Pig-12 ~ Pig+sj2 ~ Fig-1/2) 
OR}, 1 3 
J y ee eA F = E KA 
ae a A a aaa P 
OR; 1 9 
1 E E 2 E E 9 aa — Ka 
W < TAR X SAJ Bi j+1 B; j+1/2 + B; 41/2) Hilm By 
where Im is a modified identity matrix given by 
0 0 0 
Imn=|0 1 0 (11.4.26) 
0 0 1 


The solution of Eq. (11.4.24) is obtained with the ADI method discussed in 
subsection 4.5.2. Thus, we first write Eq. (11.4.24) for a given time n+1. Along 
the x-direction, this gives 


B[X, Y, ZJAD = -R-AD,;_1V — AD jW (11.4.27) 


which is solved with the block elimination method discussed in subsection 4.4.3 
[see Eqs. (4.4.32) and (4.4.34)]. Similarly, Eq. (4.2.24) is written along the y- 
direction, 


BIV,Y, W]AD = -R - XAD,_1, — ZAD 41, (11.4.28) 


which is again solved with the block elimination method. Equations (11.4.27) 
and (11.4.28) are solved iteratively until convergence of the iterative process due 
to the calculation of the inexact Jacobian. Then the time step is incremented 
and the above procedure is repeated for the next time step until convergence of 
the steady-state system (11.4.5). 


11.5 Model Problem: Sudden Expansion Laminar Duct Flow 


To demonstrate the solution of the incompressible Navier-Stokes equations with 
the numerical method of Section 11.4, we consider a model problem correspond- 
ing to the symmetrical half of a laminar flow downstream of a sudden expansion 
in a duct of length L and height H as shown in Fig. 11.2. 
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symmetry line 





Fig. 11.2. Sudden expansion laminar duct flow. 


We assume that the flow is fully developed at x = 0 and that the velocity 
profile u is given by 





0 y<H-h 
u(0,y) = _H ee (11.5.1a) 
1.5 ye (Ee) H-~h<y<H 
h h 
with 
Op 
= 0, d =>35=0 11.5.1b 
v and 49 (11.5.1b) 
Along the wall, y = 0, it is assumed that 
02 
u=v=0, and F = 0 (11.5.2) 
and on the symmetry plane, y = H, 
Ou Op 
— =v= d => = 11.5. 
J v=0, an By 0 (11.5.3) 


As discussed in Section 11.3, it is also necessary to specify three boundary 
conditions at x = L and since the flow is fully developed, we write 


Pu & 


11.5.1 Discretization of the Boundary Conditions 


In terms of difference approximations, the boundary conditions given by Eqs. 
(11.5.1)-(11.5.4) can be written as 


Inflow: 
Atx=OandO0<7<J 
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0 yj Ss H—-h 
uoj = EP AS, _#H 2 (11.5.5a) 
15 ge (| H-—-h<y <H 
h h 
v0,j = 0 (11.5.5b) 
P0,j = 2p1,j — P25 (11.5.5c) 
No-slip surface: 
Aty=Oand0<i< TI, 
uio = Vio = O (11.5.6a) 


and the pressure is approximated with second-order accurate extrapolation 
Pio = 2pi 1 — Pi,2 (11.5.6b) 


Symmetry line: 
At the centerline, 7 = J, 0<i< J, Se and a are represented by second order 
approximations 

4ui j—1 — Ui,J—2 


< aria aaa (11.5.7a) 
Ap; J-1 — Pi J— 
pg = e ; ile (11.5.7b) 
In addition, we set 
vy = 0 (11.5.7) 
Outflow: 
The boundary conditions ati = 7,0 < j} < J are written as 
Ulg= 2uT—1,j — Ul-29 (11.5.8a) 
PI = 2PI-1,j — PI-2,j (11.5.8b) 
Vij = VI-1j (11.5.8c) 


11.5.2 Initial Conditions 
The initial conditions are: 
u(x, y,0) = v(x, y,0) = p(z,y,0) = 0 (11.5.9) 


Here we assume that at the 7 = 0 boundary, uo,; is given by Eq. (11.5.5a) 
and at 2 = I, uz j is given by 


h [ou (yy? 
urj = 155 a 2 (2) | (11.5.10) 
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The values of uj; for 0< i< I and 0 <7 < J are obtained by linear inter- 
polation. From the continuity equation and the definition of u;j;, the normal 
velocity v;i; can be written as 


1.5h [ y? y’ 

Ea EAE a <H— 
e HL (5 3H? vate 
u(a,y) = 

15 |u -H+ (y-Ht+hy hf PN SHR 

L h 3h2 H\#H 3H2]\|? 


(11.5.11) 
The pressure p; j is assumed to be zero. 


11.5.3 Solution Procedure and Sample Calculations 


With the boundary and initial conditions specified, the solution of Eq. (11.4.24) 
can be obtained by the line iterative (ADI) method discussed in the previous 
section. The computer program given in Appendix B has nine subroutines and 
a MAIN program. Here we present sample calculations for this problem and 
discuss the behavior of the solutions as a function of the pseudo-time step At 
and the parameter 7. 

The input data, given in MAIN, comprises a uniform grid (I, J), the geo- 
metrical parameters (L, H, h}, the Reynolds number Rz = wL, the parameter 
8. In addition, the time marching algorithm is provided with an upper limit 
number of time iterations NLIMIN and a possibility for nonuniform time steps. 
These at first increase linearly with initial Ato up to a specified Ats and remain 
constant thereafter. The initial conditions (including boundary conditions) are 
also specified in MAIN. Convergence is based on the solutions of Eq. (11.4.24) 
obtained by solving Eqs. (11.4.27) and (11.4.28) iteratively. The banded matrix 
B in Eq. (11.4.27) is computed in the subroutines FLUX_DX, PHI_IH. Its right 
hand side is computed in the subroutine RESIDUALX, the banded matrix B 
in Eq. (11.4.28) in the subroutines FLUX_DF, PHI_JH, and its right hand side 
computed in the subroutine RESIDUALY. The unknowns AD are obtained by 
the ADI method in the subroutine SOLVER. 

Once a solution to Eq. (11.4.24) is obtained, the boundary conditions are up- 
dated in MAIN and, since the boundary conditions at x = L are approximated, 
it is also necessary to verify the conservation of mass determined at x = 0 by 
integrating Eq. (11.5.1a) across y = 0 and y = H at x= L. 

Figure 11.3 shows the effect of @ on the velocity profiles u/uọ across the 
duct at several x locations (x = 0.9, 1.8, 9, 15). These calculations were made 
by taking the following parameters: J = 200, J = 100, H = 1, h = 1/2, Rp = 
25, with @ varying from 100, 50, 1, (the range as recommended in [8]) Ato = 
0.1, At; = 1, and for a convergence criteria |AD| < 1078. As can be seen, the 
velocity profiles are essentially independent of 8. 
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Fig. 11.3. Effect of 8 on the velocity profiles for Ra = 25, h/H = 0.5, L/H = 15 at oH 
(a) 0.9, (b) 1.8, (c) 9 and (d) 15. 


Analysis of the flow solutions indicate that steady state convergence within 
the specified tolerance is reached at about t = 500 for 8 = 100 and that the 
reattachment location is essentially independent of 8 as shown in Table 11.2. 
However, the error on the conservation of mass defined by 


Mzr=0 E m=i 


H 
n= f u dy 
0 


becomes smaller as 8 increases. Here, rnz—9 is the mass flow rate at x = 0 and 
Tirst ob a. 

Table 11.3 shows the effect of the grid size on the reattachment location, 
z,/H, and on the error of conservation of mass (Mz=9 ~ Mz=1) for Rp = 50 


where 


11.5 Model Problem: Sudden Expansion Laminar Duct Flow 341 


Table 11.2. Effect of 8 on attachment location z,/H for Rp = 50. 


B Gey Mze—0 T Mzr=L 
1 2.9250 —0.0547 
50 3.3750 —0.0125 
100 3.3750 —0.0090 


Table 11.3. Effect of grid on the reattachment location and conservation of mass, 8 = 100. 


Grid £-/H Me=0 — Me=L 
50x 25 3.00000  —0.0053 
80x 40 3.18750  —0.0082 
100x 50 3.30000  —0.0086 
150x 75 3.40000  —0.0089 
200 x 100 3.3750 —0.0090 


Table 11.4. Effect of grid on the reattachment location and conservation of mass, G = 1. 


Grid xr/H Mae—0 = Me=L 
50 x 25 2.1000 —0.0433 
80 x 40 2.8125 —0.0522 

100 x 50 2.8500 —0.0537 

150 x 75 2.9000 —0.0552 

200 x 100 2.9250 —0.0547 


Table 11.5. Comparison of Calculated Results [12, 13, 14, 15]. 


Investigator tr/{hRnr) Rr 
Present Method 0.135 50 
Allen {9] 0.138 50 
Kwon et al. [10] 0.138 50 
Hung [11] 0.132 46.6 


Agarwal [12] 0.136 46.6 


and 8 = 100. Table 11.4 shows similar results for 8 = 1. These results show 
that, as expected, the reattachment location x,/H becomes constant with a 
value equal to 3.3750 as the mesh is refined (grid convergence). 

The results shown in Table 11.5 indicate that the reattachment length 
£r/(RRp) is in good agreement with the boundary-layer solutions of Allen [12] 
and Kwon et al. [13] and the Navier-Stokes solutions of Hung [14] and Agarwal 
[15]. 
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11.6 Model Problem: Laminar and Turbulent Flat Plate Flow 


This section discusses the application of the INS2D code described in the pre- 
vious section to a laminar and turbulent flow over a flat plate. This is a useful 
test case to validate a CFD code since analytical solutions for a laminar flow 
and experimental results for a turbulent flow are available. 

Of the three modifications to the INS2D code of the previous section, the 
first one is the modification of the grid in the y-direction. As discussed in sub- 
section 7.4.2, for laminar flows, it is often sufficient to use a uniform grid in the 
y-direction. For turbulent flows, however, a uniform grid is not satisfactory be- 
cause the boundary layer thickness and dimensionless wall shear are much larger 
in turbulent flows than laminar flows. Since short steps in y must be taken to 
maintain computational accuracy when the wall shear is large, the steps near 
the wall in a turbulent flow must be shorter than the corresponding steps in a 
laminar flow under similar conditions. A convenient grid for this purpose is the 
grid given by Eq. (7.4.2) in the real coordinate system. The y-convective flux is 
then modified as 


~ ~ 


OF | *ijtisa — Fij-1/2 





(11.6.1) 
Oy Ay; 
where 
Ay; = (Y+ m 
varies from cell to cell. Similarly, the y-viscous flux is modified as 
OFy _ (Fy )ij+i1/2 — (Fe)ij—-1/2 (11.6.2) 


Oy Ay; 


Calculations for turbulent flow with the first-order upwind scheme used in 
the INS2D showed the need for higher accuracy. As a result it was replaced 
by the third-order upwind scheme discussed in Section 5.5. This second mod- 
ification is straightforward, but care must be taken at the boundary of the 
computational domain as the computational stencil is larger than in the first- 
order upwind method. In our case, zero-order extrapolation of the dissipation 
is used at the boundaries. 

A third modification is the introduction of a turbulence model to compute 
turbulent flows. This is achieved by using the Cebeci-Smith turbulence model 
described in subsection 3.2.1. The resulting subroutine is named CS_TURB and 
is called before the fluxes are evaluated. 

Once these modifications are made to the solution algorithm, it is necessary 
to select appropriate boundary conditions consistent with the computational 
domain. They were chosen as follows: 
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— The top boundary velocities are specified and the pressure is extrapolated; 

— The bottom boundary is specified on the flat plate, with zero pressure- 
gradient normal to the wall. Symmetric flow is specified upstream of the 
plate; 

— The left boundary conditions are specified, and the normal velocity is ex- 
trapolated from the interior; 

— The right boundary pressure is specified, and the velocities are extrapolated. 


The resulting program is included in Appendix B. Since the changes are 
minimal, the program is not further discussed here, except that for commonality, 
the eddy viscosity is computed for both laminar and turbulent flows. In the 
former, the values are set to zero, whereas in the latter, they are obtained with 
the Cebeci-Smith turbulence model. 

Figure 11.4 shows the results for a laminar flow at a Reynolds number of 
10°. Figure 11.4a shows the velocity profiles at two x-stations together with 
the Blasius solution [16], and Fig. 11.4b shows the computed local skin-friction 
results with the Blasius solution. 


0.005 0.006 kal Blasius 
INS2D 


> 


QuerticRx= 0.50 10° 
QuerticRx = 0.80 10° á 
INS2D Ax= 0.50 10° 
INS2D Rx= 0.80 10° 
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Fig. 11.4. Comparison of computed and Blasius results for a laminar flow at a Reynolds 
number of 10°. (a) velocity profiles and (b) local skin-friction coefficients. 


The computed results for a turbulent flow over a flat plate at a Reynolds 
number of 10’ are shown in Figs. 11.5 and 11.6 together with the empirical 
relations based on experimental data [16]. Figure 11.5a shows a comparison 
between the computed velocity profiles and those based on the 1/7" power-law 
profile [16] and Fig. 11.5b shows those for the local skin-friction coefficients. 

In order to validate the turbulence model implementation, the near-wall 
region is examined further in Fig. 11.6. As can be seen, the Cebeci~Smith tur- 
bulence model duplicates the experimentally observed laminar sublayer and 
law-of-the wall region. 


344 11. Incompressible Navier-Stokes Equations 


0 O07 






T 
¥ 1/7thpowerlawAx= 0.80 10° , 


z C] Empirical law 
ġ gon INS2D Ax= 0.80 10 


. INS2D 


“0 TE+06 2E+08 3E+08 46.06 5E+06 BE+06 7E+08 
x 





Fig. 11.5. Comparison of computed and experimental results for a turbulent flow over a 
flat plate at a Reynolds number of 10’. (a) velocity profiles at Rẹ = 0.80 x 10’ and (b) 
local skin-friction coefficients. 
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Fig. 11.6. Near-wall region compari- 
ag — i0 io” 10 son of the INS2D results with the law- 
y off-the-wall. 


11.7 Applications of INS2D 


The INS method discussed in the previous two sections have been applied to a 
number of aerodynamic flows, including high lift flows, see for example [17-19]. 
In this section we present results for multielement airfoils computed with sev- 
eral turbulence models that include the SA model discussed in Section 3.3 the 
one-equation models of Baldwin-Barth (BB) [20] and Durbin-Mansour (DM) 
[21], and SST model of Menter [22]. In the calculations an overset Chimera grid 
approach was used. The performance of each of the turbulence models was eval- 
uated for test cases involving different angles of attack, Reynolds numbers, and 
flap riggings. The resulting surface pressure coefficients, skin friction, velocity 
profiles, and lift, drag, and moment coefhcients were compared with experi- 
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mental data. The models produced very similar results in most cases. Excellent 
agreement between computational and experimental surface pressures was ob- 
served, but only moderately good agreement was seen in the velocity profile 
data. In general, the difference between the predictions of the different models 
was less than the difference between the computational and experimental data. 

The three-element configuration used in the study conducted in [23] is 
a McDonnell-Douglas airfoil. The experimental measurements include surface 
pressure, skin friction, and velocity profiles. Two configurations, A and B, were 
used, each with a 30 degree slat deflection and a 30 degree flap deflection. The 
geometries differed only in their flap rigging: configuration A had a slightly 
smaller flap gap than configuration B. Velocity profiles were measured in the 
experiment at 9 different survey stations along the top surface of the main ele- 
ment and the flap. Figure 11.7 shows the locations of these stations, as well as 
the two different flap positions of geometry A and geometry B. 

Figure 11.8 shows the grids used around configuration A. Only every other 
grid line in each direction is shown for clarity. A total of 68,000 grid points and 
six zones were used: a 121 x 41 C-grid around the slat (top of Fig. 11.8); a 
321 x 101 C-grid around the main element (near field shown in middle of Fig. 
11.8); a 141 x 51 C-grid around the flap (top of Fig. 11.8); a 41 x 31 H-grid in 
the wake of the flap (middle of Fig. 11.8); a 131 x 61 H-grid extending from the 
main elements’ flap cove to the downstream far-field (bottom of Fig. 11.8); and 
a 141 x 101 embedded grid above the flap (middle of Fig. 11.8). The normal 
wall spacing for all grids was 2 x 10~° chords. The overlaid chimera scheme 
allowed individual grids to be generated for each airfoil element. When the grid 
for one element intersected another airfoil element, a hole was cut to remove 
grid points lying inside the element. This created a hole boundary. The fringe- 
point variables on the hole boundaries were updated by interpolating the value 
of the dependent variables from interior points of neighboring grids. Similarly, 
the variables on the outer boundaries of all but the main-element grid were 
updated using interpolation of dependent variables from neighboring grids. 

Figures 11.9 to 11.14 present a sample of results from [19]. Figure 11.9 shows 
the computed and experimental cp distributions for geometry A and Re = 9 x 
10°. Data is shown for the slat, main element, and flap at a = 8°, and 21°. In 





Fig. 11.7. Geometry of the three-element airfoil and velocity survey station locations. 
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Fig. 11.8. Grids around the three-element, airfoil. 


general, the agreement between the cp data of the experiment and all four of the 
turbulence models is good. The biggest discrepancies occur for the lower angle 
of attack, particularly on the slat and the flap. This directly correlates to the 
amount of separation on the flap: the greater the region of separation on the 
flap, the lower the lift on the flap and slat. The SST results show the greatest 
evidence of separation on the flap: a flattening of the cp distribution near the 
trailing edge. The SST results also show the best agreement in the pressure on 
the upper surface of the slat. The only other notable aspect of these cp plots 
is that the DM model has trouble matching the experimental pressures on the 
flap at 21°. 

The experimental measurements of the skin friction coefficient, are available 
on only a few points on the upper surface of the main element and flap. These 
data points are plotted along with the computational results in Fig. 11.10 for 
the same geometry A and Re = 9x 10° for a = 8° and a = 21°. The skin friction 
is fairly well predicted by all but the DM model. The SST models consistently 
predict the highest values, giving it the best agreement with the experiment on 
the flap and the main-element trailing-edge. 

Figures 11.11 and 11.12 plot the lift coefficient cı and the pitching moment 
coefficient Cm versus angle-of-attack, and the drag coefficient cg versus c;, for 
the computations and the experiment for geometry B and Re = 9x 10°. The lift 
values are all quite close up to 16 degrees, as anticipated by the cp results. None 
of the models agree with the experimental value of maximum lift. This is most 
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Fig. 11.9. cp surface data for Geometry A and Re = 9 x 10° with (a) a = 6° and (b) 
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Fig. 11.10. Skin friction coefficient for geometry A and Re = 9 x 10° (left a = 8°, right 
=F). 


likely because the experiment does start to undergo some three-dimensional 
effects at the very high values of lift. The drag coefficient, cg is not well predicted 
by any model. In the computations the drag is computed by directly integrating 
the pressure and skin friction forces on the surface. This method has been shown 
to be extremely sensitive to a number of parameters such as normal grid spacing, 
grid skewness, wall extrapolation, etc. The AIAA 1%* and 2™¢ Drag Prediction 
Workshops [24] have been studying the accuracy of Navier-Stokes methods for 
predicting cg. 
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0.00 0.02 0.04 0.06 0.08 0.1 Fig. 11.12. Drag polar for geometry 
Cd B at Re=9 x 10°. 


The computing time utilized by INS2D varies somewhat from one turbulence 
model to the other. The BB and SA models have a single differential equation 
whereas the SST and DM have two differential equations. The SST model con- 
verges best when 10 line-relaxation sweeps are used during one iteration, the 
others work best when only 2 sweeps are used. Thus the SST model takes more 
time per iteration. Figure 11.13 shows the maximum residual of the mean flow 
equations versus iteration number for geometry A at 21°. There are numerous 
oscillations occurring in the residual. These are due to the behavior at the zonal 
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Fig. 11.13. Maximum residual ver- 
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Fig. 11.14. cı versus iteration number. 


interfaces as information travels between zones, as well as the fact that the flow 
tends to be unsteady at the thick trailing edge of the flap. This unsteadiness 
causes the high-frequency oscillations in the lift as it converges to a steady-state 
as can be seen in Fig. 11.14. The solutions are considered converged when the 
maximum residual has dropped over 5 orders of magnitude and the lift coeffi- 
cient has converged to 4 significant digits. The BB and SA runs have met this 
criteria in 600 iterations, which required 16 minutes of CPU time on a Cray 
C90 (or 27 minutes on a Cray YMP). The SST and DM take longer to damp 
out the oscillations in the lift coefficient. They each take 900 iterations to reach 
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convergence in this case. This required 32 minutes on a Cray C90 for the SST 
model, and the DM calculation used 27 minutes of Cray C90 CPU time. 
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Problems 


11-1. Show that the eigenvalues of Eq. (11.3.1) are those given by Eq. (11.3.5) 
11-2. Show that the Jacobian matrices of the convective flux E and F' are given 
by Eq. (11.4.8). 

11-3. Show that the eigenvalues and eigenvectors of matrices Eq. (11.4.8) are 


given by Eq. (11.4.9). 


11-4. Use INS method and the computer program given in Appendix B to solve 
the driven cavity problem for Rz = 100. In this problem, the incompressible vis- 
cous flow is driven by constant velocity u shown in Fig. P11.1. See the example 
problem for other boundary conditions. 
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Fig. P11.1. Driven cavity. 


Compressible 
Navier—Stokes Equations 


12.1 Introduction 


The compressible Navier-Stokes equations represent the highest level of math- 
ematical modeling for describing aerodynamic flows commonly used in engi- 
neering applications. These include: the aerodynamic flow around aircraft, the 
internal flow occurring in turbomachinery; the flow developing in ducts in the 
presence of heat transfer; or a combination of these such as the external aero- 
dynamic flow impinging on a wing leading edge surface heated by internal hot 
air emanating from the engine compressor stages to avoid ice accumulation. 

The methods developed by the research community for the solution of these 
equations for specific applications have been building on the advances made on 
solving the simplified forms of the equations, since the compressible Navier— 
Stokes equations do not introduce fundamentally different flow characteristics. 
Analysis of these equations shows that their types are a mix of all types studied 
in the previous chapters. Since the viscous terms transform the inviscid first- 
order partial differential equations into second-order, the momentum and energy 
equations are parabolic in time and space, but elliptic in space when steady 
state conditions are reached. The continuity equation is, however, hyperbolic 
in space and time. Therefore, since the methods for addressing each of these 
issues have been discussed in the previous chapters, emphasis is placed on the 
specific difficulties associated with the engineering applications of the Reynolds- 
Averaged compressible Navier-Stokes equations in this chapter (Section 12.2) 
and their methods of solution. In particular, the MacCormack scheme adapted 
for viscous flows is discussed in Section 12.3, the Beam—Warming method in 
Section 12.4 and the finite-volume method in Section 12.5. Application on the 
model problem of Section 11.5, that is the sudden expansion laminar duct flow, 
is discussed in Section 12.6 along with the detailed description of the computer 
programs given in Appendix B. 
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12.2 Compressible Navier-Stokes Equations 


The compressible Navier-Stokes equations, which are in fact five scalar conser- 
vation equations, Eqs. (2.2.17)—(2.2.22) contain five unknowns: the density, the 
three components of velocity and the energy. Their solution can be obtained by 
Direct Numerical Simulation (DNS) which requires that all the physical scales 
imbedded within the flow under study are captured. Since the smallest scale is 
the Kolmogorov scale, and that it scales with the Reynolds number of the flow, 
the grid requirements to capture these scales become so large that the time to 
obtain converged flow solutions becomes impractical with the current available 
computer power. One way to reduce the computing requirements is to model the 
smallest scales and to compute only the larger ones, giving rise to Large Eddy 
Simulation (LES). Yet the required computing power remains large and most 
computational techniques use the Reynolds-Averaged form of the compressible 
Navier-Stokes equations (RANS) with turbulence models (Chapter 3) to rep- 
resent the Reynolds stress and turbulent heat flux terms with their solutions 
depending on the accuracy of the models. 


12.2.1 Practical Difficulties 


Apart from the accuracy of turbulence models, the solution of the RANS equa- 
tions presents several difficulties. One is that the turbulence model introduces 
additional equations whose solutions can be rather involved if turbulence models 
based on transport equations are used rather than the zero-equation models. 
Another problem arises for high-Reynolds number flows. Since compressible 
flows are often associated with high-speed flows, the boundary-layer region is 
confined to a very small distance away from the solid surface. In order to accu- 
rately compute the strong gradients present inside the boundary layer, several 
grid points need to be placed inside it. Typically, around 20-30 grid points are 
needed, and the first one must be within y* < 1 to capture the laminar sublayer 
region (y* being the normal wall distance in non-dimensional boundary-layer 
coordinates defined in Section 3.5). If a formula for local skin-friction coefficient 
cy for a flat plate [1] is used for a Reynolds number of 10°, this requirement 
translates into the first point being located at a distance of 107°c away from 
the wall, c being the associated length scale of the surface (Fig. 12.1). Not only 
is this distance smaller than typical CAD system tolerances, which means that 
CAD surfaces must be “repaired” to mathematically close them, but it leads 
to high-aspect ratio cells (up to 10°) within the boundary-layer region. This 
introduces additional stiffness in the numerical algorithm, since we are now in 
presence of waves travelling at dissimilar speeds in the streamwise and normal 
flow directions. In addition, since most codes have formal second-order accurate 
discretization on smooth grids, grid stretching and skewness can produce high 
truncation errors leading to excessive dissipation. This puts severe restrictions 
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Fig. 12.1. High-Reynolds number grid inside the viscous region. 
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on the grid quality and typically leads to an increase in discretized mesh points 
which makes meshes of the order of 1 ~ 10 million points common for standard 


aircraft configurations. 


12.2.2 Boundary Conditions 


The compressible Navier-Stokes equations also require boundary conditions. 
The system of equations, which contains five variables in three-dimensions (den- 
sity, velocity field and temperature) needs five variables to be specified along 
the inflow and outflow boundaries (Table 12.1). In practice and as in incom- 
pressible flows, the inviscid compressible flow boundary conditions can be used 
when the far-field boundaries are placed far enough from the immerse body. 
Table 12.1 shows the number of physical and numerical boundary conditions 
to be used for each case, following the analysis of [2]. Three-dimensional Euler 


Table 12.1. Physical and numerical boundary conditions for the 3D compressible flow 


equations. 
Navier-Stokes Euler 
M<i M>l1 
Physical conditions Inflow 5 5 Inflow 
Outflow 4 4 Outflow 
Numerical conditions Inflow 0 0 Inflow 
Outflow 1 1 Outflow 


Cro Oa 


a = mo 
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type boundary conditions are often obtained by simple application of the one- 
dimensional characteristic theory described in subsection 10.11.2 parallel to the 
flow direction. 

When selecting the numerical conditions, it is important to select one which 
does not introduce any added dissipation, since one objective of a Navier-Stokes 
solution is to predict the wall shear-forces. A study on the choice of appropriate 
boundary conditions can be found in [2]. 


12.3 MacCormack Method 


In Section 5.3 the MacCormack method was discussed for a one-dimensional 
problem and its extension to two-dimensional compressible viscous flows is dis- 
cussed here. As in Section 11.4, the non-dimensional Navier-Stokes equations 
are written in Cartesian coordinates, 





(2.2.30) 
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where Q, E, F, E, and Fy are given by Eqs. (2.2.32) and (2.2.33). 
The predictor values at (t”*!, x;, y;) are defined by Orr (= Qij), and the 

convective flux terms E and F are represented with forward differences followed 

by a corrector step with backward differences for the same convective flux terms. 

The viscous flux terms E, and F, are represented by central differences, as for 


the incompressible case (subsection 11.4.3). The predictor step then becomes 
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Updating gives 
Las S 
Qi = -3i Qiy) (12.3.3) 


which remains unchanged from the 1D counterpart. 


12.4 Beam-Warming Method 357 


12.4 Beam—Warming Method 


The Beam—Warming (B-W) method for the solution of the one-dimensional 
time-dependent Euler equations, Eq. (5.1.2), was discussed in Section 5.4 and 
its extension to the two-dimensional compressible viscous flows is discussed now, 
following [3]. 

An obvious extension of Eq. (5.4.4) to a two-dimensional flow is, 
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The first term on the right-hand-side of Eq. (12.4.1) AE” is given by Eq. (5.4.7b) 
and, similarly, the second term can be written as 


AF” = BAQ” + O(At*) (12.4.2) 
where JFN’ 
Since Ey and FY’ are functions of Q, Qz and Qy, they can be written as 
Ey = V1 (Q, Qr) + V2(Q, Qy) (12.4.4a) 
Fy = Wi (Q, Qr) + W2 (Q, Qy) (12.4.4b) 
where 
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As with Eq. (5.4.7a), we can write 
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and, with the chain rule and noting that V,” is a function of Q and Qz, 
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Analogous to Eq. (5.4.7b), we can write 
AV? = P” AQ” + R” AQ? + O(At*) 
or 
AV)" = (P” — RAQ” + (RAQ)? (12.4.9) 
Similarly, noting that AW%' is a function of Q and Qy, we can write 
AW, = (M" — Ny) AQ” + (NAQ); (12.4.10) 
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Since AV; and AW? are functions of Q, Qr and Qy, the terms 
O o 
—AV;, —AW; 
in Eq. (12.4.6) represent mixed derivatives and are approximated by 
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Equations (5.4.7a), (12.4.2), (12.4.9), (12.4.10), and (12.4.12) are now substi- 
tuted into Eq. (12.4.1) to yield 
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where J is the unity matrix given by 
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and the Jacobian matrices A, P, R, Rz, B, M, N, Ny are given in Appendix 
12. We note that in Eq. (12.4.13) 
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The left-hand-side of Eq. (12.4.13) can be factored and expressed in the form 
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As in Section 5.4, where central differences were used for the spatial deriva- 
tives in Eq. (5.4.12), central differences are again used in Eqs. (12.4.17) and 
(12.4.18), and the resulting system is written in block tridiagonal form and 
solved with the block elimination method described in Eqs. (4.4.32) through 
(4.4.34). 

As discussed in Section 5.7, in some implicit methods for hyperbolic equa- 
tions, damping terms are necessary to suppress high frequency oscillations in the 
solution. This can be accomplished by adding constant coefficient implicit and 
explicit dissipation terms to the solution algorithm and, in the Beam-—Warming 
method, this is accomplished by adding an explicit fourth-order dissipation term 
to the right-hand side of Eq. (12.4.17). If the steady-state is of interest, implicit 
second order dissipation terms are added to the left-hand sides of Eqs. (12.4.17) 
and (12.4.18) and the resulting equations become 
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Here 6% and 64 denote central difference operators defined by 
62u = Wi41,j — 2Ui,j + Uj-1,j (12.4.21) 
and 
Su = uiy j ~ 4uipi + 6u; j — Aui j + Uia j (12.4.22) 


On mesh points adjacent to the boundaries, Eq. (12.4.22) is approximated by 
second-order four point finite differences rather than five point finite differences 
to avoid requesting information from outside the computational domain. For 
example, near the bottom boundary, Eq. (12.4.22) becomes 


Sgu X Uig — fui 3 + Sui — 2Ui 1 (12.4.23) 
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The coefficients of the damping terms £; and £e are usually selected according 
to 


(12.4.24a) 


and 


to ensure stability and optimal convergence rate [2]. 


12.5 Finite Volume Method 


In this section, we discuss the application of the finite volume of Section 5.6 to 
two dimensional compressible flows given by Eq. (2.2.30) 
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with Q, E, F, Ey and Fy given by Eqs. (2.2.32) and (2.2.33). The method has 
been extensively developed by Jameson [4]. 
We first integrate (12.5.1) over rectangular cell 92; ; (see Fig. 12.2). 


The left-hand-side becomes 
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while the right-hand-side is expanded as 


Fig. 12.2. Subdomains §2;,;, in- 
terior (unknown) and boundary 
points. 
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Wier Ti+1/2 





7 | - ðE OF | 1 (= So) daa 
7 Ox Oy Re \ Oz Oy 4 

Yj—1/2 %i-1/2 

Yj+1/2 Ti+1/2 
= J (Ei+1/2 = E;_-1/2)dy -— J (F J+1/2 7 Fj—1/2)dx 
Yj-1/2 va 1/2 
1 Yj+1/2 Ti+1/2 
E Re (Evi+1/2 — Evi—-1/2)dy + / (Foj4i/2 ~ Fyj-1/2)da 
j-1/2 Ti—1/2 


= —(Eit1j2,5 — Bi-1ja,g) Oy — (Fijti2 — Faj-1j2) Ae 


u Re (Buin /24 7 vi-1/2,j âY T (Fiii az Fyi j-1/2) Av 
(12.5.2b) 
We then obtain 


si 
a ae thy == Be Log Au Pagers fi ap oe 


= [e veios Pyet p OU FH Un aa Fyi j-1/2)4z]| (12.5.3) 


Dividing both sides of Eq. (12.5.3) by AzAy results in a system of ordinary 
differential equations, applicable to the interior region §2;,; including the region 
close to the boundaries. 


0Qi5 Piruz — Pintjag _ Fijtij2 — Fij-1/2 
Ot Ar Ay 


L | (Buspijog — Ekaa oaa — e)ag-1/2 


We first discuss the solution for the interior region §2;; and approximate Eq. 
(12.5.4) by 


Qij Eiig — Bi-1y Fijt — Fij- 


ot 2Ax 2Ay 


t |) (Bugg = Boas oha u 
Re Peme ae + = ee (12.5.5) 


The elements in the dissipation terms can be approximated by the following 
central differences. 


Usd — Ua; Ui j — Ui, 
(ta )i41/2,4 = aa (Ux )i—1/2,5 = = 
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AJAT Met /2g-1 _ Vita gtd E Uig+1 Uji 7 Mj 


(Uy )i41/2,5 = QAy — AAy 
on _ Yi-1/2,54+1 7 Vi-1/2,j-1 _ Uij+l F Ui-1,541 7 Uijl 7 Ui-1,j-1 
Uijt+1 — Ui,j Ui j — Ui j—l 
(uyi j+1/2 = ~ Ay (uy)i j-1/2 = a a 
fod o Ui41,j4+1/2 T Ui-1,j41/2 — Uit1,j4+1 F Uii, j — Ui-1,j41 — Uil, j 
“zjij+1/2 = 2AT ~ 4Ar 
pn cites ee) 
“a lij—1/2 2Ar ~ LAr 


There are several methods to solve Eq. (12.5.4), and here we use a fourth-order 
Runge-Kutta scheme. For a time dependent problem 


d 
a _ RQ) (12.5.6) 
dt 

the fourth-order Runge-Kutta scheme is given by the following four steps 


Qu) i 
QP) = Q? + ZAtR® = Qr + ARQ) 
QO = Qr + sAtR® = Qr + LAtR(Q?) 
QM = Q? + AtR®) = Q" + AtR(Q®)) 
Qrt — gry Ai RO) + 2R%) + 2R) + RY) 
= Q” + 4 [R(QM) + 2R(Q®) + 2R(Q®) + R(QM) 


(12.5.7) 


It proves necessary to augment the finite volume scheme by the addition of 
artificial dissipative terms. Therefore, Eq. (12.5.5) is replaced by the equation 


Qij O Biti/zj ee. Figyi Piat 





Ot Ax Ay 
1 Eonia okana — (Podageiye akai 
cae U E ads ia ie ae Send ee n: 
Re Ax i Ay ae) 
+ DQ; (12.5.9) 


where 
DQij = DQij + Dy Qi; (12.5.10) 


Here DzQi j and DyQi j are defined by 


DzQi,g = 4541/25 — M-1/2,3 DyQig = di j+1/2 ` %j—-1/2 (12.5.11) 
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The terms on the right all have a similar form: for example 


di 41/25 = fe po gl OET sp OAE EE O T) 

(12.5.12) 
where h, is the area of the cell. For subsonic flows, only the 4t? order dissipation 
coefficient is needed while for supersonic flows, a 2% order coefficient is added 
to reduce dispersion effects around shock waves. Define 


PEEPS ae =r 
ya Pag 7 Ping TPg (12.5.13a) 


O |\pi4t,3| + 2lpizl + lpi-1,51 


which activates when large pressure gradient occur. Then 


2 4 2 
ee = 0) max(vit1 j, Vij), T = max(0, w — Ea 
(12.5.13b) 
where typical values of the constants wí?) and w'*) are 
Qa, gest 


Next, a residual smoother is introduced not only to add additional implicit 
characters, similar to the MacCormack method, but also to smooth the high 
frequency variations of the residual. The high frequency residual smoothing 
concept is used as a smoother in the multi-grid method and can speed-up the 
calculations. Here, we discuss explicit smoothing and implicit smoothing. The 
explicit smoothing residual R is defined by 


Rij = Ruz +e + IEE, 
= (Ria F Risi. Se ies ca Rij+1) + (1 — 4e) R; ; (12.5.14) 


The implicit average is defined by 


[1 — e(64 + 62) Rij = Rij (12.5.15) 
which can be approximated using ADI factorization 
(1 — 662)(1 — 264) Riz = Rij. (12.5.16) 


The solution of Eq. (12.5.16) can be obtained by solving the following two 
equations 
(1 — €62)RF, = Rij (12.5.17a) 


and 
(1 — 665) Ry; Rj ;. (12.5.17b) 


These equations form the following block tridiagonal systems 


—eRi 1 ,+ (4+ 2e) Ri; -— Ri = Ri; (12.5.18a) 
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and 
— eR, (l + 26) Rp eR i RE, (12.5.18b) 
which can be solved by using the block elimination method, see subsection 4.4.3. 
The region close to the boundaries are treated separately from the procedure 


used for Eq. (12.5.5) and is discussed in Appendix 12B. 


12.6 Model Problem: Sudden Expansion Laminar Duct Flow 


To demonstrate the solution of the Navier-Stokes equation for a two-dimensional 
compressible flow with the methods discussed in Sections 12.3 to 12.5, we again 
use the model problem discussed in Section 11.5 for the INS method. Clearly 
the boundary and initial conditions for the velocity profiles remain the same. 
The initial and boundary conditions for temperature T and pressure p must 
be specified. We use the following procedure for a given Prandtl number Pr, 
Mach number Mæ and ratio of specific heats y, with the dynamic viscosity u 


calculated from, 


>(I 12.6.1 
u= DE a (12.6.1) 
where 
Ca = 198.6 Too = 540° (12.6.2) 
12.6.1 Initial Conditions 
We assume 
o=1.0, T=1.0 (12.6.3) 
and compute p and FE; from 
T'o P Q, 2,2 
= — =. ES aa 12.6.4 
12.6.2 Boundary Conditions 
Along the wall (y = 0), the wall pressure p, can be calculated from 
Op 
— = 0, 12.6.5 
An ( ) 
and approximated by 
Pw = Pi, — (Pi,2 — Pi,1)/2 (12.6.6) 


with the known interior values. Similarly, the wall temperature can be calculated 


from the adiabatic relation 
OT E 


a =O: (12.6.7) 
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and approximated by 
Tw = Ti — (Ti2 — Ti,1)/2 (12.6.8) 


with the known interior values. The density oy, and (#;), can be calculated 
from Eq. (12.6.4). 





YPwM 3, Pw 
= ——__ Eiye 12.6.9 
The wall temperature Tw can also be computed from 
V7 
Colw = Cpl, + ==— = const. (12.6.10) 
21s 
where 
yR 
Cp = ——, p= oRT (12.6.11a) 
y— 1 
V2 
V2 =u? +0’, M’ = —,, a? = yRT (12.6.11b) 


Since Eq. (12.6.9) is in dimensional form, we express it in dimensionless form, 


ie T vV? T Vi 


1+ ED (MY 


2 a 











| 








* (y — 1) | 
ie = 1 
r T; | +i 


or 





ai 
Ty = Ty |1 + 27 m?] (12.6.12) 


Our studies for this particular problem show that both choices (Eqs. (12.6.8) 
and (12.6.12)) of computing 7), are the same. 
On the line of symmetry, y = H, we set 


Oo | O(ou) OE, 
5p ge =U = 0) s (12.6.13) 





The outflow boundary conditions at i = I, 0 <j <J are again obtained by 
using second-order accurate extrapolation, 


Ij = 201-1,5 — OI-2,j 
(ou)r j = 2(ou)1-1,; = (ou) 1-2, 
f : : (12.6.14) 
(ov)r j = 2(ov)r-1,5 — (ev) 7-2; 


(Eor = 2(Et)7-1,5 — (Ee)1-2, 
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Table 12.2. Comparison of reattachment locations according to four methods. 


Method tr/(hRr) 
Finite Volume 0.126 
B-W 0.132 
MacCormack 0.128 


INS 0.138 


Table 12.3. Effect of dissipation parameters on the reattachment locations. 
Ei tr/(hRp) 


1/16 0.132 
1/8 0.138 


12.6.3 Solution Procedure and Sample Calculations 


The solution procedure and sample calculations are now discussed separately 
for the three methods discussed in Sections 12.3 to 12.5 and comparisons are 
made with those obtained from the INS method of Section 11.5. The computer 
program for each method is given in Appendix B. 

Table 12.2 shows a comparison between the predictions of the four methods 
for the reattachment locations. Except for the INS method, all calculations are 
for Mæ = 0.15, a value low enough for the flow to be considered incompressible. 

Table 12.3 shows the effect of dissipation parameters on the reattachment 
locations according to the B-W method. 

Figures 12.3 and 12.4 show the effect of the Reynolds number on the reat- 
tachment locations and velocity profiles according to the B-W method. 


Appendix 12A 
Jacobian Matrices of Convection and Diffusion Terms 
E, F, E, and F, 


To derive the Jacobian matrices of the convective flux terms E and F’, we first 
express E and F by the components of Q: 


Q qı 
_ | QUT _ | 2 
¢ QU q3 
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Fig. 12.4. Effects of Reynolds number on velocity profiles. 


Appendix 12A 369 


ou q2 
o | e+p | | a/a t+ (y—Ilga — 3/1 + 43/4) 
7 ouv a q293/% 
(E: + p)u {aa + (Y= Vga ~ 3(2/n + 93/9) ]}92/0 I oy 1) 
ov q3 
n ouv _ q293/9) 
ov" +p q3/a + (7 ~ Digs — (42/41 + 3 /a1)) 
(Ex + p)v {qa + (7 — Dlgs — 5 (42/41 + 3/1) 43/0 


The Jacobian matrices of convective terms are obtained by differenting E and 
F respect to Q. 


0 1 0 0 
OE tru? + tHe" (3 — y)u (l—y)v y-1 
A — E E 
OQ —uv v u 0 
—y Bt + (y— julu? + 0?) ye — SEU (3u? +o?) —(y— ww yu 
0 0 1 0 
OF — uv v u 0 
B = — = i 
oQ Iu? + 0? -—-(y — l)u —({y — 3w y—1 


ya + (y — Lju(u? +v?) —(y — 1)uv A — OD (u? +3?) yv 
(12A.2) 


Similarly, the Jacobian matrices P, R, Rz, M,N and Ny are obtained from 





OV, ð [ OV 
_[P eae a 
Pl + [Re ae Bae 
0 0 0 0 
—_4y 4 0 0 
~[P] + [Rx] = : f 
O —v 0 I Q 
m -G- 2)? -— 2] (4-2 = he 2 
(12A.3) 
— Vy 
0 0 0 0 
ai e 4 E Í (12A.4) 
0 —v 0 1 0 


~($ — Bee — a a CG — Fw (1 Be) 
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OW» o P 
SMN ee e 
0 0 0 0 
hy =t 1 0 0 
—~[M] + [N,] = # 
[M] + [Ny] =” i . £4 
-4 -gW - 0 - gh - BS -ph (i-e h 
os (12A.5) 
Nic 2 
N= 50: 
0 0 0 0 
ae E l 5 o| (248) 
| m -$v 0 3 0 
—(§-—¢)v -(- gu’ - g (1- g&u (f -EW E 


Appendix 12B 
Treatment of the Region Close to the Boundaries 
for Eq. (12.5.4) 


For the region which has at least one boundary side, Eq. (12.5.4) is approximated 
differently from Eq. (12.5.5), 


On the bottom subdomains {2;, close to the wall j = 1 





0Qi,1 = — Fi+1/2,1 — Fi-1/2,1 E kanys — £4,1-1/2 
Ot Ax Ay 
y L Eini = Ehia ) Eohi- Polit-aya 
Re Ax Ay 
Note that 1 — 1/2 > 0 
F; i+F; 
Qij Z ipl c= E ci _ Dartin = Fio 
ot 2AF Ay 
A | Eoiyzi (Eoia  Eoarriy ~ (Podio 
Re Ax Ay 
Uj41/2,141/2 — Ui41/2,1-1/2 
(ty )i41/2,1 a Ay 


(utara + Usiga + i441 + U1) /4 — (ega1—1/2 + Ui 1—1/2)/2 
Ay 
= T 
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Ui—1/2,1+1/2 — Ui—1/2,1—1/2 


(Uy)i-1/2,1 = Ay 
(ui 141 + Uii, + Ua + Us—1,1)/4 — (ui 1-1/2 + Us—1,1-1/2)/2 
Ay 
_ (wrrr + Ug—1,141 + Ua + ui_1,1)/4 — (ui + Ui_1,0)/2 
Ay 
Uii — Ujj Ha 
(uy)i, 1-1/2 = Si aL a Aaa ZLM = 


On the top subdomains £2}; 7, close to the line of symmetry, 7 = J 


0015 — Fisijas 7 Ei-1/2,3  Fig+1/2 — Fi,s-1/2 


Ot Ax Ay 


p L | Betis = Polina, Eois- Fodis—1/2 


Re Ax Ay 


The line of symmetry is at J + 1/2. Assume the ghost points are at J + 1* and 
J +2*. Then, from symmetry conditions, we can write 

Oi,J4+1* = Oi,J, Qi,J4+2% = Oi,J—1 

Ui J+» = Ui, Ui J+2*» = Ui J—1 

Vi J+1» = Ui J, Vi, J+2x = — Ui J—1 


Pi, J+1» = Pi,J, Pi,J+2» = Pi, J—1 


Note that J+ 1/2 > J+1 


Fi goth; 
Cy. Ean a a 
Ot PANGS Ay 
p 1 | Politi = Podintjas _ (Fost — Polis—1/2 
Re Az Ay 
(tty eat )p y = SEIH Miyano _ (Uiig F Uig) — (Wiji g-i F ti s-1) 
yji+1/2,J 2Ay a Ay 
Ui J+1x ~ Ui J 
Uy ); = A = 0 


CoJo y = ebb ete = Pie y/2Ja1 _ (ints + Wes) — ipigi + Misa) 
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On the left boundary subdomains {2),;, close to inflow and wall bound- 
ary, i = 1 


Qi (He 7 i ales) _ (An E tua) 





Ot Ax Ay 
2 | Œiyzs- (Evis | Evigt- Pr) j-12 
Re Ax Ay 
Note that 1 —1/2>0 
E141 j HE, 
OQI, 2. ig ij Boj E (Te — vit) 
Ot Ax 2LAy 
p L Es 7 Folog | Polujrija 7 Po) jay2 
Re Ax Ay 
=. ulj — U1_-1/2,3 = Ul, j — U0,j 
Gedis = aa Ae 
lua), a py = ME eH2 — U—1/25+1/2 
£z)1,j+1/2 a 
Ax 
lua) yg = WEE dn 2 = 1-1/25—1/2 
D a Ax 


Ax 


On the right boundary subdomains 9; ;, close to right outflow bound- 
ary, i= Í 


OQI j o pe = wins | 7 on E i e) 








Ot Ar Ay 
p 1 | Borapag = Eo)r-is | Evrgriy- Eo)rj-1/2 
Re Ax Ay 
Note that T +1/2>I+1 
By jtky-1.; 
Ire a Bae e e 
Ot AT 2 Ay 


, 2 [Eg Eory | Ergaz- Eo)ry-12 
Re Ax Ay 
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ae) = eg AS, a Ug E 
“zl I+1/2j = Ax /2 g Az 


TA Uy41/2,j41/2 — UI-1/2,j+1/2 

T/I j+1/2 Ar 

(uri gti + Urg) /2 — (urge + ug + uri gj+ tur- g)/4 
Ax 


ie _ Us41/2,j-1/2 — UI-1/2,j-1/2 


(tpg + 413-1) /2 — (ung +urj-i t Ur-1,5 + Ur-1,5-1)/4 
E ÂT 


On the four corners 


Left-bottom corner £921 1, close to both walls, ¿: = 1, }= 1 


0Q11 — Pasya 7 Pi-1/aa  Faa+1y2 7 1,1-1/2 
Ot Az Ay 
P 1 (Ev)i+172,1 — (Ev)1-1/2,1 j (Fo)i 141/2 ` (Fo) 1-1/2 
Re Ax Ay 


Note that 1 — 1/2 > 0 and 1- 1/2 > 0 


fy4411+Fi 1 Puja fia 
Qa (=) E [| 


Ot Ar Ay 
E (Ev)i+1/2,1 = (Evo of (Fu) 141/2 = The 


Pe 


Ax Ay 





Right-bottom corner {2;, close to wall and outflow, 1=J, 7 = 1 
OQ1,1 is Fr41/21 a Er-1/2,1 _ FI 1+1/2 =F 112 
Ot Az Ay 


J i (Ev) 141/21 B (Ey) 1-172 4 (Fv)i 141/2 D (Fo)r 1-1/2 
Re AT Ay 


Note that? + 1/2 = I +1 and1- 1/20 
E Er- F F 
ƏQra o Er411 _ fay ii 7 Listy Ii Fro 
Ot Ax Ay 


A | (Bo) raya 7 Fe) ryan n (Fo)r 14172 ~ Fo)ro 
Re Ax Ay 
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Left-top corner {2 J, close to inflow and the line of symmetry, i = 1, 


j=j 
Əs L Erag — Erig _ Pigen — Pig-1/2 
Ot Ax Ay 
y L | Borns -Eas , Eisra- Poss 
Re Ax Ay 





Note that 1 — 1/2 = 0 and J+ 1/2 => J+1 


E E F ee 
Py _ Sy — Bog Bgn = et 
ot Ax Ay 
1 |Eohayzs > Polos, Pougri — Po) s—1/2 
Re Ar Ay 


Right-top corner §2; z, close to the line of symmetry and outflow, 
= Fe 





0015 Eaa Brag Frata — F,3-1/2 
Ot Ax Ay 
$ A (Ev) 141/2, = (Ey) r-1/2,J 4 (Fo) 7741/2 E (Fv)r 3-1/2 
Re AG Ay 





Note that IT +1/2 = I +1 and J+1/2>J+4+1 








Er J+E1- Fy J+Fi J 
ET ge a 2 a 
Ot Ar Ay 
p| Bornas Eras y Por igaj 
Re Ax Ay 
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Problems 


12-1. Derive the Jacobian matrices A and B in Eq. (12A.2). 
12-2. Derive the Jacobian matrices P, R, Rg in Eqs. (12A.3-4). 
12-3. Derive the Jacobian matrices M, N, Ny in Eqs. (12A.5-6). 


12-4. Use the MacCormack method to solve the compressible laminar flow over 
a flat plate. Use Eq. (2.2.30). Take Mach number Mæ = 2, L = 2, H = 0.002, 
Rz; = 10, us = 160, 2% = 1 and Tx = 1 


| H=0.02 


T=T. | 


=0 Fig. P12.1. Boundary conditions on 
dy? the flow over flat plate. 





12-5. Repeat Problem 12-4 with Mæ = 4. 
12-6. Apply the Beam-Warming method to P12-4. 
12-7. Apply the finite volume method to P12-4. 


12-8. Apply the MacCormack method to the driven cavity problem (described 
in P11-4). 


12-9. Apply the Beam-Warming method to the driven cavity problem. 
12-10. Apply the finite volume method to the driven cavity problem. 


Appendix A 
Computer Programs 
on the Accompanying CD-ROM 


The CD-ROM accompanying this book contains both source and executable 
computer programs and test cases. They are listed below. 


Prior to running the test cases, it is necessary to save the executable files and 
input data on the hard drive in the same directory. The reader can then double 
click the executable files and run the program with instructions given on the 
screen. 


Chapter 4 
Numerical Methods for Parabolic and Elliptic Equations 


4.4.1 Explicit Methods for Parabolic Equations 


Example 4.1: 

Compile example4_01.f and generate PC executable file example4_01.exe 
Input data: example4_Olinp.txt, output file: example4_010ut.txt 
Example 4.2a: 


Central differences for the boundary conditions 
Compile example4_02a.f and generate PC executable file example4_02a.exe 
Input data: example4_O2ainp.txt, output file: example4_02a0ut.txt 


Example 4.2b: 


Forward differences for the boundary conditions 
Compile example4_02b.f and generate PC executable file example4_02b. exe 
Input data: example4_02binp.txt, output file: example4-02b0ut . txt 
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4.4.2 Implicit Methods: Crank—Nicholson for Parabolic Equations 


Example 4.3: 


Compile exampl1e4_03.f and generate PC executable file example4_03.exe 
Input data: table4_03inp.txt, output file: table4_O030ut.txt 


4.4.3 Implicit Methods: Keller’s Box Method for Parabolic Equations 


Example 4.4: 


Compile example4_04.f and generate PC executable file example4_04.exe 
Output file: example4_040ut . txt 


4.5.1 Direct Method for Elliptic Equations 


Example 4.5: 


Compile example4_05.f and generate PC executable file example4_05. exe 
Input data: table4_O5inp.txt, output file: table4_O50ut.txt 


4.5.2 Iterative Methods for Elliptic Equations 


Compile Gauss-Seidel and SOR methods: SOR.f and generate PC executable 
file: SOR. exe 

Compile ADI method: ADI.f and generate PC executable file: ADI.exe 
Example 4.6: 


Perform calculations by executing SOR.exe and ADlL.exe to get the results. 


4.5.3 Multigrid Method for Elliptic Equations 


Example 4.7: 


Two-Grid Method 
Compile TwoGrid.f and generate PC executable file: TwoGrid. exe 
Output: TG_Out.txt and Error: TG_error.txt 


Chapter 5 
Numerical Methods for Hyperbolic Equations 


Example 5.2: 

Two-step Lax—Wendroff method LaxWendroff .f 

Compile two-step Lax—Wendroff method LaxWendroff.f and generate PC ex- 
ecutable file: LaxWendroff.exe 
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Perform calculations by executing LaxWendroff.exe to obtain results 
LaxWendroff_Error.txt and LaxWendroff_Out.txt 


Example 5.3: 


Explicit MacCormack Method MacCormack.f for One-Dimensional Euler Equa- 
tion 

Compile MacCormack.f and generate PC executable file: MacCormack.exe 
Output files: MacCormackOut.txt and MacCormackError.txt 


Example 5.4: 


Implicit Beam—Warming method BeamWarmingBurger.f for Burger’s Equation 
Compile BeamWarmingBurger.f and generate PC executable file: 
BeamWarmingBurger.exe 

Output files: BeamWarmingBurgerOut.txt and BeamWarmingBurgerSum. txt 


Example 5.9: 


Finite Volume Method 

(a) Central difference method FiniteVolume.f 
Compile FiniteVolume.f and generate PC executable file: 
FiniteVolume.exe 
Output: FiniteVolumeOut.txt 

(b) Upwind method FiniteVolumeUpwind.f 
Compile FiniteVolumeUpwind.f and generate PC executable file: 
FiniteVolumeUpwind.exe 
Output: FiniteVolumeUpwindOut.txt 


Appendix B 
Computer Programs 
Available from the First Author 


The CD-ROM contains both source and executable computer programs and test 
cases. They are listed below. 


Prior to running the test cases, it 1s necessary to save the executable files and 
input data on the hard drive in the same directory. The reader can then double 
click the executable files and run the program with instructions given on the 
screen. 


Chapter 6 
Inviscid~Flow Equations for Incompressible Flows 


Appendix 6A. Finite Difference Program for a Circular Cylinder 


Compile FDCircular.f (Finite Difference Program) and generate PC exe- 
cutable file FDCircular.exe 
Test case: Nx = 100, Ny = 100. Output file: FDcircular_Out.txt 


Appendix 6B. Hess—Smith Panel Method (HSPM) 


Compile HSPM.f (Hess-Smith Panel Method) and generate PC executable file 
HSPM.exe 
1. a = 0 degree angle of attack. NACA 0012 airfoil 
Input file: degOO_Inp.txt 
Output file: degOO_Out.txt 
2. œ = 8 degree angle of attack. 
Input file: degO8_Inp.txt 
Output file: degO8_Out .txt 
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3. œ = 16 degree angle of attack. 
Input file: degi6_Inp.txt 
Output file: deg16_Out.txt 


Appendix 6C. Panel Program for Multielement Airfoils 


Compile panelm.f (Hess-Smith Panel Method) and generate PC executable file 
panelm.exe 
Input variable explanations 


Geometry of a multielement airfoils for œa = 12 degree angle of attack for 
Input file: panelm_inp.txt 
Output file: panelm_out.txt 


Chapter 7 
Boundary-Layer Equations 


Differential Method with CS Model: Two-Dimensional Flows 


Compile blp2d.for (2-dimensional Differential Boundary-Layer Program) and 
generate PC executable file blp2d.exe. Click for the user’s manual. 


Test Case NACA 0012 Airfoil with a = 4 degree 
Input data: blp2dIn20.txt 
Output data: blp2d0u20. txt 


Chapter 8 
Stability and Transition 


Transition Prediction with the e”-Method 


Compile stp2d.f (Stability Program) and generate PC executable file stp2d . exe. 


Test Case NACA 0012 Airfoil at a = 4 degree 
Input data: stp2dIn3.txt 
Output data: stp2dO0ut.txt 


Chapter 9 
Grid Generation 


9.4 Algebraic and Elliptic Methods (GRID. f) 


9.6 Conformal Mapping Methods (Conform. f) 
9.6.2 Wind Tunnel Mapping Methods (windtunnel . f) 
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Chapter 10 
Inviscid-Flow Equations for Compressible Flow 


10.6 Solution of Full-Potential Equation (tsd.c) 


Generate executable tsd on unix by using cc -o tsd tsd.c -im 


Test Cases with PC executable tsdPC.exe 

NX = 101, NY = 41, Minf = 0.7, Relax_factor = 1.5 

1. K = 2.5, Output: tsdK2p50ut.txt and tsd2p50utRes. txt 
2. K = 2.1, Output: tsdK2pi0ut.txt and tsd2p10utRes.txt 
3. K = 1.8, Output: tsdKip80ut.txt and tsdip80utRes.txt 
4. K = 1.15, Output: tsdKip1i5ut.txt and tsd1pi50utRes.txt 


10.10 Model Problem for the MacCormack Method: 
Unsteady Shock Tube (tube_mac.c) 


Generate executable tube_mac on unix by using 
cc -o tube_mac tube_mac.c -lm 

Test Cases with PC executable tube_mac.exe 

1. CFL = 0.5, Output: tubeMacOp50ut .txt 

2. CFL = 0.9, Output: tubeMacOp9O0ut .txt 

3. CFL = 1.1, Output: tubeMacip1Out.txt 


10.11 Model Problem for the MacCormack Method: 
Quasi-1D Nozzle (nozzle_mac.c) 


Generate executable nozzle_mac on unix by using 
cc -o nozzle_mac nozzle_mac.c -im 


Test Cases with PC executable nozzleMacPC.exe 


383 


1. CFL = 0.5, Output: nozzleMacOp50ut.txt and nozzleMacOp50ut_d.txt 
2. CFL = 1.0, Output: nozzleMacipOOut.txt and nozzleMacipOOut_d.txt 
3. CFL = 1.1, Output: nozzleMacip10ut.txt and nozzleMacip1Out_d.txt 


10.13 Model Problem for the Implicit Method: 
Unsteady Shock Tube (tube_implicit.c) 


Generate executable tube_implicit on unix by using 
cc -o tube_implicit tube_implicit.c blocktri.c -1m 


Test Cases with PC executable tubeImplicitPC.exe and explicit artificial vis- 


cosity coefficient £e = 0.1 

1. CFL = 0.5, Output: tubeImplicitOp50ut.txt 
2. CFL = 0.9, Output: tubeImplicitOp9O0ut.txt 
3. CFL = 2.0, Output: tubeImplicit2poOOut.txt 
4. CFL = 5.0, Output: tubeImplicit5p00ut .txt 
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10.14 Model Problem for the Implicit Method: 
Quasi-1D Nozzle (nozzle_imp.c) 


Generate executable nozzle_imp on unix by using 
cc -o nozzle_imp nozzle_imp.c blocktri.c -lm 


Test Cases with PC executable nozzleImpPC.exe and NMAX = 100 

1. CFL = 0.5, €e = 1, Output: CFLOp5results.txt and CFLOp5residuals.txt 

2. CFL = 1.0, £e = 1, Output: CFLiresults.txt and CFLiresiduals.txt 

3. CFL = 3.0, €e = 1, Output: CFL3results.txt and CFL3residuals.txt 

4. CFL = 1.0, £e = 10, Output: CFL1Ee10results.txt and 
CFL1iEe10residuals.txt 


Chapter 11 
Incompressible Navier-Stokes Equations 


11.2. INS2D Method for Incompressible Navier—Stokes Equations 


ins2d.f contains main program which reads input data and controls the itera- 
tions and computations. 


Residual.f contains subroutines flux_de, phi_th, residualz, flux_df, phijh and 
residualy. 

Subroutines fluz_dE and flur_dF are for numerical flux computations, see Eq. 
(11.2.15). 

Subroutines phi_ih and phi_jh are defined according to Eq. (11.2.17). 
Subroutines residualz and residualy calculates righthandside according to Eq. 
(11:2:22); 


solver .f contains subroutines solver, inumatriz3, tribandsyssolver and thomas 
which use the block elimination method to solve block-tridiagonal system. 


Test cases for sudden expansion laminar duct flow with various values of 8, grid 
size and Reynolds number. 


Test Cases for Sudden Expansion Laminar Duct Flow: 


1. 8 = 1, grid size nx = 200 and ny = 100, 
Input: b1g200X100Inp.txt 
Output: b1g200X1000ut_g.txt; b1g200X1000ut_Mass.txt; 
big200X1000ut_p.txt; b1g200X1000ut_u.txt; b1g200X1000ut_v.txt 
2. 8 = 50, grid size nx = 200 and ny = 100, 
Input: b50g200X100Inp. txt 
Output: b50g200X1000ut_g.txt; b50g200X1000ut_Mass.txt; 
b50g200X1000ut_p. txt; bd50g200X1000ut_u.txt; bd50g200X1000ut_v.txt 
3. 2 = 100, grid size nx = 200 and ny = 100, 
Input: b100g200X100Inp. txt 
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Output: b100g200X1000ut_g.txt; b100g200X1000ut Mass. txt; 
b1i00g200X1000ut_p. txt; b100g200X1000ut_u. txt; 
b100g200X1000ut_v. txt 
4. B = 100, grid size nx = 150 and ny = 75, 
Input: b100g150X75Inp. txt 
Output: b100g150X750ut_g.txt; b100g150X750ut_Mass.txt; 
b100¢150X750ut_p. txt; b100g150X750ut_u.txt; b100g150X750ut_v.txt 
5. 8 = 100, grid size nx = 100 and ny = 50, 
Input: b100g100X50Inp. txt 
Output: b100g100X500ut_g.txt; b100g100X500ut Mass. txt; 
b100g¢100X500ut_p.txt; b100g100X500ut_u.txt; b100g100X500ut_v.txt 
6. 8 = 100, grid size nx = 80 and ny = 40, 
Input: b100g80X40Inp. txt 
Output: b100g80X400ut_g.txt; b100g80X400ut_Mass.txt; 
b100g80X400ut_p.txt; bi00g80X400ut_u.txt; b100g80X400ut_v.txt 
7. 8 = 100, grid size nx = 50 and ny = 25, 
Input: b100g50X25Inp.txt 
Output: b100g50X250ut_g.txt; b100g50X250ut_Mass. txt; 
b100g50X250ut_p. txt; b100g50X250ut_u.txt; b100g50X250ut_v.txt 
8. 8 = 1, grid size nx = 150 and ny = 75, 
Input: b1gi50X75Inp.txt 
Output: b1g150X750ut_g.txt; b1g150X750ut_Mass.txt; 
big150X750ut_p.txt; big150X750ut_u.txt; big150X750ut_v.txt 
9. 8 = 1, grid size nx = 100 and ny = 50, 
Input: bigi100X50Inp. txt 
Output: bigi100X500ut_g.txt; big100X500ut_Mass.txt; 
bigi100X500ut_p.txt; bigl00X500ut_u.txt; b1g100X500ut_v.txt 
10. 8 = 1, grid size nx = 80 and ny = 40, 
Input: big80X40Inp.txt 
Output: b1g80X400ut_g.txt; big80X400ut Mass. txt; 
big80X400ut_p.txt; blg80xX400ut_u.txt; b1lg80X400ut_v.txt 
11.6 = 1, grid size nx = 50 and ny = 25, 
Input: big50X25Inp.txt 
Output: b1g50X250ut_g.txt; big50X250ut_Mass.txt; 
big50X250ut_p.txt; big50X250ut_u.txt; blg5OX250ut_v.txt 


11.6 INS2d for Laminar and Turbulent Flow over Flat Plate 
11.6.1 INS2d for Laminar Flow over Flat Plate 


Computer programs: ins2dLaminar.f cs.f Residual.f solver.f 
PC executable file: ins2dLaminar.exe 
Input file: lamInput.txt 
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Output files: lamOutG.txt lamOut_conv.txt lamOut_vel_pro.txt 
lamOutSkin_friction.txt lamOutMass.txt lamOutp.txt lamOutU.txt 
lamOutV.txt 


11.6.2 INS2d for Turbulent Flow over Flat Plate 


Computer programs: ins2dTurb.f Residual.f solver.f cs.f 

PC executable file: ins2dTurb. exe 

Input file: turbInp.txt 

Output files: turbOut_conv.txt turbOut_G.txt turb0ut_vel_pro.txt 
turbOutSkin_friction.txt turbOut_Mass.txt turbOut_p.txt 
turbOut_U.txt turbO0ut_V.txt 


Chapter 12. Compressible Navier—Stokes Equations 


12.6.3.1 MacCormack Method for Compressible 
Navier—Stokes Equations 


MacCormack.f contains the main program which reads input data and controls 
the iterations and computations. The PC executable file is MacCormack.exe 


Initial_MC.f contains two subroutines initialization and restart 
Subroutine initialization sets up initial conditions according to subsection 12.6.2 
Subroutine restart sets up restarting calculations. 


predictor.f contains subroutine predictor which perform prediction calcula- 
tion according to Eq. (12.3.1) 


corrector.f contains subroutine corrector which calculates corrections accord- 
ing to Eq. (12.3.2) 

UpdateMC.f has subroutine update which updates the values according to Eq. 
(12.3.3) 


Output_MC.f contains subroutines output_g and output4 and saves the results 
into files. 


1. Test cases for sudden expansion laminar duct flow with various values of 8, 
grid size and Reynolds number. 
RL = 100, L = 30 a grid of 300 x 50 Mach = 0.15 
Input file: RLOOINPUT. TXT 
Output files: 
General: R100o0utG. txt 
Mass Integration: R1000utMass.txt 
Velocity in the x-direction: R1000utU. txt 
Velocity in the y-direction: R1000utV. txt 
Density: R1000utRho. txt 
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Pressure: R1i00o0utP. txt 

Temperature: R1000utT.txt 

Energy Et: Ri000utEt.txt 

Reattachment location: R100reAttach. txt 
Restart file: Ri00restart.txt 


12.6.3.2 Beam—Warming for Compressible Navier—Stokes Equations 


BeamWarming.f contains the main program which reads input data and controls 
the iterations and computations. ‘The PC executable file is BeamWarming. exe 


Initial.f contains two subroutines initialization and restart 
Subroutine initialization sets up initial conditions according to subsection 12.6.2 
Subroutine restart sets up restarting calculations. 


Residual.f contains subroutine righthandside which calculates the right hand- 
side according to Eq. (12.4.19). 


solverb4x4.f has subroutines solver, invmatrix{, atimeb, tribandsyssolver, 
thomas and gauss 

Subroutine solver controls calculation of linear system described by Eqs.(12.4.19) 
and (12.4.20) 

Subroutine znumatriz4 computes the inverse of a 4 by 4 matrix. 

Subroutine atimeb calculates 4 by 4 matrix multiplication. C = AB 
Subroutine tribandsyssolver solves block tridiagonal system 

Subroutines thomas and gauss solve tridiagonal system described in Chapter 4 


ainvrs.f contains subroutine ainvrs which calculates the inverse of a general 
matrix 


FormMatrix.f contains subroutines x_directm and y_directm 
Subroutines x directm and y_directm form a block tridiagonal system according 
to Eqs. (12.4.19) and (12.4.20), respectively. 


Update.f contains subroutine update which updates the values interior points 
and boundary points according to the boundary conditions discussed in subsec- 
tion 12.6.1 


Test cases for sudden expansion laminar duct flow with various values of 
Reynolds number, Mach number, grid size and dissipation parameters. 


Test Cases for Sudden Expansion Laminar Duct Flow: 
Reynolds Number Effect 
1. RL = 25, L = 20 a grid of 200 x 50 Mach = 0.15 
Input file: R25Mp15Ep5G200X50Inp. txt 
Output files: 


General: R25Mp15Ep5G200X500utG. txt 
Mass Integration: R25Mp15Ep5G200X500utMass. txt 
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Velocity in x-direction: R25Mp15Ep5G200X500utU. txt 
Velocity in y-direction: R25Mp15Ep5G200X500utV. txt 
Density: R25Mp15Ep5G200X500utRho. txt 
Pressure: R25Mp15Ep5G200X500utP.txt 
Temperature: R25Mp15Ep5G200X500utT. txt 
Energy Et: R25Mp15Ep5G200X500utEt . txt 

2. RL = 50, L = 20 a grid of 200 x 50 Mach = 0.15. 
Input file: R5OMp15Ep5G200X50Inp. txt 

3. RL = 100, L = 30 a grid of 200 x 50 Mach = 0.15. 
Input file: R100Mp15G200X50Inp.txt 

4. RL = 400, L = 40 a grid of 200 x 50 Mach = 0.15. 
Input file: REOOMp15G200X50Inp. txt 


Mach Number Effect 


1. Mach = 0.15, RL = 50, L = 20 a grid of 300 x 50. 
Input file: RSOMp15Ep5G200X50Inp. txt 

2. Mach = 0.7, RL = 50, L = 20 a grid of 300 x 50. 
Input file: RSOMp7Ep5G300X50Inp. txt 

3. Mach = 1.0, RL = 50, L = 20 a grid of 300 x 50. 
Input file: R5OM1Ep5G300X50Inp. txt 


12.6.3.3 Finite-Volume Method for Compressible 
Navier-Stokes Equations 


FiniteVolume.f contains the main program which reads the input data and 
controls the iterations and computations. 
The PC executable file is FiniteVolume.exe 


InitialFV.f contains two subroutines initialization and restart 
Subroutine initialization sets up initial conditions according to subsection 12.6.2 
Subroutine restart sets up restarting calculations. 


ResidualFV.f contains subroutine righthandside which performs the integral 
calculation according to Section 12.5 


RKFV.f contains subroutines RAKStep, updating and Boundary Update 
Subroutine RAStep performs calculations according to the fourth-order Runge- 
Kutta method, see Eq. (12.5.7) 

Subroutines updating and BoundaryUpdate perform boundary calculations ac- 
cording to boundary condition and update the solution. 


OutputFV.f contains subroutines output_g and output{ and saves the results 
into files. 


Test Case for sudden expansion laminar duct flow: 
RL = 100, L = 30 a grid of 300 x 50 Mach = 0.15 
Input file: RL100input.txt 
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Output files: 

General: R1000utG. txt 

Mass Integration: R1000utMass.txt 
velocity in the x-direction: Ri000utU. txt 
velocity in the y-direction: R1000utV. txt 
Density: Ri00outRho. txt 

Pressure: R100o0utP. txt 

Temperature: R1000utT. txt 

Energy Et: R1000utEt.txt 
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